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This supplementary appendix contains the following details omitted from the main paper
due to space constraints: (A) numerical implementation of the sequential algorithm based on
the RPM, (B) approximated fixed point (AFXP) algorithm, (C) the sequential GMM estimator,
(D) the convergence properties of the NPL algorithm for models with unobserved heterogeneity,
and (E) additional Monte Carlo results.

A Numerical Implementation of the Sequential Algorithm based
on the RPM in Section 4.2

Implementing the sequential algorithm based on the RPM in Section 4.2 requires evaluating
(I —TI(6;_1, P;_1)VpU(0;_1, P;_1)TI(6;_1, P;_1))~" as well as computing an orthonormal basis
Z(éj_l,]—:’j_l) from the eigenvectors of VP/\I/(éj_l,Pj_l) for j = 1,...,k. This is potentially
costly when the analytical expression of Vp/W(6, P) is not available.

In this section, we discuss how to reduce the computational cost of implementing the RPM
algorithm by updating (I — T1(8;_1, Pj_1)Vp¥ (81, Pj_1)T1(A;_1, Pj_1)) " and Z(8;_1, Pj_;)
without explicitly computing Vp/ ¥ (6, P) in each iteration.

First, we provide theoretical underpinning. The following Corollary shows that, if an alter-
nate preliminary consistent estimator (6%, P*) is used in forming I1(#, P) and Vp: ¥ (0, P), it only
affects the remainder terms in Proposition 7. Therefore, if we use a root-n consistent (6*, P*)
to evaluate I1(0, P) and Vp ¥ (6, P) and keep these estimates unchanged throughout iterations,
the resulting sequence of estimators is only Op(n_l) away from the corresponding estimators

generated by the approximate RPM algorithm.



Corollary 1 Suppose Assumption 3 holds. Let (6%, P*) be a consistent estimator of (69, P%),
and suppose we obtain (8;, P;) by the approzimate RPM algorithm with TL(6*, P*) and V pr ¥ (6*, P*)
in place 0fH(~j 1,15J 1) and Vpr¥ (GNJ 1,]5J 1). Then, there exists ¢ > 0 such that, zf( i 1,P] 1) €
N(e), then 05 — Orprr = Op(||Pj—1 — Preadl| + 02101 — Orparl| + (1051 — Orpa|[* + 7))
and P; — Prpy = Mr,Up(Pi—1 — Prpa) + Op(n™V2(10,21 — Ogpal| + [10j-1 — Orpuml)? +

_1/2HPJ_1 — Prpuml|| + |Pj—1 — Preul)?) + ry; uniformly in (0,1, Pj_1) € N(c), where
v =0p(n™V2)10* = Oppal| + 110* — Orpul|* + 02| P* = Prpul| + | P* — Prewl[?).

Proof of Corollary 1 The proof closely follows the proof of Proposition 7. Define I'(8, P,n, Q) =
U (0, P)+[(I-T1(n, Q)V pr¥(n, Q)I(n, Q)L —I]T(n, Q)(¥(#, P)— P), so that the objective func-
tion in Step 1 is written as 7(0, Pj_1,0*, P*) = n~' 321" InT(0, P;_1, 0%, P*)(a;|z;). For ¢ >0,
define a neighborhood Ny (e1) = {(6, P,n, Q) : max{||§—0°||, [|P—P°||, [|n—0°|], [|Q—P°||} < e1}.
Then, for any ¢; > 0, we have (0~j, I3j,1, 0%, P*) € Ni(e1) wpal if ¢ is chosen sufficiently small
by the same argument as the proof of Proposition 7.

Assuming (0, Pj_1,0*, P*) € Ny(e1), the stated result follows from starting from the first
order condition Vg% (GJ,P] 1, 0%, P*) = 0, expanding it around (9 P] 1,0%, P*), and following
the proof of Proposition 7 using V. T'(6°, P%,6° P%) = 0. O

Using Corollary 1, in the following we discuss how to reduce the computational cost of imple-
menting the RPM algorithm by updating (I — T1(8;_y1, Pj_1)V pr®(0;_1, Pj_1)T1(0;_1, Pj_1)) "
and Z(0;_1, Pj_1) without explicitly computing V¥ (6, P) in each iteration. Denote IT;,_; =
1(0;-1,Pj—1), Zj—1 = Z(0;-1, P;—1), and \ifpj | = Vp¥(0_1,Pj_1).

First, using [1;,_y = Z;_1(Z;_1)" and (Z;_1)'Z;_1 = I, we may verify that

(I =11 Wpyallo1) M1 = Zja (I = (Zj-1)'Upj-1Z5-1) " (Zj-1)'-

Let Z] 1 = [~]1 19+
by Up 12 L= (1/8[w (0,-1,Pj_1 —i—{ _1) — ¥(8_1, Pj_1)], which requires (m + 1) function

evaluations of ¥ (6, P). Further, evaluatlng (I —T,;_1¥p; 110;_1)~" only requires the inversion

27 1] and &> 0. The ith column of \ilp,j,lzj,l can be approximated

of the m x m matrix I — (Zj_l)’\ilpd'_lzj_l instead of an inversion of an L x L matrix. Thus,
when m is small, numerically evaluating (1 —ﬁj_lkil P, j,lf[j_l)_l is not computationally difficult.

Second, it is possible to use q/p,ij_l to update an estimate of the orthogonal basis Z.
Namely, given a preliminary estimate Zj_l, we may obtain Zj by performing one step of an
orthogonal power iteration (see Shroff and Keller, 1993, p. 1107 and Golub and Van Loan,
1996) by computing Z; =orth(¥p;Z; 1), where “orth(B)” denotes an orthonormal basis for the
columns of B computed by Gram-Schmidt orthogonalization.

Our numerical implementation of the RPM sequential algorithm is summarized as follows.

Step 0 (Initialization): (a) Find the eigenvalues of Wpo = VprW(Pp, ) for which the mod-



ulus is larger than 8. Let {Ao1, ..., Ao} denote them.! (b) Find the eigenvectors of ¥pg
associated with 5\071, .. .,5\077”. (c) Using Gram-Schmidt orthogonalization, compute an
orthonormal basis of the space spanned by these eigenvectors. Let {2(1), ..., 2"} denote the
basis. (d) Compute ZO(I — 26@3020)_126 and Iy = ZOZ(’), where Zy = (2, ..., 28

Step 1 (Update 6): Given Z;_;(I— Z Upi1Z;1)" ZJ Land I,y = Z;_1(Z;—1), update
Oby0; = arg maxgpee, 1 1Zi:1 lnF(G,f’j 1,01, Z;—1)(ai|x;), where T'(0, Pj_1,0;_1,Z;_1) =
i1 Pja+Zj (I = Zf_\Vpj 1 Z 1) Zf ) (U0, Pj1) — Pioa) + (1 =TI )‘1’(9,151‘—1)

with \i’p?jfl = VP/\I’(éjfl,ﬁ)jfl).

Step 2 (Update P): Given (éj, f’j_l, éj_l, Zj_l), update P by f)] = F(éj, Pj_l, éj_l, Zj_l).

Step 3 (Update Z): (a) Update the orthonormal basis Z by Z; =orth(¥p;Z;_1), where the
i-th column of Wp;Z; 1 is computed by \I/p] i~ (1/6)[¥(0;, Pj + fi}fl) — U(0;, P;)]
for small & > 0 with Z;_; = []1 15---»21%4]. (b) Compute I, = Z;(Z;) and Z;(I —
ZJ’.\?R{ZJ-) ', where the i-th row of Wp;Z; is given by \I'pJ” ~ (1/€)[¥(0;, P; —|—£2§-) —
U(6;, P;)]. (c) Every J iterations, update the orthonormal basis Z using the algorithm of
Step 0, where (g, Pp) is replaced with (éj, p])

Step 4: Iterate Steps 1-3 k times.

When an initial estimate is not precise, the dominant eigenspace of \ipr will change as
iterations proceed. In Step 3(a), the orthonormal basis is updated to maintain the accuracy of
the basis without changing the size of the orthonormal basis. If an initial estimate of the size of
the orthonormal basis is smaller than the true size, however, the estimated subspace P = IIR~
may not contain all the bases for which eigenvalues are outside the unit circle. In such a case, the
algorithm may not converge. To safeguard against such a possibility, the basis size is updated
every J iterations in Step 3(c). In our Monte Carlo experiments, we chose J = 10. Corollary 1

implies that this modified algorithm will converge.

B Approximate fixed point algorithm

We apply the idea of the approximate ¢-NPL algorithm to approximate the MLE. Define the
fixed point of ¥(6, P) that maximizes the likelihood function among all the fixed points of
(6, P) as P(0) = argmaxpea, n~ ' Y1, In P(ag|x;), where My = {P € Bp : P = ¥(6, P)}
as defined in the main text. Define P(f) as the population counterpart of P(0), i.e., P(f) =
arg maxpeapq, E'In P(a;|z;). Using P(f) and P(), we may write the objective function of the
MLE and its limit as Q,(0) = n~* 327, In P(#)(ai|z;) and Q(0) = Eln P(8)(a;|z;). If P(6) is

!Computing the m dominant eigenvalues of 0 po is potentially costly. We follow the numerical procedure
based on the power iteration method as discussed in section 4.1 of SK.



unique and continuously differentiable in a neighborhood of 6°, we can approximate P(6) as
P(0) = P°+ (I —Vp¥(°, P")~1Ve (0%, P°) (0 —06°) + O(]|0 — 6°||?) in a neighborhood of 6°,
using the relations Vg P(0) = (I — Vp¥(0, P(0))) Ve (0, P(0)) and P(6°) = PY. Therefore,
if we have a consistent estimate of §° and PY, we may approximate P(f) by a linear function of
0 with the mappings Vp ¥ (6, P) and Vg U (6, P).

We consider an estimation algorithm, called the Approzimate Fized Point (AFXP) algorithm,
based on the following objective function: @, (6, P,n) =n~1 3" In®(0, P,n)(as|z;), where

(I)(07P7 77) =P+ (I - VP’\I](U’ P))_lve"l’(% P)(9 - 7])'

Let f be an initial estimator of 6°, such as the PML estimator. The AFXP algorithm iterates
the following steps until j = k:

Step 1: Given éj_l, update P by solving the fixed point: ]5j = 15(5]-_1).

Step 2: Given (Pj,0;_1), update 6 by 6; = arg maXgee, Qn(6,P;,0;_1), where ©; = {# € O :
(0, Pj,0;_1)(alx) € [¢,1 — €] for all (a,x) € A x X} for an arbitrary small £ > 0.

First, we establish the asymptotic normality of the MLE.

Assumption 5 (a) The observations {aj,x; : i = 1,...,n} are independent and identically
distributed, and dF(x) > 0 for any © € X, where F(x) is the distribution function of x;. (b)
U (4, P)(alx) > 0 for any (a,z) € A X X and any (6,P) € © x Bp. (c¢) Y(0,P) is four times
continuously differentiable. (d) © is compact and, for any 0 € ©, My is compact. (e) There is
a unique 6° €int(©) such that P(6°) = P°. (f) For any 0 # 6°, P(0) # P°. (g) P(0) is unique
for any 0 and continuous in 0. (h) I — Vp is nonsingular and rank(Vy) = K.

The uniqueness of P(f) in Assumption 5(g) is potentially a strong assumption. This as-
sumption holds if no equilibrium choice probabilities are observationally equivalent to P(6). As
discussed in the proof of Proposition 10, Assumption 5(h) implies that P(6) is unique for any
6 in a neighborhood of #°. Therefore, if éj_l is consistent, p(éj_l) is also uniquely determined
for a sufficiently large sample size.

The following proposition establishes the asymptotic normality of the MLE.

Proposition 10 Suppose that Assumption & holds. Then n1/2(éMLE —0Y%) —4 N(0,(Z%)7h),
where I° = E[VyIn P(6°)(a;|7;) Ve In P(6°)(a;|x;)].

Having established the asymptotic normality of the MLE, we derive the convergence prop-
erties of the estimators generated by the AFXP algorithm. For e > 0, define a neighborhood of
0° by Ny(e) = {0 : |0 — 0°|| < €}.

Proposition 11 Suppose that Assumption 5 holds and we obtain (éj,pj) by the AFXP algo-
rithm. Then, there exists ¢ > 0 such that ]Sj — Py = Op(Héj_l — éMLE\\) and 9~j — Oy =
Op(n=210;_1 — Onrel]) + Op(10;-1 — Orrrrl?) uniformly in 6,1 € Ny(c).

4



Thus, the estimator generated by the AFXP algorithm is first-order equivalent to the MLE
for all k£ > 1 if started from a root-n consistent estimate. This algorithm can be used to obtain
the MLE because, upon convergence, its limit is identical to the MLE.

Implementing Step 1 of the AFXP algorithm may be impractical when it is computationally
infeasible to find all the fixed points . In such cases, we may replace the solution to the fixed
point in Step 1 with its consistent estimator. Define the ¢-AFXP algorithm by the same sequen-
tial algorithm as the AFXP algorithm except that, starting from an initial consistent estimate
(Ao, Py), Step 1 updates P by P; = A9(8;_1, Pj_1) or P; =T9(0;_1, Pj_1).

The following proposition establishes the convergence properties of the estimators generated
by the g-AFXP algorithm. Define a K x L matrix J as J = E[VyIn P(6°)(a;|z:) I (a;|z;)/P°(as|z;)],
where I(a;|z;) is the row of an L x L identity matrix that corresponds to (a;|z;). For e > 0,

define a neighborhood of (%, P°) by N(e) = {P : max{]|§ — 6°||,||P — P°||} < €}.

Proposition 12 Suppose that Assumption 5 holds. Suppose we obtain 9~j by the q-AFXP algo-
rithm with P; = A9(8;_1, Pj_1). Then, there exists ¢ > 0 such that

i — Pure = AL(Pjo1 — Purp) + AY(0;-1 — OriLE) + Tnj, (22)
i —Oure = (0,1 —0prp) — (I°) T (P — Pyrg) + (23)

where ry; denotes a remainder term satisfying rn; = Op(n=2(|0;_1—Ornrrp||+10; -1 —Ornp| >+
n~ V2| Py — Puppll + [Py — Puwsll?) uniformly in (6;-1, Pi-1) € N(c).

When Pj is obtained by ]5] = Fq(éj_l,ﬁ’j_l) and I — TI(6°, P*)W pII(6°, P°) is nonsingular,
the uniform bounds (22)-(23) hold in which A}, and A} are replaced with T} and T'}.

Ignoring 7,;, arranging the two updating relations into a system of equations, solving for
Pj — PMLE and éj — éMLE, and using A;ID = (Ap)q, Ag = (I +Ap + -+ (Ap)qfl)/\g =
(I —(Ap)))(I —Ap)~tAg= (I — (Ap))V¢ P(0°), and JVy P(0°) = I°, we obtain

( ]?] B :MLE ) =Q < ]?j_l a ?MLE ) , Where Q) = ( (Ap)? Ag ) .
0; — OrmiLE 0;-1 —OmLE —(Z° 7' T(Ap)T (Z°)'T(Ap)?Ve P(6°)
Suppose p(Ap) < 1. Then, as q increases, (Ap)? approaches zero, and all the eigenvalues of Q
approach zero. Therefore, all of the eigenvalues of () are inside the unit circle for sufficiently
large ¢, and iterating the ¢-AFXP algorithm converges to the MLE.

We note that, while consistency allows us to focus on a neighborhood of 6°, the Taylor

approximation might be a poor approximation in finite samples and could affect the convergence
of the AFXP algorithm.?

?We further examine the finite sample issue in our simulation by conducting the Monte Carlo experiment with
a small sample of n = 100, and we find that the estimator generated by the ¢-AFXP algorithm after £ = 50
iterations still performs better than the NPL estimator using A across different parameters. Thus, the small



B.1 Proof of propositions in Section B

Proof of Proposition 10 The consistency of the MLE follows from Theorem 2.1 of Newey and
McFadden (1994), because (i) ° uniquely maximizes Q(6) because Prpo({(a, ) : P(6)(a|z) #
PY%alx)}) > 0 for any 6 # 0°; (ii) © is compact; (iii) Q(0) = E'In P(0)(a;|z;) is continuous be-
cause P(0) is continuous; (iv) supgeg |@n(#) — Q(0)| = supgee | suppea, 7 > iy In Plas|z;) —
sup pem, £ In P(ag|z;)| —p 0.

For the asymptotic normality of the MLE, consider the objective function Q}(6) = n~! "1 In P(0)(as|z:),
in which P(0)(a;|z;) in Qn(0) is replaced with P(0)(a;|z;), and an estimator 6* = arg maxgee Q7 (6).
First, we derive the asymptotic normality of 6* using Theorem 3.3 of Newey and McFadden
(1994), and then we establish the asymptotic normality of the MLE by showing Pr(0* =
Orrzp) — 1. The asymptotic normality of 6* follows from confirming that P()(alz) satis-
fies conditions (i)-(v) of Theorem 3.3 of Newey and McFadden (1994). Condition (i) holds
from Assumption 5(e). For condition (ii), observe that a direct calculation gives Vg P(6) =
(I —Vp¥(0,P(0) Ve ¥ (0, P(9)). Differentiating both sides by 6, we find that P(f) is twice
continuously differentiable in Nyo since I — ¥ p is nonsingular. Condition (ii) then holds because
P(#) > 0 from Assumption 5(c). Conditions (iii) and (v) hold because both supy Nyo ||V P(6)]]
and supge v, |[Vger P(6)]| are finite. For condition (iv), observe that E[VgIn P(0°)(a;|x;) Ve In P(6°)(a;|z;)] =
W1 — V) tAp(I — ¥p)~1 Wy, where Ap is defined on page 6 of the main text and is nonsin-
gular. Condition (iv) then holds because Wjy(I — W) *Ap(I — ¥p)~1¥y is nonsingular from
Assumption 5(h).

It remains to show Pr(6* = éMLE) — 1. First, note that the fixed point of ¥ (6, P) is unique
in a neighborhood of (6°, P°) from the implicit function theorem because the mapping v(6, P) =
P — (0, P) has a nonsingular Jacobian matrix with respect to P at (#°, P%) from Assumption
5(h). Second, using sup g pyc(oxBp) In=LS°"  InW(0, P)(as|zi) — Eln (0, P)(ai|z;)| —p 0 twice
gives supgee |EIn (8, P(9))(ailz;)—EIn ¥ (8, P(6))(ailx;)| —p 0. Therefore, supycg |E In P(8)(ai|z:)—
Eln P(0)(a;|z;)] —p 0. Since the fixed point of ¥(¢, P) is unique for (0,P) € N, we have
Pr(P(0) = P(0)) — 1 for 8 € Ny, and Pr(6* = Opp) — 1 follow because 6* and 0ypp are
consistent and Pr(6*,0y15 € Ny) — 1. O

Proof of Proposition 11 We suppress the subscript MLE from éMLE and PMLE. Define
Qi(0,n) = n=1 Y0 In[P(n) + Ve P(n)(0 — n)](ailz;), where Vg P(n) denotes the derivative
of P(0) evaluated at 7, and define Q*(8,n7) = EIn[P(n) + Vo P(n)(0 — n)](ai|z;). For e > 0,
define a neighborhood Ny,(e) = {(0,n) : max{||0 — 6°||,||n — 6°||} < €}. Then, there exists

€1 > 0 such that (i) Pr(P(8) = P(6)) — 1 for (,n) € Nyy(e1) from the proof of Proposition

10, (ii) sup(geny, () [[Voor@“(0,m) | < oo and sup(g e, ) [[V?Q*(0,1)|| < oo because
Voo Q*(0°,0°) = 79 Vo Py = (I —Vp (0, Py)) VU (0, Py) for any fixed point Py, I — ¥p

sample issue regarding the Taylor approximation does not appear to be a major issue, at least, in our simulation
setup of section 4.



is nonsingular, and ¥ (6, P) is four times continuously differentiable.

First, we assume (6,7) € Np,(e1) and derive the stated representation of 0; — 0 and P; — P.
P; — P= Op(|10j-1 — 0||) follows easily from a Taylor expansion. To show the bound of 0; — 0,
note that Q7 (60,n) = Qn(0, P(n),n) with probability approaching one (wpal henceforth) from
(i) above. Therefore, éj = arg maxgeo; @y, (0, HNj,l) wpal. Expanding the first order condition
VoQ:(0,0;_1) = 0 around @ f;_1) gives

~ ~ — ~ N

0=VeQu(0,0,-1) + Ve Q(0,0;-1)(0; — 0), 0 €[d;,0]. (24)

writing 6 = 0(6;) and proceeding as in the proof of Proposition 7 in conjunction with (ii) above,
we obtain Sup, 5. yeny, () Voo Q:(0(65),0,-1) 7| = Op(1). For VeQ%:(6,6; 1), since the
MLE satisfies V@7 (6,0) = 0 wpal, expanding V@, (0, 60;_1) around (0, §) gives V@, (0,60,-1) =
Vo Q3 (0,0)(B51—0)+ 0y (185 1—01). Now, Vo @4(6,0) = n~' S, Vo P(0) aske:)/ P(8) (asli) =
O,(n~1/2), where the last equality follows from the root-n consistency of 0 because the informa-
tion matrix equality implies E[Vge P(6°)(a;|z;)/ P(6°)(ai|z;)] = 0. Therefore, VQ?(6,0;_1) =
Op(n=12||6;_1 — || + ||6;_1 — ]|), and the stated uniform bound of 8; — § follows from (24).

It remains to show (0,n) € Ny, (e1) wpal if ¢ > 0 is taken sufficiently small. The proof is
essentially the same as the proof of (éj, 15j_1, 9~j_1) € N3(e1) wpal in the proof of Proposition
9(b). The argument of the proof of Proposition 9(b) carries through if we replace A4(6, P, n)
with ®(6, P,n), because (i) In® (60, P,n) is continuous in (0, P,n) € ©; x N from Assumptions
5(b)(c)(h), (ii) E'supg pyyco,xn |In (0, P,n)(a;|z;)| < oo from the compactness of ©; and the
continuity of In ®(6, P,n), and (iii) Vo P(0°)v = (I — ¥p) ' Wyv # 0 for any K-vector v # 0
from Assumption 5(h). O

Proof of Proposition 12 We suppress the subscript MLE from éMLE and PMLE. The
updating formula for ]5j follows from expanding the right hand side of ISJ = Aq(éj_l, pj_l) and
P; =T9(f;_1, Pj_1) twice around (, P) and using P = A(f, P) = T9(9, P). Both A%(8;_y, P;_;)
and Fq(éj_l, ]5j_1) are continuously differentiable from Assumption 5(c) and the nonsingularity
of I —TI(6°, POYWpII(6°, PY).

We proceed to derive the bound of éj — 0. We focus on the case when 15J = Aq(éj_l, 15]-_1)
is used. The same argument carries through for ]5]- = Fq(éj_l, ]3j_1). The proof closely follows
the proof of Proposition 7. Define
Qu(6, Pn) = n= S WnfAS(, P) (T = ¥ (g, A%, P))) VW, A9, P))(6 )] el
so that @, (6, Pj_1,0;—1) is the objective function for #;, and define Q(0, P,n) = EIn[A%(n, P) +
(I — Vp¥(n,A(n, P)"1Ve¥(n,Al(n, P))(O — n)](a;|x;). For ¢ > 0, define a neighborhood
Nz(e) = {(0,P,n) : max{||0 — 0°||,||P — P, ||n — 6°||} < €}. Then, there exists ¢, > 0
such that sup ppens(e) IVoor Q(0, P,n)~ || < oo and SUP(9, P.n) N3 (e1) IV3Q(8, P,n)|| < o<
because Vg Q(0°, P, 0°) = —TI°, I — Up is nonsingular, and ¥ (6, P) is four times continuously



differentiable.
We first assume (6, Pj_1,0;_1) € N3(e1) and derive the stated representation of 6; — 0. We
later show (8}, P;_1,0;_1) € N3(e1) wpal if ¢ > 0 is taken sufficiently small. Expanding the first

order condition V¢Q,,(8;, P;,0;_1) = 0 around 0, P;,0,_1) gives

"Uz

~ — ~ A

0=V9Qn(0, P;,0; 1)+ VoarQn(0, P;,0;_1)(8; — 0), 6 c[6;,0). (25)

Consider Van(é,]sj, éj_l) on the right of (25). Note that Van(é, P, é) =0 and
E [VI®(6, P,n)(ai|z;)/®(8, P,n)(ai|lz;)] =0 for j > 1 when evaluated at (6, P,n) = (%, P°,6").
Then expanding Van(é,ISj,éj_l) twice around (0, P,#) and using the root-n consistency of

(é, ]5) and the information matrix equality gives
VoQn (0, Pj,0;_1) = —E[VgIn P(0°)(as|z:) I (a;]x:)/ P (ailz:)) (P — P)+ %01 — ) +7nj, (26)

where I(a;|x;) is the row of an L x L identity matrix corresponding to (a;|z;), and ry; is a
remainder term of Op(n~2|0;_y — 8| + ||6;—1 — 0|> + n='/2||P; — P|| + ||P; — P||?). For
Voo Qn (0, ]5]-,5]- 1) on the right of (25), writing § = 9(5) and proceeding as in the proof of
Proposition 7 in conjunction with SUD(9, Pn)eNs(e ) IVee Q(8, P, n)7!|| < oo, we obtain
sup(awpJ 151N (1) HV(;(;/QH( 0(0;), PJ,HJ 1)~ 1\| = Op(1). Therefore, we have éj—é:Op(]\éj_l—
0| + ||P; — P||) from (25) and (26). Having established 6; — § = O,(||6;_1 — 6]| + || P; — P|]),
refine (25) as 0 = VQn (6, P;, 0;-1) —1°(; — 0) + 7, by expanding Vg Q, (6, Pj, 0;-1) around
(é, P, é) Then, the stated updating formula for éj follows from substituting it into (26).

It remains to show (8;, Pj_1,0;_1) € N3(e1) wpal if ¢ > 0 is taken sufficiently small. The
proof is essentially the same as the proof of (GJ,PJ 1,0 i—1) € N3(e1) wpal in the proof of
Proposition 9(b). The argument of the proof of Proposition 9(b) carries through if we replace
A9(0, P,n) with ®(0, P,n), because (i) In® (0, P,n) is continuous in (0, P,n) € ©; x N from
Assumptions 5(b)(c)(h), (ii) Esup(,py)eo,xn |0 (8, P,n)(ai|z;)| < co from the compactness
of ©; and the continuity of In®(6, P,n), and (iii) Vo P(0")v = (I — ¥p) 1 Wyr # 0 for any
K-vector v # 0 from Assumption 5(h). O

C Sequential GMM estimators

Recently, many researchers extend the Hotz-Miller CCP estimator and develop various two-step
moment estimators for dynamic games (see Bajari, Benkard and Levin, 2007; Pakes, Ostrovsky
and Berry, 2007; Pesendorfer and Schmidt-Dengler, 2008). These estimators often suffer from
finite sample bias, especially when the initial estimator of P° is imprecise. This section develops
a recursive extension of two-step moment estimators called the nested GMM estimator using an
idea similar to that in the NPL algorithm.

Let P° = {P°(a|z)}(q2)cax x denote the equilibrium conditional choice probabilities. Then,



for any function h(a), the following conditional moment condition holds:

E | h(a) - Y h(d)P°(d|z)

a’€eA

x| =E[h(a)|z] — E

> h(a’)PO(a’]x)] =0.

a’'€A

Here, E[h(a)|z] represents the model-free conditional expectation of h(a), whereas E[Y_ ,,c 4 h(a’)PY(d'|z)]
represents the conditional expectation of h(a) implied by the model P°. For example, we may
choose h(a) = a or h(a) = a®. The conditional moment condition implies that the following

unconditional moment condition holds for any function p,,(z) and hy,(a), where m =1,..., M:

E [gm(a,2; P%)] =0, gm(a, z; P°) = pp(x) (hm(a) - Z hm(a/)PO(a’]m)> . (27)

a’€eA

We consider a generalized method of moments (GMM) estimator based on these moment con-
ditions when the equilibrium conditional choice probabilities belong to a parametric class with
a fixed point constraint: M = Upece My, where My = {P € Bp : P = ¥(0, P)}. Define the
GMM estimator as:

A . . _ P
Ocriv = arg min { Juin 9(P) Wg(P)} ,
where g(P) =n"t>"" | g(a;, x;; P), and 1174 —p W, which is positive definite. Here, g(a,z; P) =
(g1(a,z; P),...,gm(a,x; P))" is an M-vector of moment conditions, where the g, (a, z; P)’s are
defined in (27).

To compute the GMM estimator, we need to repeatedly solve the fixed point P = ¥ (6, P)
for each candidate parameter value # until one finds the parameter that minimizes the GMM
objective function. When solving the fixed point is costly, this estimator is impractical.

The two-step GMM estimator is defined as fagary = argmingeg G(¥(0, Po))Wg(¥ (8, By)),
where ]50 is an initial consistent estimator for P°.

We introduce the following notation:

Go(¥(0, P)) = Vog(¥(0,P)), Gp(¥(0,P))=Vpg(¥(,P)),
Gy = ENVorg(ai, z;;9(0°, P°))],  Gp = E[Vpyg(as,z; ¥(6°, P%))].

Define L = |A||X|. Let fy be an L x 1 vector of Pr(z = z°), s = 1,...,|X]|, whose el-
ements are arranged conformably with PY(a’|2*), and let fx be the frequency estimator of
fs. Denote A, = diag(f,) and A, = diag(f,). Let vm be an L x 1 vector of ppm(2°)hm(a?)
whose elements are ordered conformably with P°(a/|z®), and let H = (v1,...,7y)’, which
is an M by L matrix. With this notation, we may write Gg(¥ (0, P)) = —HA, Vg U(0, P),
Gp(¥(0,P)) = —HA,Vp U0, P), Gg = —HA, Vg and Gp = —HA,Up. Let r(a,z) be an

L x 1 vector of indicator functions whose elements are ordered conformably with P°(a?|z®), so



that Py — PO = n1 S r(ai, x;) + op(n™Y/2). The explicit form of 7(a,z) can be found by
expanding Py — PY.

Assumption 6 (a) For any 0 # 6°, E[g(a,z; ¥(0, P°))] # 0; (b) GHW Gy is nonsingular;
(¢) Esupgee |lg(a, ;¥ (0, P°))|| < 0o; (d) Esupgee |[Vorg(a, z; ¥(0, P%))[| < oo,
Esupyee ||V prg(a, z; (0, PO))|| < oo; (e) Ellg(a, z; PO)||* < oo.

Under Assumptions 1 and 6, égGM M is consistent and asymptotically normal: \/ﬁ(éQGMM —
0°) —q N(0, Vagarar), where Vagarn = (GoWGo) T GW SW Go(GyW Gp) ™! with S = E[(g(a;, x;; PY)—
Gp(r(a;, ;) — PY)(g(ai, zi; P°) — Gp(r(a;, ;) — PY))']. Using the optimal weighting matrix
W = S~ the limiting variance is given by Vagarar = (G’GS_ng)_l.
We now consider a recursive extension of the two-step GMM estimator called the nested

GMM algorithm which iterates the following steps until j = k:

Step 1: Given P;_1, update 0 by 8; = argminy g(¥ (0, P;_1))'Wg(¥ (0, P;_1)).
Step 2: Update P using the obtained estimate 0~j: ]53 = \I/(éj, ]-:’j_l).

If the iterations converge, the limit satisfies § = argming.g §(¥(0, P))Wg(¥ (0, P)) and P =
U (f,P). Among the pairs (6, P) that satisfy these two conditions, the one that minimizes
the value of the criterion function g(¥ (6, P))Wg(¥ (6, P)) is called the nested GMM (NGMM)
estimator, which we denote by (éNGMM, PNGMM).

Under regularity conditions similar to the ones in Assumption 1, the sequence of estimators
generated by this algorithm is consistent. The following proposition establishes the limiting
distribution of the NGMM estimator.

Proposition 13 Suppose Assumptions 1 and 6 hold. Then
Vi(Oneans —60°) —a N (0, (GoWGE) ' GuW QW' Gy (G ) W'Go) ™),

where Q = E[g(a;, z;; P°)g(a;, zi; P°)') and G3° = —HAL(I -V p)~ Wy, If we choose W = Q7L,
the asymptotic variance is given by (GRQ 'G) GO Ge((G°)' 1 1Gy) 1.

Remark 2 When Up = 0, the two-step GMM estimator with the optimal weighting matriz is
asymptotically equivalent to the NGMM estimator with W = Q~1.

The NGMM estimator can be obtained as the limit of the sequence of estimators generated
by the NGMM algorithm if iterations converge. The convergence properties of the NGMM

estimator is given by the following proposition.
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Proposition 14 Suppose Assumptions 1 and 6 hold, and Py — P = op(1). Then, for j =
1.k

i

i —Ovevm = Op(||Pj—1 — Prvamul)),
pj — I:)NGMM = [I + qu(GIQWGg)ilG/@WHAx]\PP(E_l — PNG’MM)
+0,(n 2| Pi1 — Pyanml]) + Op(||1Pi—1 — Praarul?).

Remark 3 Because —\Ilg(G’QWGg)*ngWHAw = \Ifg(\IlgA;H’WHAI\Ilg)*l\IIQAQCH’VAVHAE is
a projection matriz, the convergence properties of the NGMM algorithm is analogous to that of
the NPL algorithm. Again, the convergence rate is primarily determined by the eigenvalues of

Up.

C.1 Proof of propositions in Section C

Proof of Proposition 13 Suppress the subscript NGMM from éNGMM and PNGMM. The
consistency of (é, ]5) follows from applying the proof of Proposition 2 of Aguirregabiria and Mira
(2007).

, observe that (0, P) satisfies Go(¥ (6, P))Wg(¥(d, P)) =

For the asymptotic distribution of ( 0
0, P)

0, P)
0 and P— (6, P) = 0. Expanding g(¥ (6, P)) around (6°, P°) and using the consistency of (

gives

GoWg(w(6°, PY)) + Ggwae(é —0°) + G/QWGP(P PO = Op(n_1/2)7
(I=Wp)(P = P) = We(6—6") = op(n"/?).

Eliminating (P — P°) from these equations and using G4W Gy + GHWGp(I — Up)~ W, =
GYWGS, where G3° = Vg g(P(6°)) = —HAL(I — Up)~' Ty, we have /n(f — 0°) —4
N(0, (GyWGR)ITGyWAW'Go((GR)W'Gg) 1), where Q = E[g(a;, z;; P°)g(a;, zi; P°)']. O

Proof of Proposition 14 Suppress the subscript NGMM from éNGMM and PNGMM. We use
induction. Assume P;_; is consistent. Then, f; is consistent because g(¥ (6, Pj_1))'Wg(¥ (6, P;_1))
converges uniformly to Eg(a;, xi; ¥ (0, P°))W Eg(a;, xi; ¥ (0, PY)).

For the bound of éj, recall that 67]- satisfies the first order condition

G(¥(0;, Pj—1))Wg(®(6;, Pi—1)) = 0. (28)

~ ~

Expanding g(¥(6;, Pj_1)) around (, P) in (28) and using G(¥ (0, P))Wg(¥ (8, P)) = 0 gives

6,—6 = [Gy((B;, Py1)WGo(W(P,6)) + 0,(1)] " [Gh( (6, By1))WGp(U(P,8)) + 0, (D] (Pj-1 — P)
= O(||Bj1 - P, (20)
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where (0, P) lies between (;, P;_1) and 4, P).
For the second result, we begin by using (29) to obtain

Pj—P=Vy(0; — 0) + Up(Pj_1 — P) + Op(n?|Pj_y — P||) + Op(||Pj—1 — P||*)  (30)

Expanding g(¥(6;, Pj_1)) in (28) twice around (6, P) and using Gy(¥(8;, P;_1))Wg(¥(d, P)) =
Op(n=/2|[0; = 011) + Op(n~"/?|| Py — PY)),

Gp(¥(0, P)) = Gp + O,(n~Y?), Go(U(0, P)) = Gg + Op(n~Y?), (31)

and (29) gives

0 = Gp(¥(0;, Pi_1))WGp(Pj—1 — P) + Gy(¥(0;, Pj_1))WGq(0; — 0)
+0,(n~Y2||Pj_1 — P||) + Op(||Pj—1 — P|*). (32)

Expanding ¥(6;, P;_1) around (0, P) and using (29) and (31) in (32), we have

0; — 0 = —(GyWGy) 'GyWGp(Pj_1 — P) + Op(n V2| P;_1 — P||) + Oy(||Pj—1 — P| ).

Substituting this into (30) and noting that Gy = —HA, ¥y and Gp = —HA, ¥ p, we obtain

Pyj—P = [I+Wg(GyWGo) "' GyW H ALY p(Pj_1 = P)+0p(n 2| Pjo1 = PI) +-Op(|| Pj-1 = P|?),

and the second result follows. [J

D Unobserved Heterogeneity

This section extends our analysis to models with unobserved heterogeneity. The NPL algo-
rithm has an important advantage over two step methods in estimating models with unobserved
heterogeneity because it is difficult to obtain a reliable initial estimate of P in this context.

Suppose that there are M types of agents, where type m is characterized by a type-specific
parameter 0", and the probability of being type m is n" with 2%21 7™ = 1. These types
capture time-invariant state variables that are unobserved by researchers. With a slight abuse
of notation, denote § = (9',...,0M) ¢ @M and 7 = (x!,...,7M) € ©,. Then, ¢ = (¢, ) is
the parameter to be estimated, and let ©; = OM x O, denote the set of possible values of C.
The true parameter is denoted by ¢°.

Consider a panel data set {{a;, z, $z’,t+1}tT:1}?:1 such that w; = {a, x4, :zi7t+1}tT:1 is ran-
domly drawn across i’s from the population. The conditional probability distribution of a;; given
xi for a type m agent is given by a fixed point of Pym = W (0™, Pym). To simplify our analysis,

we assume that the transition probability function of x; is independent of types and given by
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fo(@it+1|ait, xit) and is known to researchers.?

In this framework, the initial state x;; is correlated with the unobserved type (i.e., the initial
conditions problem of Heckman (1981)). We assume that z;; for type m is randomly drawn
from the type m stationary distribution characterized by a fixed point of the following equation:
pH(@) = Y ex P* (@) (X yea Porm (d]2)) fo(z]d’, 2')) = [T(p*, Pym))(x). Since solving the fixed
point of T'(-, P) for given P is often less computationally intensive than computing the fixed
point of ¥(-,0), we assume the full solution of the fixed point of T'(-, P) is available given P.

Let P™ denote type m’s conditional choice probabilities, stack the P"’sas P = (Pll, ...,PM /)’ ,
and let P? denote its true value. Define W(6,P) = (¥(0, P1),..., U (M PM)'). Then, for
a value of 6, the set of possible conditional choice probabilities consistent with the fixed point
constraints is given by M} = {P € BM : P = ¥(9,P)}. The maximum likelihood estimator

for a model with unobserved heterogeneity is:

CvLE = arg max{ max n ! Zln ([L(m, P)](wz))} , (33)
i=1

where [L(m, P)|(w;) = Y0y 7" ppm (xi1) [Ty P™(@it|wie) fo(wi 41 |ait, 2ie), and ppm = T (pom, P™)
is the type m stationary distribution of z when the conditional choice probability is P™. If PO is
the true conditional choice probability distribution and 7¥ is the true mixing distribution, then
LY = L(7% PY) represents the true probability distribution of w.

We consider a version of the NPL algorithm for models with unobserved heterogeneity
originally developed by AMO07 as follows. Assume that an initial consistent estimator Py, =
(]501, .. ,]5({\/[) is available. For j = 1,2,..., iterate

Step 1: Given P, 1, update ¢ = (¢',7') by (; = arg max;ce, n~t3"  In ([L(w, (6, f’j,l))](wi)>,
Step 2: Update P using the obtained estimate éj by f’j = lIl(éj, 15j_1),

until j = k. If iterations converge, the limit satisfies { = arg maX;ce, n~tS  In([L(m, (0, P))](w;))
and P = ¥(6,P). Among the pairs that satisfy these two conditions, the one that maximizes
the pseudo likelihood is called the NPL estimator, which we denote by (f ~pL, PN PL)-

Let us introduce the assumptions required for the consistency and asymptotic normality of
the NPL estimator. They are analogous to the assumptions used in Aguirregabiria and Mira
(2007). Define (o(P) and ¢o(P) similar to 6y(P) and ¢o(P) in the main paper.

Assumption 7 (a) w; = {(ait, T, xig41) : t = 1,...,T} for i = 1,...,n, are independently
and identically distributed, and dF(x) > 0 for any © € X, where F(x) is the distribution

3When the transition probability function is independent of types, it can be directly estimated from transition
data without solving the fixed point problem. Kasahara and Shimotsu (2008) analyze the case in which the
transition probability function is also type-dependent in the context of a single-agent dynamic programming
model with unobserved heterogeneity.
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function of z;. (b) [L(m,P)](w) > 0 for any w and for any (m,P) € O x BM. (c) ¥(0, P) is
twice continuously differentiable. (d) ©¢ is compact and Bljy is a compact and convexr subset of
(0,1]5M . (e) There is a unique (° €int(©¢) such that [L(7Y, P%))(w) = [L(x°, ¥ (6°, PY))](w).
(f) (¢°,PY) is an isolated population NPL fized point. (g) Co(P) is a single-valued and continuous
function of P in a neighborhood of P°. (h) the operator ¢o(P) — P has a nonsingular Jacobian
matriz at P°. (i) For any P € Bp, there exists a unique fived point for T(-, P).

Under Assumption 7, the consistency and asymptotic normality of the NPL estimator can
be shown by following the proof of Proposition 2 of Aguirregabiria and Mira (2007).
We now establish the convergence properties of the NPL algorithm for models with unob-
served heterogeneity. Let [(¢, P)(w) = In(L(m, ¥ (6, P))(w)), and Q¢¢ = E[V (O, PO) (w;) Vel (¢, PO) (w;))].

Assumption 8 (a) Assumption 7 holds. (b) (0, P) is three times continuously differentiable.

(¢) Q¢ is nonsingular.

Assumption 8 requires an initial consistent estimator of the type-specific conditional proba-
bilities. Kasahara and Shimotsu (2006, 2009) derive sufficient conditions for nonparametric
identification of a finite mixture model and suggest a sieve estimator which can be used to ob-
tain an initial consistent estimate of P. On the other hand, as Aguirregabiria and Mira (2007)
argue, if the NPL algorithm converges, then the limit may provide a consistent estimate of the
parameter ¢ even when Py is not consistent.

The following proposition states the convergence properties of the NPL algorithm for models
with unobserved heterogeneity. For ¢ > 0, define a neighborhood of P? by Np(e) = {P :
P — PO < }.

Proposition 15 Suppose Assumptions 7-8 hold. Then, there exists ¢ > 0 such that

(i —Cvprr = Op(||Pjo1 — Paprl)),
P, —Pyxpr, = [[—WyDU,LWAY? M AY?Lp|®p(P; 1 — Pypr)
+ O0p(n™V2||Pj_1 = Prprl]) + Op(||Pj—1 — PrpLl?),

uniformly in 15]-_1 € Np(c), where D = (\I"QL'PAIL/QMLWAILﬂLp\Ilg)*l,

My, =1—AYPLALLALL) LAY, and @y = Ve ®(6°, P%), ¥p = Vp B (60, P),
Ap = diag((L°)™Y), Lp = Vp/ L(7", PY), and L, = V. L(7°, PY).

Note that I — \IlgD‘IlgL’PAlLﬂMLﬂAIL/ZLp is a projection matrix. The convergence rate
of the NPL algorithm for models with unobserved heterogeneity is primarily determined by
the dominant eigenvalue of ¥ p. When the NPL algorithm encounters a convergence problem,

replacing ¥ (6, P) with A(6, P) or T'(, P) improves the convergence.
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Remark 4 It is possible to relax the stationarity assumption on the initial states by estimating

*m\ M

m—1, Without imposing a stationarity

the type-specific initial distributions of x, denoted by {p
restriction in Step 1 of the NPL algorithm. In this case, Proposition 15 holds with additional

remainder terms.

Proof of Proposition 15 We suppress the subscript NPL from (A ~vpr and Pypr. The proof
closely follows the proof of Lemma 1. Define [¢o((,P) = n=! >0 VI(C P)(w;), lee(¢P) =
n~IS L Veel(C,P)(wi), and Iep(¢,P) = n~t Y0 | Vep/d(¢, P)(w;). Expanding the first order
condition I¢((;, Pj_1) = l}(é, P) = 0 gives

~ ~ ~ A

0= ZCC(Ea P)(Cj —¢)+ ig‘P(C_a P)(Pjﬂ -P), (34)

where (,P) is between (éj,f’j,l) and (CA,P) Then, proceeding as in the proof of Lemma 1
gives the bound of @ — é

For the bound of f’j — P, expanding the second step equation f’j = \Il(fj, P j—1) twice around
(é, 15), using P = ‘I’(& 13), and proceeding as in the proof of Lemma 1 gives

A

P;—P=UpP;_; —P)+¥((— )+ O0p(n 2Py — P||) + O,(||Pj—1 — P[|?), (35)

where ¥, = V¥ (00, P% = [¥),0]. As in the proof of Lemma 1, refine (34) further as
G —C = =9 %p(Pj1 = P) + Op(n™'2||Pj_1 — P||) + Op(|[Pj-1 — P[*), where Qcp =
E [Vcl(¢, PO (w;) Vel (¢, PO) (w;)]. Substituting this into (35) gives

P;—P = [Up— OO Qp|(Pj1 —P)+ Op(n |P;_1 = P[]) + Op(|[Pj-1 — P|P).

Note that Q¢ and 2¢p are written as

Qo9 Qor
Qw@ Q7r7r

Q¢ = NPT

Qop | _
QT{'P

U, LALLp®p
L'ApLp¥®p |’

| wLpALLr®, WLLALL,
LALLp®y  LLALL,

and
D —DQQWQ;%
—Q:”%QWQD Q;T} + Q;;QWQDQQWQ;T%

9

-1 _
Q¢ =

where D = (W, LAY My, AY2LpW,y) ! with My, =T — A)*Lo(LLALLy) " LyAY?. Then,
using ¥, = [Py, 0] gives ‘PCQg_ngCP = \IlgD\Il’eLEDAlL/QMLﬂA}J/sz\IIP, and the stated result

follows. [
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E Additional Monte Carlo results

Table 4 reports some additional results of our Monte Carlo experiments. In particular, Table
4 includes the performance of the estimator generated by the ¢-AFXP algorithm after & = 50
iterations and that of its PML version obtained by taking one iteration of the g-AFXP algorithm
from the original PML estimator (i.e., the PML-¥). They are denoted by ¢-AFXP and PML-
AFXP, respectively. The last panel of Table 4 reports the bias and the RMSE of P across
different estimators, including those of the frequency estimator of P.

In most cases, the performance of the ¢-AFXP is comparable to that of the NPL-A? and
is better than that of the NPL-A or the NPL-W. The RMSE’s of the PML-AFXP are much
smaller than those of the PML-V, suggesting that taking one iteration of the approximate AFXP

algorithm from the PML-W¥ substantially improves its finite sample performance.

Table 4: Bias and RMSE

OrN =2 Orn =4

Estimator 7 = 500 7 = 2000 7 = 8000 7 = 500 n = 2000 7 = 8000
Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
NPL-¥ -0.0151  0.1347 | -0.0002  0.0660 | -0.0023  0.0323 | -0.0095  0.0676 | -0.0062  0.0490 | -0.0005  0.0408
NPL-A -0.0151  0.1347 | -0.0002  0.0660 | -0.0023  0.0323 | 0.0028  0.0575 | -0.0006  0.0294 | -0.0003  0.0143
RPM -0.0174  0.1331 | -0.0028  0.0642 | -0.0027  0.0320 | 0.0029  0.0576 | -0.0012  0.0284 | 0.0000  0.0136
q-NPL-A4 -0.0117  0.1240 | 0.0002  0.0606 | -0.0018  0.0305 | 0.0015  0.0542 | -0.0009  0.0277 | 0.0000  0.0136
6rs | q-AFXP -0.0115  0.1239 | 0.0002  0.0607 | -0.0019  0.0305 | 0.0011  0.0534 | -0.0007  0.0275 | 0.0000  0.0134
PML-U -0.2215  0.2698 | -0.0717  0.1112 | -0.0229  0.0474 | -0.1280 _ 0.1557 | -0.0341 _ 0.0514 | -0.0082 _ 0.0207
PML-A -0.2215  0.2698 | -0.0717  0.1112 | -0.0229  0.0474 | -0.1280  0.1557 | -0.0341  0.0514 | -0.0082  0.0207
PML-RPM 0.1353  0.2380 | 0.0658  0.1072 | 0.0203  0.0403 | 0.1166  0.1823 | 0.0211  0.0457 | 0.0043  0.0176
PML-AY -0.0133  0.1475 | 0.0016  0.0629 | -0.0018  0.0307 | 0.0142  0.0783 | -0.0035  0.0290 | -0.0003  0.0141
PML-AFXP | -0.0112  0.1471 | 0.0018  0.0626 | -0.0018  0.0306 | -0.0089  0.0736 | -0.0081  0.0304 | -0.0014  0.0143
NPL-T -0.0467  0.4705 | -0.0009  0.2339 | -0.0095  0.1130 | -0.1417  0.2572 | -0.1414  0.2314 | -0.0918  0.1612
NPL-A -0.0467  0.4705 | -0.0009  0.2339 | -0.0095  0.1130 | 0.0241  0.1424 | -0.0001  0.0739 | 0.0013  0.0352
RPM -0.0544  0.4642 | -0.0102  0.2274 | -0.0111  0.1116 | 0.0249  0.1604 | -0.0003  0.0841 | 0.0014  0.0342
q-NPL-A4 -0.0358  0.4280 | 0.0002  0.2131 | -0.0079  0.1052 | 0.0228  0.1351 | 0.0000  0.0690 | 0.0014  0.0328
OprN | a-AFXP -0.0352  0.4282 | 0.0003  0.2134 | -0.0080  0.1052 | 0.0209  0.1319 | 0.0000  0.0673 | 0.0017  0.0324
PML-¥ -0.7895  0.9604 | -0.2565  0.3940 | -0.0828  0.1687 | -0.7713 _ 0.0094 | -0.1964  0.2599 | -0.0462 _ 0.0937
PML-A -0.7895  0.9604 | -0.2565  0.3949 | -0.0828  0.1687 | -0.7713  0.9094 | -0.1964  0.2599 | -0.0462  0.0937
PML-RPM 0.4523  0.8255 | 0.2232  0.3754 | 0.0687  0.1401 | 0.6101  0.7821 | 0.1282  0.1848 | 0.0335  0.0600
PML-AY -0.0603  0.5177 | 0.0021  0.2215 | -0.0083  0.1061 | 0.1619  0.2704 | 0.0044  0.0745 | 0.0035  0.0366
PML-AFXP | -0.0533 0.5158 | 0.0020  0.2196 | -0.0088  0.1056 | -0.0210  0.2011 | -0.0423  0.0978 | -0.0072  0.0430
Frequency -0.0425 _ 2.1609 | 0.0203 _ 0.5128 | 0.0244 _ 0.1550 | -0.0880  5.8734 | -0.0025  1.9222 | 0.0066  0.4413
NPL-T 0.0322  0.1561 | 0.0229  0.0436 | 0.0156  0.0256 | -0.6258  3.4992 | -0.1544  3.1243 | 0.0062  2.9592
NPL-A 0.0321  0.1560 | 0.0229  0.0436 | 0.0156  0.0256 | -0.0318  0.1393 | -0.0094  0.0414 | -0.0094  0.0113
RPM 0.0243  0.1627 | 0.0228  0.0384 | 0.0160  0.0291 | -0.0498  0.2053 | -0.0163  0.0731 | -0.0053  0.0085
q-NPL-A4 0.0249  0.1276 | 0.0207  0.0380 | 0.0146  0.0222 | -0.0487  0.1278 | -0.0136  0.0407 | -0.0051  0.0081
100x | g-AFXP 0.0244  0.1274 | 0.0210  0.0383 | 0.0147  0.0224 | -0.0484  0.1150 | -0.0117  0.0375 | -0.0057  0.0105
P PML-¥ 0.5558  1.9337 | 0.2180  0.6582 | 0.0686  0.2039 | 1.0331  3.6736 | 0.3606  1.3925 | 0.0682  0.3655
PML-A -0.1169  1.4388 | 0.1300  0.5271 | 0.0494  0.1739 | -2.3132  4.3659 | -0.5331  1.4651 | -0.0564  0.2695
PML-RPM -0.6515  1.5933 | -0.1964  0.5612 | -0.0352  0.1280 | -0.7598  1.9386 | -0.2679  0.7829 | -0.0523  0.2549
PML-AY 0.3133  0.3525 | 0.0701  0.0741 | 0.0253  0.0335 | 0.8506  2.1484 | 0.0919  0.5831 | 0.0150  0.1161
PML-AFXP | 0.3147  0.3482 | 0.0741  0.0781 | 0.0277  0.0363 | 0.7317  2.8405 | 0.1217  0.8471 | 0.0239  0.1772

Based on 1000 simulated samples. The maximum number of iterations is set to 50.
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