Time Series Analysis

Nonstationary and Noninvertible Distribution Theory

Katsuto Tanaka

Chapter 1 Motivating Examples

We deal with linear time series models on which stationarity or invertibility is not
imposed. Using simple examples arising from estimation and testing problems we
indicate nonstandard aspects of the departure from stationarity or invertibility. In
particular, asymptotic distributions of various statistics are derived by the eigenvalue
approach under the normality assumption on the underlying processes. As a prelude
to discussions in later chapters we also present equivalent expressions for limiting

random variables based on the other approaches.



1.1. The test statistic for the parameter constancy

Let us consider the following model:

(11) ytzﬁt—'_gt’
ﬁt:ﬁt—l—’_uta BOZO, (tzlaaT)a

where

i) {y;} is an observable sequence, whereas {(;} is an unobservable sequence starting

from Gy = 0;
ii) {&;} and {w;} are error sequences assumed to be independent of each other;

iii) {&;} is normally independently distributed (NID) with common mean 0 and
variance o2 (> 0), which will be abbreviated as {g;} ~ NID(0,02); it is also

£

assumed that {u;} ~ NID(0,02) (62 > 0).

The model (1.1) is the so-called state space model or the random walk plus noise
model, and our concern is to test if ; is constant, that is, 3, = 0 for all ¢. This is

equivalent to testing
o2
Hy:p=—=0 against Hy:p>0.
O-E

Since y; = uj + -+ + uy + &, the observation vector y = (y1,---,yr)" has the

distribution:

(1.2) y = Cu+e~ N(0,02(Ir + pCC")),

where u = (uy,---,ur)’, e = (1,---,e7), and Iy is the T' x T' identity matrix, while
1 1
. 0 -1 - 0

(1.3) cC=|- - , Ol=
1 - - -1 0 -1 1

The matrix C' necessarily appears from the random walk process 3; = 3;_1 + u;, and

may be called the random walk generating matriz. Note that the (s,t)-th element



of CC" is min(s,t) and the t-th largest eigenvalue \; of C'C" is given by Rutherford
(1946) (see also Problem 1.1) as

1 -2
t— =
L.
(1.4) At = 75057 +217T

For the present problem we consider the Lagrange multiplier (LM) or score test
based on the derivative of the log-likelihood evaluated under Hy. The optimality of
the LM test will be discussed in Chapter 9. Suppose, for simplicity, that o2 is known
and is assumed to be unity. Then, the log-likelihood L(p) is given by

T 1 1
(1.5) L(p) = 5 log 27 — 3 log |I7 + pCC'| — §y’(IT + pCCY ™ty
so that
dL(p) 1 ! 1 / /
1.6 — = ——tr(CC —y'CC
wo) P = e+ gecy
R T(T+1)
= 3 <5 CC'e — 5 ) .

The resulting statistic is a quadratic form in NID(0, 1) random variables plus a con-
stant. Thus its exact distribution can be computed by Imhof’s(1961) formula.

An asymptotic expansion for this distribution can also be obtained. In fact we
have (Problem 1.2) that the c.f. ¢7(6) of €CC’e/(T + 5)? can be expanded, up to
O(T7?), as

-

(1.7) or(0) = ﬁ(l—Qz@)\t /(T +1/2)%) 7

— _1 10 vV 2i0 :
~ (cosV2if) [1_W<1_ 3 tan\/229>].

Note that the term of the order T~! vanishes, while it can be verified that the c.f. of
e'CC’e/T? contains the term of the order 7.

As for the limiting distribution it is known that, if regularity conditions hold, the
first derivative of the log-likelihood divided by /T tends to normality, but it is not the

case with the present situation. One might argue that this is because the parameter



p to be tested is on the boundary of the parameter space p > 0 so that one of the
regularity conditions does not hold. The LM statistic, however, tends to normality
without this condition, in general, unlike the likelihood ratio and Wald statistics. In
fact, if the testing problem is such that Hy : p = py > 0 against H; : p > p, for which
the parameter space is py < p < oo, then dL(p)/dp|,=,, tends to normality (Tanaka
(1983a, b) and Problem 1.3).

Here we can make use of the knowledge of eigenvalues given in (1.4) to derive the
asymptotic distribution of (1.6), whose approach may be referred to as the eigenvalue
approach. Two other general approaches applicable to cases where eigenvalues are
unknown and {g;} is not necessarily normal and is dependent will be presented in

later chapters. From (1.6) we have, by diagonalization,

2 dL(p) T —|— 1
ﬁ dp T2 Z tgt ’

p=0

where {&} ~ NID(0,1). Denoting as Vp the first term on the right side, it can be
shown (Problem 1.4) that

(1.8) plim VT—Z# =0.
T-g)

Thus it holds that, as T" — oo,

00 2
(19) L) L) =LY ]
n=1 (n — —> 2
2
where £(X) denotes the probability law of X so that L£(2dL(p)/(T?dp) |p=0) —
1
L (V — 5) as T' — oo. Note that V' is an infinite, weighted sum of independent

Xz(l) random variables with each weight being nonnegligible to the sum of weights

<1/ (n — —) 2) = 0.5, although the first weight 1/(7/2)?=0.4053 is dominant.

The limiting distribution of €’CC’e/T? or 'C'Ce/T? = 252/T2 with S; = Z&‘J

was first dealt with by Erdés and Kac (1946) without assummg normality on {gt}
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Their assumption is that {e;} is independent and identically distributed (i.i.d.) with
common mean 0 and variance 1, which will be abbreviated as {e;} ~ i.i.d. (0,1). Their
work opened the way to the so-called functional central limit theorem or invariance
principle to be discussed in Chapter 3.

The present testing problem was first discussed in Nyblom and Makeldinen (1983)
and Tanaka (1983b), which was generalized by Nabeya and Tanaka (1988) and Nabeya
(1989) to cases where eigenvalues cannot be obtained explicitly. A different testing
problem leading to the same asymptotic result as in (1.9) was earlier discussed in
Sen and Srivastava (1973) (see also Gardner (1969) and MacNeill (1974)). We shall
return to this problem later, where general cases are treated together with the limiting
distributions under local alternatives.

In passing we note that

[N

216

1 2
o2y
2

and it can be shown (Sen and Srivastava (1973) and Problem 1.5) that

o(0) = E(ez’OV) _ 10—0[1 1— = (cos 2@’9)7%

2 +1
/rL —
2

ﬁ Y

(1.10) P(Vgx):Z\/inf%(_n%)@ —

where @ is the distribution function of N(0, 1).
As a prelude to subsequent discussions we give four equivalent expressions for V'

in the sense of distribution, that is,

(1.11) LV) = LY —2—5—

/O "(1 = max(s, t))dw(s)dw(t))
/ 1 / " min(s, t)dw(s)dw(t)) ,

bt



where {w(t)} is the standard Brownian motion defined on [0,1], the definition and
properties of which will be described in Chapter 2 together with the integrals involved
in these expressions. The first of these expressions refers to the eigenvalue approach
we have taken above and will take in this chapter, the second to the stochastic process
approach to be discussed in Chapter 4, and the third and fourth to the Fredholm
approach to be discussed in Chapter 5. The proof for the equivalence of the four
expressions in (1.11) will be deferred until Chapter 5.

We have assumed the initial value 3y to be zero. If (3, is an unknown constant,
the LM test statistic becomes different; so is the limiting distribution. In any case
we have realized that the present model does produce nonstandard results. An in-
tuitive reasoning may be that {y;} becomes an i.i.d. sequence under Hy, while it is
nonstationary with an autoregressive (AR) unit root under H;. Weakening the i.i.d.
assumption on {g;} to the extent of stationarity the present test may be interpreted
as testing the null hypothesis of stationarity against nonstationarity. Moreover, by
incorporating a deterministic trend into the model, the null hypothesis of stationarity
around the trend can be tested against the AR unit root hypothesis. This idea is
exploited in Kwiatkowski, Phillips, Schmidt and Shin (1992). More details will be
discussed in Chapters 9 and 10.

Problems

1
1.1 Show that the eigenvalues of (CC")~! are 4 sin® ( (t - 5) 7T/ (2T + 1)) so that
(1.4) results.

1.2 Derive the expansion in (1.7).

1.3 For the model (1.1) with 02 = 1, derive the LM test for testing Hy : p = po (> 0)
against Hy : p > po and show that the statistic tends to normality under H,.

More specifically, show that

1 dL(P) 2
_— — N(0,07) ,
VT dp |, )

where 02 = (po +2)/(4(ps(po + 4)3).
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1.4 Prove that

pin =L S ag-y—E )
—oo | (2T + 1) t=1 (t—%) 2

so that (1.8) holds.

1.5 Establish the formula (1.10) using the fact that the inverse Laplace transform
of e=V? is cexp(—c?/(4z))/(2v/7x?) for ¢ > 0.

1.2. The test statistic for a moving average unit root

Let us next consider the first-order moving average (MA(1)) model :
(1.12)  y=e —agy (t=1,---,T),

where g, 1, -+, are NID(0, 0?) random variables. The parameter « is restricted to
be || < 1 because of the identifiability condition. The MA(1) model (1.12) is said to
be noninvertible when |o| = 1. The nonstandard nature of the noninvertible MA(1)
model was first recognized by Kang (1975), which was followed by theoretical work
of Cryer and Ledolter (1981), Sargan and Bhargava (1983), Anderson and Takemura
(1986), Tanaka and Satchell (1989) and Davis and Dunsmuir (1993).

Our purpose here is to test if the MA(1) model is noninvertible, that is, to test

Hy:a=1 against H:a<l1.

Following Tanaka (1990b) we consider an LM type test, the optimality of which will
be demonstrated in Chapter 10. The log-likelihood L(a,0?) for y = (yy,---,yr) is

given by
L(a,0%) = — log(270%) — log [94a)| — =/ (a)y
’ 2 2 202 ’
where
1+a®> —a 0
—a  1+a?
Qo) = .
. . —O{
0 —a 1+a?



The maximum likelihood estimators (MLE’s) of o and ¢ under Hy are & = 1 and

6% =y'Q ly/T with Q! = Q71(1). Tt can be checked easily that

dQ(a) d*Q(a)
do da?

:2-[Ta

a=1 a=1

OL(a,0%) 1 <Ql(a)dﬂ(a)> 1, d2 ()

E— Y St ¥4
O 2r do 2a2y da Y

+ 07 )

da? B thy da? Y-

PL(a,0%) 1 . d ) dQ(a)
Oa? do do

d2Q(a)> 1 ,d*Q (a)

These yield OL(c, 02)/0c |a=1, s2=52 = 0 and

O*L(a, o?) 1 Yy (- Q7 2)y
g7 ) = ——tr(—Ip4+20°H) —T
do? a=1,02=642 2 r( Tt ) ?J'Q*ly
_ _T(T+5) N y'Q 2%y
6 yQty’
where we have used the fact that
1
Qil = [(CC/)il + eTeflﬂ]il = CC/ — T—HC%/C/
1
= [(C'CY P4 ed]t =C'C— T—HC”ee'C’

with e = (1,---,1),e; = (1,0,---,0): T'x 1 and e = (0,---,0,1) : T x 1.
The LM test considered here rejects Hy if

1 [ PL(a,0?) T(T + 5)
1.1 = — | —2 _
( 3) St T2 ( da2 o2 + 6
B 1 y/Q—Qy
T y'Q Ly

takes large values. The limiting distribution under H, can be derived by the eigenvalue
approach as follows. Put & = Q~'/2y/o so that & ~ N(0, Ir) and

1
To?

1 y/Q—2y — ing—lg — i i(s 52
T252 T2 T = i5¢

1
yQly = Tﬁ'f — 1 in probability,




where d; is the t-th largest eigenvalue of Q! given by Anderson (1971) (see also
Problem 2.1) as

1. tm -
(1.14) o = 1 (sm m) :

Here the c.f. ¢7(0) of Q7 /(T 4 1)% can be expanded (Problem 2.2), up to O(T?),
as

SIS

(1.15)  ¢r(0) = ﬁ(l—Qi@(St/(T+1)2)

t=1
1
~ (SI%9> 2 [1 — 82—10”2 <1 + \/gﬁcot\/%ﬂ :

Note that, as in (1.7), the term of the order T~! vanishes, while it can be verified that
the c.f. of &Q71¢/T? contains the term of the order T,

As for the limiting distribution we first have (Nyblom and Mékeldinen (1983) and
Problem 2.3)

N P .

(1.16) plim (ﬁ;&gt —Z—) =0

2.2
tzltﬂ'

so that, as T — oo under H,

(1.17) c(sT)_w(W):ﬁ(i 5 ) .

n=1

Thus we have

1

owe (o 20\ (siny2i6)
e 2) (52

The limiting distribution in (1.17) was first dealt with by Anderson and Darling

(1952) in connection with goodness of fit tests. They showed that

P(W <) = W—lﬁ i(—l)” ( . ) Vintle K, (b—> /

n T

where b, = (4n + 1)?/16 and K, (z) is the modified Bessel function defined by

2% oo
KI,(Z) — \/7_T(Z/ ) /O efzcoshz sinhz”x dx ’

F(u+%)



and tabulated percent points. It will be recognized in Chapter 5 that

2.2
1””)

— tw( 1))2dt>

;
(f
_ c(/ / min(s, ) — st)dw ()dw(t))
_r (/0 /0 (5 ~ max(s, ) + ;t2> dw(s)dw(t)) ,

where {w(t) — tw(1)} is the Brownian bridge process to be introduced in Chapter 2.

(118)  L(W) = L

= L

The four expressions in (1.18) are comparable with those in (1.11).

It is important to note that the assumption on the initial value ¢ is very crucial.
If we assume gy = 0, which may be referred to as the conditional case, so that {y,}
is not stationary, the LM test becomes different; so is the limiting distribution of the
LM statistic (Problem 2.5).

An MA unit root is often caused by overdifferencing of the original time series.
From this point of view Saikkonen and Luukkonen (1993a) suggested the following

model:

Y1 - ,LL+€1,
(1.19)

Ay = yr—p1=¢6—agq, (t=2,---.T7),

where 1 is a constant and ey, --,ep ~ NID(0,0%). Then the null hypothesis Hy :
a = 1 implies overdifferencing. Note that, if p is known and is assumed to be zero,

(y1,y2 —y1, -+, yr — yr—1)" follows the2 conditional MA(1) model. The LM test in the

T T
present case rejects Hy when <Z yt> ny takes large values (Problem 2.6).
t=1 t=1

Suppose that the constant p in (1.19) is unknown. Then the LM test rejects Hy

for large values of
1 yMCC' My
T—-1 oMy

(120)  SLp=
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where M = Iy —ee’/T with e = (1,---,1) and C' is defined in (1.3) (Saikkonen and
Luukkonen (1993a) and Problem 2.7). It can be shown (Problem 2.8) that SLz in
(1.20) is rewritten as

1 (Ay)Q%(Ay)
T—1(AyyQ; (Ay)’
where Ay = (yo —y1, - yr—yr—1) : (T'—1) x 1 and €, is the first (T'—1) x (T —1)
submatrix of Q. Comparing SLy with Sr in (1.13) we can conclude that the LM

(121)  SLy=

statistic for the model (1.19) is derived completely in the same way as in (1.13) just
by disregarding the first equation in (1.19) and replacing y; by Ay, (t = 2,---,T).

Nonetheless the formulation (1.19) is meaningful in connection with the determination
of the order of integration of {y;}, that is, the order of the AR unit root. If {A%T1y,}
is found to have an MA unit root, while {A%j;} is not, then the order of integration

of {y;} is supposed to be d. The MA unit root test may be useful for that purpose.

Problems
2.1 Derive (1.14) by computing first the eigenvalues of €.
2.2 Derive the expansion in (1.15).
2.3 Establish (1.16).
2.4 Obtain the limiting c.f. of &Q72¢/T* for ¢ ~ N(0, Ir).

2.5 Derive the LM test for testing Hy : @ = 1 in the model (1.12) with ¢y = 0.
Obtain also the asymptotic distribution of the LM statistic under H,.
2.6 Show that the LM test for testing Hp : @ = 1 in the model (1.19) with g =0
T 2
rejects Hy for large values of (Z yt> ny
=1 =1
2.7 Derive the LM statistic in (1.20) for testing o = 1 in the model (1.19) with p

being unknown.

2.8 Show that the statistic SLy in (1.20) is rewritten as in (1.21).

11



1.3. Statistics from the one-dimensional random walk
So far we have discussed the limiting distributions of £'C'C’¢/T? in (1.9) and
e'Q'e/T? in (1.17) assuming € ~ N(0, I7). Here we deal with these statistics from a

different point of view. For this purpose consider the one-dimensional random walk:

(122) yt:ytfl—i_gta yOIO, (tzl,,T),

where €1 ,e9,--- are NID(0, 1) random variables and define
1 d 2 Yali
Sir = Tz;yt = ﬁgccg,
1 d —\2 1 Yall
SQT:—2;(yt—y) ZEZECMCZE,

where M = Iy — ee’/T with e = (1,---,1)". The statistic S is the one discussed in
Erdos and Kac (1946), as was described in Section 1, and it has the same distribution

as that of €/CC’e/T?. As for Syr it can be shown (Problem 3.1) that

1
(1.23)  L(Ser) — £<ﬁs’MC(J’M5>
1 T—-1

where {&} ~ NID(0, 1) and

1 2
(1.24) %:Z<Sin—ﬂ) . (t=1,---,T—1).
Therefore Sy has the same limiting distribution as that of £'Q~'e/T2.

To summarize we have

1 T o) 7%
(1.25) C<ﬁ;y3>—>ﬁ 2—1 ;

2
et (n — 5) 7T2

(1.26) L <% g(yt - y)2> — L <i 5 ) .

2.2
n—1 N°T

These expressions tell us clearly that mean correction does affect the asymptotic

distribution, unlike in the stationary case.
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Figure 1.1 draws the densities of distributions in (1.25) for 7=10, 20, 50 and
T
co. The densities fr(z) = dP(Vy < z)/dx, where Vo = Yy /T?, were computed

t=1
numerically following the inversion formula (Problem 3.2):
1 oo . 1 fe ,
(127)  frle) = — / e~ (0)df = — / Re(e ®¢p(0))do |
21 J—o m Jo

where Re(z) is the real part of z; ¢7(6) = (cos v/2i0) "2 for T = oo, while, for T finite,

T

or(0) = T[(1 — 2i6x,) 2

t=1
with A; defined in (1.4). The numerical computation involves the square root of
complex variables and how to compute this together with numerical integration as in
(1.27) will be discussed in Chapter 6. It is seen from Figure 1.1 that the finite sample
densities converge rapidly to the limiting density, although the former have a heavier

right-hand tail.
Figure 1.1

Figure 1.2 draws the densities of distributions in (1.26) for =10, 20 and ooc.

T
The densities gr(z) = dP(Wr < z)/dx with Wr =Y (v — §)?/T” were computed
t=1
following (1.27) with ¢ () = (sin v/2i0/v/2i6) "2 for T = oo and, for T finite,
T—1 )
or(0) = [ (1 —2i0y) "2,
=1

where v, is defined in (1.24). Note that Figure 1.2 does not contain the density for
T'=50 because it was found to be very close to that for T" = oo, while it is not much
the case with Figure 1.1. This is related with theoretical findings about asymptotic
expansions given in (1.7) and (1.15). The normalizer <T+ %)2, instead of 7% in
(1.25), could make finite sample densities closer to the limiting density, which will be

exemplified shortly by presenting tables for percent points.

Figure 1.2
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T 2
1
Table 1.1 reports percent points and means for distributions of Z y? / (T + 5)
t=1
for T=10, 20, 50 and oo, where “E” stands for exact distributions, while “A” for

distributions based on the asymptotic expansion given in (1.7). Table 1.2 are those
T

for distributions of Y (y; — y)?/T?, where the asymptotic expansion “A” is based on
t=1

(1.15). It is seen from these tables that the finite sample distributions are really close
to the limiting distribution. Especially, percent points for T'=>50 are identical with
those for T' = oo within the deviation of 3/10000. Asymptotic expansions also give
a fairly good approximation to finite sample distributions. In most cases they give a

correct value up to the fourth decimal point.
Table 1.1 Table 1.2

It is an easy matter to compute moments of these distributions. Let /<;§JT) be the j-

T 2
1
th order cumulant for the distribution of E y? / (T + 5) based on the asymptotic

t=1
. T
expansion in (1.7). Define /{(2]T) similarly for the distribution of Y (y, — ¢)*/T” based
t=1
on the asymptotic expansion in (1.15). Then we have (Problem 3.3), up to O(T?),
o L 1 @ 1 1
(1.28) ﬁlTN§_W7 27 5 T G2
1 1 1 1
@ ot @ =
M~ 3t T Rl
¢ 8, 1 ¢ 5 1
STVl "™ a5 5T
@ 136 n 16 (4) 8 n 16
Kigp ~ — Kop ~ ——— + —— .
U105 0 15727 2T 1575 94572
As for the limiting distributions we have (Problem 3.4)
O _ oy o G DYV 1)
(1.29) Ky = 71220 Kip = @) B,
GO _ o ) G2V
(130) %) - 71220 H2T - (23>| Jo
) 1 1 1 1
where Bj’s are the Bernoulli numbers : By = ~, By = -, By = —, By = -, and
6 30 42 30

3
2

so on. The skewness /153)/ (/{Sm) and kurtosis 1154)/ (/{(12))2 — 3 are 2.771 and 8.657,

3
respectively, while /fgg)/ (/{(22)) ?=2.556 and ﬁ§4)/ (/{(22))2 — 3=T.286.
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As another example let us consider the following statistic:
T T
ps = Zyt—lyt/ <Z Y+ 59%) ;
t=2 t=2
where v, follows (1.22) and ¢ is a given constant. The statistic ps may be regarded as

an estimator for the model

(131) Yt :pytfl‘i‘&‘t, Yo :Oa (t: 17"'7T>7

where {e;} ~ NID(0,1). In particular gy becomes both the least squares estimator
(LSE) and the MLE of p for the model (1.31), while p; is called the Yule-Walker
estimator. We shall show that the asymptotic distribution of ps; does depend on
the value of 6 when p = 1, unlike in the stationary case, by deriving the limiting
distribution of a suitably normalized quantity of ps. White (1958) first obtained the
limiting c.f. associated with T'(py — 1) as T'— oo under |p| > 1. Here we maintain to
assume that p = 1 and follow his approach.

Consider now T'(ps — 1) = Ur/Vy, where

1 Z 5,
Ur = T;ytflgt_TyTa

1 4 2 5 2
Vi = ﬁt—zzyt_l + ﬁyT'

Then we have (Problem 3.5), for any real z,

(132) XT = l’VT—UT

1 0
s 1-25 , 1
= —C' C— —1
e 1 o7 ““ Tar'T|
0 )
where € = (g1,---,e7), e = (1,---,1) : T'x 1 and C is the random walk generating

matrix defined in (1.3). Note that P(T(ps—1) < z) = P(aVp—Ur > 0) = P(Xp > 0).
We can show (White (1958) and Problem 3.6) that the moment generating function
(m.g.f.) mp(0) of Xp is given by

)

_1
(1.33) mr(0) = [TT {cosTw _reosw—d sinTwH

7 Sin w
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where

B 0 g 200  260x
e S R

Ox . 1 PRE
cosw:l—m, smw—rT 2rfx — T

The m.g.f. mz(f) may be expanded (Knight and Satchell (1993) and Problem 3.7),
up to O(T™1), as

A3
(1.34) mp(0) ~ e? (:05A+9(1—2<5)SH;1 }
A
2502 cos A + 0{(6 — 1)(6(1 — 26) + 2z) + 4533}81“
ol R sin A ’
4T{COSA—|—9(1—25) 1 }

where A = v/20x, and thus the limiting c.f. ¢5(0;x) of X7 is given by

sin v/ 2@'9:1:] 2
V2i0x '

Unlike the asymptotic expansions obtained before, it seems impossible to find a nor-

(1.35) ¢s(0;x) = et [cos V2ifz +i6(1 — 20)

malizer with which the term of the order 7! is eliminated.

In any case we have
(1.36) F(z;0) = lim P(T(ps —1) < x)
= hm P(X7 >0)
_ / L i (65(0: 2))d0,
where Im(z) is the imagmary part of z. The limiting probability density f(z;d) of

T(ps — 1) is computed as f(x;d) = OF(z;9)/0z. The following equivalent expressions

will be obtained in later chapters for the weak convergence of X7 in (1.32):

1.37) L(Xr) — L (i i—’% + %)

_ L’(x/ol w2 ()t — (1— 20) /Olw(t)dw(t)+5>
_ E(x/ol /01(1—max(s,t))dw(s)dw(t)

=9 01 /01 dw(s)dw(t) + %) ;
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where {\,} is a sequence of solutions to

A1 —20)sin vV Az
Vz + =0,
RvA 2 vV

1
while the integral / w(t)dw(t) is called the Ito integral, whose definition will be given
0

in Chapter 2. Alternatively we shall have
(1.38)  L(T(ps—1)) = L(Ur/Vr)
(1— 25)/01w(t)dw(t) )
/O w2 (t)dt
1_725/01 /Oldw(s)dw(t) —%
/O /0 (1 — max(s, £))dw(s)dw(t)

We note in passing that the first expression in (1.37) cannot be converted explicitly

into the ratio form as in (1.38).

Moments of the limiting distribution of T'(ps — 1) can be derived following Evans
and Savin (1981b). Suppose that L(T(ps — 1)) — L(U/V) with P(V > 0) = 1 and
put ¥(0y,02) = Elexp(6,U + 02V)]. Then the k-th order raw moment pus(k) of F(x;0)
in (1.36) is given by

1 [ee)
(139wl = Gy /O L1 B (U eV ) db,

(
1 1 10"(01, =)
(k:—l)!/o % 00}

o — oo (B o))
= ¢5(ib1;62/61)

d02 )
01=0

where

sinh /20, 2
V20, '

Figure 1.3 draws the limiting probability densities f(x;¢) of T'(ps—1) for § = 0,0.5

and 1. It is seen that f(z;1) is located to the left of f(x;0), as is expected from the

— o F [cosh 205 — 61(1 — 20)
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definition of T'(ps — 1), though these are not congruent. Table 1.3 reports percent
points, means and standard deviations (SD’s) of the limiting distributions of T'(ps —1)
for various values of 0. The limiting distribution of T'(py — 1) was earlier tabulated
in Fuller (1976) by simulations, while tables based on numerical integration were
provided by Evans and Savin (1981a), Bobkoski (1983), Perron (1989) and Nabeya
and Tanaka (1990a). A closer look at the values of means and SD’s in Table 1.3 leads
us to conjecture the following. Let the limit in distribution of T'(ps — 1) be Us/V,

where
Uy = (1—26) /01 w(t)dw(t) — & = Up_s +2(1 — 26) (Uo + %) ,
Vo= /01 w?(t)dt .

Then we have

1 1
(140) E UOV+5 _ E /Ow(?dw()
N E( (1i25) Ug_le 5) -
(1.41) Var([‘]/‘s) = Var(U‘l/‘S).

The relation in (1.40) can be proved (Problem 3.8) by showing that the mean E((U,+

1
5)/ V') of the limiting distribution of

1

T
Z Yi— 15t+—

t=2

S| =

(1.42) T(po—1)+ n

1 T
T2 Zy?—l Z
t=2 —2

is equal to 1. On the other hand the relation in (1.41) can be proved (Problem 3.9)
by showing that

(1.43) 15(2) = (15(1))?* = p1-5(2) = (m1-s(1))*.
Figure 1.3 Table 1.3
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The estimator ps may be used to test the unit root hypothesis Hy : p = 1 against
H; : p < 1 for the model (1.31) with |p| < 1. The limiting local powers will be
computed in Chapter 9 by numerical integration for various values of § and it will be
found that the test based on § = 0 is the best of all the tests based on ps.

Problems
3.1 Prove the distributional equivalence in (1.23).
3.2 Derive the last equality in (1.27) from the second.
3.3 Compute cumulants in (1.28).
3.4 Obtain the expressions for cumulants in (1.29) and (1.30).
3.5 Obtain the last expression in (1.32).
3.6 Show that the m.g.f. mp(6) of X7 in (1.32) is given by (1.33).
3.7 Derive the asymptotic expansion of mr(6) given in (1.34).

1
3.8 Prove F ((UO + 5) /V) = 1in (1.40) by showing that the mean of the limiting
distribution of (1.42) is equal to 1.

3.9 Prove (1.41) by showing that (1.43) holds.

1.4. Statistics from the two-dimensional random walk

As a sequel to the previous section we consider the two-dimensional random walk:

Y1t Y1,t—1 €1t
1.44 = = ’ + , (t=1,---,T),
( ) v ( Yot ) ( Y2,t-1 ) < €2t ) ( )

where yo = 0 and ¢; = (e14,e2)" ~ NID(0, I5). Under this last assumption {y;} and
{ya:} are independent of each other so that Cov(yys, ye;) = 0 for any s and ¢.
The nonstandard nature of statistics arising from the model in (1.44) can be best

seen from the following example. Consider
1 < 1, .,
(145) ST = ﬁ ;ylty% = ﬁ glC CEQ
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2

_ L0 coy,
~oami\cc o )%

where €; = (j1, -, &;7) (1 =1,2), € = (&), &) and C is defined in (1.3). Then the
cf. ¢7r(0) of St is given (Problem 4.1) by
T > N\ I 26 210\

t=1 t=1

[N

where \; is the ¢-th largest eigenvalue of C'C' or CC” given in (1.4). It is noted that
the distribution of Sr is symmetric about the origin since ¢7(f) is real. From the

expression in (1.46) we have
1 ¢ 2 _ g2
‘c(ST) =L T2 Z )\t(flt - §2t) )
t=1

where & = (&1, £2¢)" ~ NID(0, I5) and thus

L(S7) — LS)=L|5> = |

—  (cos Vif) % (cosh Vif) 2.

Therefore Z Y1y /T? has a nondegenerate limiting distribution even if {y,} and
t=1
{ya2:} are independent of each other with E(y;¢) = E(y) = 0. Note that the limiting

distribution is also symmetric about the origin. Three equivalent expressions for the

limiting random variable S are

2 2
1 — £1n_ 2n

(1L47)  L(S) = L|5X 0
f1<”“§) ™
_ 7 ( / w’(t)Hw(t)dt)
= L (/01 /01(1 — max(s,t))dw'(s)Hdw(t)) ;
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where w(t) = (w1 (t), wa(t))" is the two-dimensional standard Brownian motion to be

introduced in Chapter 2, while

ol>
H = 2 | .
(1

As the next example consider

1 & 1 ,(0 ¢
(148) UT = T ;ylti‘fgt = ﬁ E < C 0 )
which has the c.f.

02

61(0) = |Ir + —C'C

As T — oo it holds that

(1.49) L(Ur) — L(U)

[\Dlr—t

i& — &,
()

= ([ waw) .

where the integral is the Ito integral to be introduced in Chapter 2. In the present
case we cannot express the limit in distribution in (1.49) using a double integral with
a continuous integrand as in the last expression in (1.47). The c.f. ¢(#) of U in (1.49)
is ¢(0) = (cosh#)~z. If we consider, instead of Uy in (1.48),

1T
(1.50) Vr = T > yucn

t=1

it holds (Problem 4.2) that
1
(151) L(Ve) — L (5(52 + 1))

_ £</01w1(t)dw1(t)+l)
et L)

where £ ~ N(0, 1) and the single integral is again the Ito integral. The double integral

expression is possible in the present case, although an additive constant term emerges.
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As the third example let us consider

1 & 1 0o C+C
(1.52) Wir = o7 ;(yuﬁzt + yucu) = 1T e ( O+ O 0 £

1 Z 1, 0 C'-C
(1.53) Wor = oT ;(ylt@t — Ya€1r) = 1T € C—C' 0 €

which are mixed versions of Uy in (1.48). The c.f.’s ¢;r’s of W;r’s (j = 1,2) are given

(Problem 4.3) by

VEE 1\2 g2 \" ]
(1.54) ¢17(0) = <1 + 1 <1 + T) ) (1 + m) } ;

(155)  mr(6) = %{(H%) +<1—%> }

Therefore the distributions of Wir and Wy are symmetric about the origin. It

evidently holds that

=

(1.56) jliiloloﬁblT(e) = ¢1(0) = <1 + 9—2>_§ ;

4
| P\l 02 -1
(1.57) Hm @or(6) = ¢2(0) = <COSh 5) - nl;Il (1 * W) .

We shall have the following equivalent expressions :

(1s) L) — £(3E-¢)
el e
_ z(i /01 Oldw’(s) (é Y )m@)) |

43 (n—%)w
_ %/Olw’(t)<_01 é)m(@),

(1.59) LWar) — E(



where (£1,&) ~ N(0, I2), (&1, E2ny E3ny Ean)’ ~ NID(0, 1) and w(t) is the two-dimensional
standard Brownian motion.

The limiting distributions of Wi and Wy are also symmetric about the origin.
The former can be interpreted from the first expression in (1.58) as the distribution of
the difference of two independent x?(1)/4 random variables, while the latter is known
as the distribution of Lévy’s stochastic area (Hida (1980)). In the latter case the
double integral expression is not possible, unlike in (1.58). This is closely related with
the fact that the matrix appearing in (1.59) is not symmetric. Detailed discussions
will be given in Chapter 3. Comparing (1.59) with (1.49) the following relation is seen
to hold:

c ( /O (s (D) (1) — wg(t)dwl(t))) .y < /O (s (D) (1) + wg(t)dw4(t))> ,

where (wy(t), ws(t), ws(t), wy(t))" is the four-dimensional standard Brownian motion.
It is easy to obtain cumulants ﬁ(lj ) and /iéj ) for the limiting distributions in (1.58)

and (1.59), respectively. We have (Problem 4.4)

0 J :odd
) _
(60) =1 o) |
[ 9241 j=2,
0 J :odd
(161) kY = V2 1
21 Bl j =2l )

where B; is the Bernoulli number.
Figure 1.4 draws the limiting probability densities fi(x) and fo(z) of 2 x Wip
in (1.58) and 2 x War in (1.59), respectively, together with the density of N(0,1).

The three distributions have means 0 and variances 1. We computed f;(z) and fa(x)

following
1 o cosfzx
1.62 = — do
( ) fl (x> T Jo m )
1 [ cosfOx 1 1
1. _ = v
(1.63) f2() 0 /0 cosh 6 2 cosh(mz/2)
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From the computational point of view it is quite easy to deal with (1.63), but we
have difficulty in computing (1.62) since the integrand is oscillating and 1/+/1 4 62
approaches 0 rather slowly. Chapter 6 will suggest a method for overcoming this
difficulty, from which Figure 1.4 has been produced. Percent points for the three
distributions are tabulated in Table 1.4.

Figure 1.4 Table 1.4

Finally let us consider the statistics:

T T
(1.64)  Bi=>yuyx Z Yies
t=1 t=1

T

(1.65) 32 = Z(ylt — 1) (Y2t — Y2) Z Y — y1 )

t=1

which may be interpreted as the LSE’s derived from the regression relations yo; =
Blylt + 014 and Yo = &+Bgy1t + 094, respectively. These are called spurious regressions
following Granger and Newbold (1974) because the regressor {y;;} is independent of
the regressand {ys}. Nonetheless the LSE’s 3, and (3, have nondegenerate limiting
distributions, which we show below.

As for 3 put P(3, < :c) = P(Xir > 0), where

1 T
(166) XlT = T2 Zylt T2 Zylt Yot
oo ——C C
—= 8, Ti 2T2 87
R R— ) 0 -

272
with i:: = (611,'",€1T,€21,"',62T)/. The c.f. ¢1T(Q,l') of XlT in (166) is given

(Problem 4.5) by
(L67)  ¢ur(6;2) ﬁ K M;( )At> (1_ 2@'9;)2(1:)At>] ’

N|—=

where a(zx) = (z + Va2 +1)/2, b(x) = (zr — Va2 +1)/2 and ), is the t-th largest
eigenvalue of C'C" or C'C' given in (1.4). It is noted from the expression for ¢ 7 (6; x)
that

com) = £ (ecca + gcce)
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where & and & are independent of each other and both follow N(0, I7). Arguing as

before it is an easy matter to derive

(1.68) M (0;x) = Jim d17(0; )

where D;(\) = cos V.
We can deal with 3, in (1.65) similarly. Let us put P(Bg < z)= P(Xyr > 0),

where

T
X
(1.69)  Xpr = 72 Z Yie — Z Y1e — G1) (Yor — ).

The c.f. ¢or(6; ) of Xor in (1.69) is given (Problem 4.6) by

A70) ot ) ﬁ l( 2@'0;2(@%) (1 B 2@'0Tb2(x)%ﬂ ’

[N

where v, (t = 1,---,T — 1) is the t-th largest eigenvalue of CMC" or C'MC' defined
n (1.24). Then we have

(1.71) P2(b; ) = lijﬂ Gor(0; )

_ ﬁl( 2@'9;1(25)) <1_2i92b(:2c)>]5
[D

[un

1

2(2i0a(x)) Dy (2i0b(x)) 7>,

where Dy(\) = (sin vVA)/V/\.
Figure 1.5 draws the limiting probability densities f;(z) of Bj, which were numer-
ically computed from f;(z) = dF;(z)/dx, where

(1L72)  Fi(a) = Jim P(; <) = lim P(X;r>0)
= S [ (s, ).

25



Moments of F}j(z) can also be computed following the formula (1.39). In particular
we have (Problem 4.7)

(1.73) (1) = p2(l) =m(3) =p(3) =0,
@ = 27 gu— L~ 8007,

4 Jo \/coshu 2
1 o 2 1

2) = — ————du — = = 0.3965,
#2(2) 12 Jo \/smhu 2

7 1
T ) L 3.9304 |
192/0 vecosh u #(2) 8
7

W = o[
H2 ~ 320Jo /sinhu
where p(k) is the k-th order raw moment of F;(z). It can also be shown (Problem

4.8) that Fi(z) and Fy(x) are both symmetric about the origin. Table 1.5 reports

1
du — p9(2) — 3= 0.6421,

percent points for Fj(x) (x > 0).
Figure 1.5 Table 1.5

The following equivalent expressions will emerge for the weak convergence of Xr

n (1.66) :

(174  L(Xw) — L a(x)i@%gfﬁmg)i@g%
_ £</1w’(t)<_x% _0% w(t)dt)
- (// 1—maxst))dw()< x% _()%>dw(t)>,

where (&1, &2n)" ~ NID(0, I5) and w(t) = (wy(t), ws(t))" is the two-dimensional stan-

dard Brownian motion. We shall also have

(1.75) L(Xor) — £(a(:c)§: Sin —i—b(x)i gQ”)

2.2 2.2
nzlnﬂ' nzlnﬂ'

- </01 @ (t) < _9”% _O% )w(t)dt>
= L </01 /Ol(min(s,t) — st)dw'(s) < _x% _O% ) dw(t)) ,
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1
where w(t) = w(t) — / w(t)dt is the two-dimensional demeaned Brownian motion. In
0

terms of the weak convergence of Bj we shall have the following expressions :

| L () (£)dt

(1.76) L) — L -
/w%(t)dt

/ / (1 — max(s, t))dw;(s)dws(t)
= £ T /1 )
/0 ; (1 — max(s,t))dw;(s)dw(t)
am L) — L /Owi :
1/0 1
_ /0 ; (min(s, t) — st)dw(s)dws(t)

T 1
/ (min(s, t) — st)dw(s)dw;(t)
0 Jo

The first expressions in (1.74) and (1.75) cannot be converted explicitly into the ratio

form as above.

Problems
4.1 Show that the c.f. ¢r(0) of Sy in (1.45) is given by (1.46).
4.2 Prove that Vp in (1.50) converges in distribution to (£? 4+ 1)/2 given in (1.51).

4.3 Show that the c.f. ¢17(6) of Wi in (1.52) is given by (1.54) and the c.f. ¢or(6)
of Wy in (1.53) by (1.55).

4.4 Derive the expressions for cumulants in (1.60) and (1.61).
4.5 Show that the c.f. ¢17(0;2) of Xyr in (1.66) is given by (1.67).
4.6 Show that the c.f. ¢or(0;2) of Xor in (1.69) is given by (1.70).

4.7 Obtain moments of Fi(z) and Fy(z) given in (1.73).
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4.8 Show that Fj(z) (j = 1,2) in (1.72) are symmetric about the origin. (In fact

the finite sample distributions are also symmetric about the origin.)

1.5. Statistics from the cointegrated process

Let us consider the model

Yor = By1e + €2t
1.78
( ) ylt:yl,t—1+51t> leZOa (t:1a7T)7

where 3 # 0, {y1¢} and {ys;} are observable, and &, = (e14,€2) follows NID(0, I5).
This model might be thought to be equivalent to the state space model or the random
walk plus noise model dealt with in Section 1, but it is not the case because the
random walk {yy;} is observable. The model is also different from the two-dimensional
random walk dealt with in Section 4 because the latter assumes that {y;;} and {y }
are independent of each other.

The present model is a simplified version of the cointegrated system to be discussed
in later chapters. Note that y,; is not a random walk because Ay = yar — Yo,i—1 =
Be1 + Aeg is not independent, though stationary. The process {y} is called an
integrated process of order 1, which is denoted as an I(1) process. A random walk
process is also a special case of I(1) processes. The implication of (1.78) is that
Yor — BY1t, a linear combination of two I(1) processes {y1:} and {y }, follows NID(0, 1).
In general, following Engle and Granger (1987), a vector-valued process {y;} is said
to be integrated of order d if { A%y} is stationary, and is called a cointegrated process
of order (d, b) if there exists a linear combination o’y; (a # 0), say, which is I(d — b).

Here we consider the estimators Bl and Bg of the cointegration parameter 3 defined

by

T T
(1.79) = yuvyn/ D v,
=1 t=1

(1.80) Bo =" (y1e — 1) (yor — 3?2)/2(1% —in)°.

t=1 t=1
Unlike in the spurious regressions discussed in Section 4 the estimators Bl and Bg are
consistent and T(3; — 3) (j = 1,2) have nondegenerate limiting distributions, which

we now show.
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Put P(T'(y — B) < x) = P(Xyr > 0), where
(1.81)  Xip = T—Z i ——Zy1t€2t
=1
X
—C'C ——C"
_ | T o | .
= —LC 0 =
2T
with i:: = (511,' '751T7521>"'a52T)/- The c.f ¢1T(Ql’) of XlT in (181) 1S given
(Problem 5.1) by
A\
. 2 t
2i0x — 0 >ﬁ>

Il
—
/N
—_
|
~—~

i
I\

(1.82)  ¢ir(0;x)
(1 — 2ifa0)(1 — 2i08,)] %,

I
i~

i
I\

while

where \; is defined in (1.4)
.[L'At At IL'2)\t
LEE)

] T

T2

1
Qg bt:§

From the last expression for ¢;7(0; ) in (1.82) we have

T
£0tm) = £ (Dt + 08
t=1
where (£14, &)’ ~ NID(0, I3). It now holds that
(1.83) $(0;x) = Tlgrolo 11 (0; )
1
= 20z — 62
= — 1 5
n=1 <n — —> 2
2
= (Dy(2i0x — 6%))~ 3,
where D;(\) = cos V.
We also put P(T(8, — 8) < z) = P(Xyr > 0), where
1
Xor = 2 Z Yie — 3/1 - Z Yie — Y1)€2 -
T=

(1.84)
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The c.f. ¢ar(6; x) of Xor in (1.84) is given (Problem 5.2) by

(1.85) ¢ar(0; )

= 11 (1 — (2ibx — 92)%)

T-1 1
2

t=1
T-1

=TT = 2i6e,)(1 — 2i6d,) ],

t=1

where 7; is defined in (1.24), while

Ct, dt =

Thus we have

It now holds that

(1.86)  ¢o(f;2)

Ty Tt $2%

= Tll_{lgo Gor(0; )

e 2i0x — 0%\ 2
— 127
gt n2m2

= (Dy(2ibx — 6%))" 2,

1

M

where Dy(X) = (sin v/A) /V/\.
Figure 1.6 draws the limiting probability densities f;(z) = dF;(x)/dz of T(83;— f3),
where Fj(z) was computed following the last line of (1.72). Moments of Fj(x) can

also be computed following the formula (1.39). In particular we have (Problem 5.3)

(1.87) pa(l) =
m(2) =

pa(l) = ( ) = u2(3) =0,
~ du = 5.5629
0 +/coshu
3
o0 u_
du = 10.7583,
/0 v/sinh u

4

v/cosh u
7
Uz

v/sinh u

2 2
(u tanh? u + 3 tanhu — §u> du = 203.4937 ,

S~
8

[eo R e

o))
~
0\8

2
<u2 coth? u — cothu — §u2) du = 558.5358 ,
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where (k) is the k-th order raw moment of F;(z). It can also be shown (Problem
5.4) that Fi(x) and Fy(x) are both symmetric about the origin. Table 1.6 reports
percent points for Fj(x) (x > 0).

Figure 1.6 Table 1.6

The following equivalent expressions will emerge for the weak convergence of Xr

in (1.81) :
L8 L) — LT+ BE))
_ £<x/01 wf(t)dt—/ol w(O)dun(t))

where (&1, &2n) ~ NID(0, I5) and w(t) = (wy(t), wa(t))" is the two-dimensional stan-

dard Brownian motion, while

x 1 2

+
1?2 1?2 1?2
(=2) = \(=3) #\(-g) =
2 2 2

The double integral expression is not possible in the present case, unlike in the case

+1

3
3
DO |

of spurious regressions. We shall also have

189)  L£(Xr) — c(iwns%nwnf%n))

- L (;/01 wf(t)dt—/ol wl(t)dwz(t)) )

where w(t) = (w;(t), wo(t))" is the two-dimensional demeaned Brownian motion, while

1 T 1 T2
Cna Dn = = :t 1 .
2 [n27r2 \ln27r2 <n27r2 + )]

As for the weak convergence of T'(3 — 3) and T3> — 3) we shall have the following

expressions :
1
/O wy (t)dws(?)

(1.90) LTG —B) — L - ,
/Ow%(t)dt
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(1L91)  L(T(Bh—B) — L=
[t
0

The cointegrated system (1.78) is quite restricted. More generally components of
e = (e14,€9¢)" are correlated and {e;} may be dependent. Then the LSE’s of 3 will

have a different distribution. We also need to test if cointegration exists among the

components of multiple time series. We will discuss those topics in Chapter 11.

Problems
5.1 Show that the c.f. ¢17(6;x) of Xy in (1.81) is given by (1.82).
5.2 Show that the c.f. ¢or(6;x) of Xor in (1.84) is given by (1.85).
5.3 Obtain moments of Fi(x) and Fy(x) given in (1.87).

5.4 Show that the limiting distributions of T(3 — 3) and T(f; — () are both

symmetric about the origin. (In fact the finite sample distributions are also

symmetric. )
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