
Time Series Analysis

Nonstationary and Noninvertible Distribution Theory

Katsuto Tanaka

Chapter 12 Solutions to Problems

This chapter intends to present a complete set of solutions to problems given in

the previous chapters. Most of the problems are concerned with corroborating the

results described in the text. Thus this chapter will help making clear the details of

discussions in the text.
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Chapter 1.

1.1 It follows from (1.3) that

DT = |(CC ′)−1 − λIT | = (2 − λ)DT−1 −DT−2

with D1 = 1 − λ and D2 = (2 − λ)(1 − λ) − 1. Then we have

DT =
1 − x1

x2 − x1

xT
1 +

x2 − 1

x2 − x1

xT
2 =

cos(T + 1
2
)ω

cos ω
2

,

where x1 and x2 are the solutions to x2 − (2 − λ)x + 1 = 0. We can put x1 = eiω

and x2 = e−iω so that cosω = 1 − λ/2 and sinω =
√

4λ− λ2/2. The solutions to

DT = 0 are those to cos
(
T +

1

2

)
ω = 0, which yields ω =

(
t− 1

2

)
π
/(

T +
1

2

)
and

thus λ = 2 − 2 cosω = 4 sin2 ω

2
.

1.2 We have φT (−iθ) = (DT (θ))−
1
2 , where

DT (θ) =

∣∣∣∣∣∣∣∣∣
IT − 2θ(

T +
1

2

)2CC
′

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
(CC ′)−1 − 2θ(

T +
1

2

)2 IT

∣∣∣∣∣∣∣∣∣
.

Then it holds that

DT (θ) = cosTω +
(a− 2) sinTω

2 sinω
,

where a = 2 − 2θ

/(
T +

1

2

)2

, cosω = a/2 and sinω =
√

4 − a2/2. We now obtain

Tω = T tan−1

√
4 − a2

a
=

√
2θ

(
1 − 1

2T
+
θ + 3

12T 2

)
+O

(
1

T 3

)
,

cosTω = cos
√

2θ +

√
2θ

2T
sin

√
2θ − 1

4T 2

(
θ cos

√
2θ +

√
2θ

(
1 +

θ

3

)
sin

√
2θ

)

+O
(

1

T 3

)
,

sinTω = sin
√

2θ −
√

2θ

2T
cos

√
2θ +O

(
1

T 2

)
,
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a− 2

2 sinω
=

a− 2√
4 − a2

= −
√

2θ

2T
(1 − 1

2T
) +O

(
1

T 3

)
.

Substitution of these into DT (θ) yields

DT (θ) = cos
√

2θ

[
1 +

θ

4T 2

(
1 −

√
2θ

3
tan

√
2θ

)]
+O

(
1

T 3

)
,

and thus we arrive at the desired result.

1.3 Defining
∑

(ρ) = IT + ρCC ′ and noting that z =
∑− 1

2 (ρ0)y ∼ N(0, IT ) under H0,

we have, from (1.5),

dL(ρ)

dρ

∣∣∣∣∣
ρ=ρ0

= −1

2
tr (
∑−1(ρ0)CC

′) +
1

2
z′
∑− 1

2 (ρ0)CC
′∑− 1

2 (ρ0)z

=
1

2

T∑
t=1

λt

1 + ρ0λt
(ξ2

t − 1) ,

where ξ = (ξ1, · · · , ξT )′ ∼ N(0, IT ). The LM test for the present problem rejects H0

for large values of the above statistic. By the Lyapunov central limit theorem it can

be shown that

1√
T

dL(ρ)

dρ

∣∣∣∣∣
ρ=ρ0

−→ N(0, σ2) ,

where

σ2 =
1

2
lim

T→∞
1

T

T∑
t=1

λ2
t

(1 + ρ0λt)2
=

1

2π

∫ π
2

0

dx

(ρ0 + 4 sin2 x)2

=
ρ0 + 2

4(ρ0(ρ0 + 4))3/2
.

1.4 Putting x =
(
t− 1

2

)
π/(2T + 1) we have

4λt

(2T + 1)2
− 1(

t− 1

2

)2

π2

=
1

(2T + 1)2

(
1

sin2 x
− 1

x2

)
,

which is positive and increasing for 0 < x < π/2 . Thus, for any δ > 0,

P




T∑
t=1


 4λt

(2T + 1)2
− 1(

t− 1

2

)2

π2


 ξ2

t ≥ δ



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≤ T

δ


 4λT

(2T + 1)2
− 1(

T − 1

2

)2

π2




=
T

δ


 1

(2T + 1)2


sin

T − 1

2
2T + 1

π




−2

− 1(
T − 1

2

)2

π2


 −→ 0 ,

which leads us to (1.8).

1.5 Put F (x) = P (W ≤ x) and f(x) = F ′(x). Then

∫ ∞

0
e−θxf(x)dx = (cos

√−2θ)−
1
2 = (cosh

√
2θ)−

1
2

=
√

2e−
√

θ/2
(
1 + e−2

√
2θ
)− 1

2

=
√

2
∞∑

n=0

( −1
2

n

)
e−(2n+ 1

2
)
√

2θ

so that, taking the inverse Laplace transform,

f(x) =
∞∑

n=0


 −1

2
n




√
2

2
√
πx3

bne
−b2n/(4x) ,

(
bn =

√
2
(
2n+

1

2

))
,

F (x) =
∫ x

0
f(a)da

=
∞∑

n=0


 −1

2
n


 2√

π

∫ ∞

bn/
√

2x
e−a2/2da

= 2
√

2
∞∑

n=0


 −1

2
n


Φ


−

2n +
1

2√
x


 .

2.1 By the definition of Ω we have

DT = |Ω − λIT | = (2 − λ)DT−1 −DT−2

with D1 = 2 − λ and D2 = (2 − λ)2 − 1. Proceeding in the same way as in the

solution to Problem 1.1, we obtain DT = sin(T + 1)ω/ sinω with cosω = 1− λ/2 and
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sinω =
√

4λ− λ2/2. Thus the solutions to DT = 0 are those to sin(T + 1)ω = 0,

which yields ω = tπ/(T + 1) and λ = 2 − 2 cosω = 4 sin2 ω

2
.

2.2 Put φT (−iθ) = (D̃T (θ))−
1
2 . Then

D̃T (θ) =

∣∣∣∣∣IT − 2θ

(T + 1)2
Ω−1

∣∣∣∣∣ = |Ω|−1

∣∣∣∣∣Ω − 2θ

(T + 1)2
IT

∣∣∣∣∣
=

1

T + 1

(
cosTω +

a sin Tω

2 sinω

)
,

where a = 2 − 2θ/(T + 1)2, cosω = a/2 and sinω =
√

4 − a2/2. We now obtain

Tω = T tan−1

√
4 − a2

a
=

√
2θ

(
1 − 1

T
+
θ + 12

12T 2

)
+O

(
1

T 3

)
,

cosTω

T + 1
=

1

T
cos

√
2θ − 1

T 2
(cos

√
2θ −

√
2θ sin

√
2θ) +O

(
1

T 3

)
,

sinTω = sin
√

2θ −
√

2θ

T
cos

√
2θ +

1

T 2

(
θ + 12

12

√
2θ cos

√
2θ − θ sin

√
2θ

)

+O
(

1

T 3

)
,

a

2(T + 1) sinω
=

a

(T + 1)
√

4 − a2
=

1√
2θ

− 3
√

2θ

8T 2
+O

(
1

T 3

)
.

Substitution of these into D̃T (θ) yields

D̃T (θ) =
sin

√
2θ√

2θ

[
1 +

θ

4T 2

(
1 +

√
2θ

3
cot

√
2θ

)]
+O

(
1

T 3

)

and thus we arrive at the conclusion.

2.3 Putting x = tπ/(2(T + 1)) we can proceed completely in the same way as in the

solution to Problem 1.4 and establish (1.16).

2.4 We have ε′Ω−2ε =
T∑

t=1

δ2
t ξt, where ξt ∼ NID(0, 1) and δt is defined in (1.14). It

can be proved, as in the solution to Problem 1.4, that

plim
T→∞

(
1

T 4

T∑
t=1

δ2
t ξ

2
t −

T∑
t=1

ξ2
t

t4π4

)
= 0
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so that

L
(

1

T 4
ε′Ω−2ε

)
= L

(
1

T 4

T∑
t=1

δ2
t ξ

2
t

)
−→ L

( ∞∑
n=1

ξ2
n

n4π4

)

and thus the c.f. φ(θ) of this last random variable is

φ(θ) =
∞∏

n=1

(
1 − 2iθ

n4π4

)− 1
2

=
∞∏

n=1

(
1 −

√
2iθ

n2π2

)− 1
2 ∞∏

n=1

(
1 +

√
2iθ

n2π2

)− 1
2

=


sin(2iθ)

1
4

(2iθ)
1
4




− 1
2

sinh(2iθ)

1
4

(2iθ)
1
4




− 1
2

.

2.5 The log-likelihood L(α, σ2) for y is

L(α, σ2) = −T
2

log(2πσ2) − 1

2σ2
y′Φ−1(α)y ,

where Φ(α) is the same as Ω(α) except the (1,1) element, which is unity. Then it is

easy to obtain

∂L(α, σ2)

∂α

∣∣∣∣∣
α=1,σ2=σ̂2

=
1

2σ̂2
y′C ′C

[
C−1(C−1)′ − e1e

′
1

]
C ′Cy

=
1

2σ̂2
y′[C ′C − C ′ee′C]y

=
T

2

[
1 − y′C ′ee′Cy

y′C ′Cy

]
,

where σ̂2 = y′C ′Cy/T with C defined in (1.3), e1 = (1, 0, · · · , 0)′ and e = (1, · · · , 1)′.

The LM test rejects H0 for small values of ∂L(α, σ2)/∂α|α=1, σ2=σ̂2 , which is equivalent

to rejecting H0 for large values of

ST =
y′C ′ee′Cy
y′C ′Cy

.

Noting that y ∼ N(0, σ2C−1(C−1)′) under H0, we have that ST is asymptotically

distributed as χ2(1) under H0.

2.6 The log-likelihood L(α, σ2) for y is

L(α, σ2) = −T
2

log(2πσ2) − 1

2σ2
y′(C ′)−1Φ−1(α)C−1y ,
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where Φ(α) is defined in the solution to Problem 2.5. Then we obtain

∂L(α, σ2)

∂α

∣∣∣∣∣
α=1,σ2=σ̂2

=
1

2σ̂2
y′(C ′)−1C ′C

[
C−1(C−1)′ − e1e

′
1

]
C ′CC−1y

=
1

2σ̂2
y′[IT − ee′]y

=
T

2

[
1 − y′ee′y

y′y

]
,

where σ̂2 = y′y/T . The LM test rejects H0 for small values of the above quantity,

which is equivalent to rejecting H0 for large values of y′ee′y/y′y =

(
T∑

t=1

yt

)2/ T∑
t=1

y2
t .

2.7 The log-likelihood L(α, µ, σ2) for y is

L(α, µ, σ2) = −T
2

log(2πσ2) − 1

2σ2
(y − µe)′(C ′)−1Φ−1(α)C−1(y − µe) .

The LM test considered here rejects H0 for large values of

∂2L(1, µ̂, σ̂2)

∂α2
=

−1

2σ̂2
y′M(C ′)−1∂

2Φ−1(1)

∂α2
C−1My

=
1

σ̂2
y′M(C ′)−1

[
C ′(CC ′ − ee′)C − C ′(IT − ee′)2C

]
C−1My

= T

[
y′MCC ′My

y′My
− 1

]
,

where µ̂ = ȳ, σ̂2 = y′My/T and M = IT − ee′/T . Thus the LM test is equivalent to

rejecting H0 for large values of SLT in (1.20).

2.8 Consider first

y′My = (C−1y)′C ′MC(C−1y)

=

(
y1

∆y

)′
C ′MC

(
y1

∆y

)
,

where it can be checked that

C ′MC =




0 · · · 0
·
·
· Ω−1

∗
0



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so that y′My = (∆y)′Ω−1
∗ (∆y). Similarly, we have

y′MCC ′My = (C−1y)′C ′MCC ′MC(C−1y)

= (∆y)′Ω−2
∗ (∆y) ,

which establishes (1.21).

3.1 The first component of C ′Mε is 0 so that

C ′Mε =

(
1 · · · 1
0 C ′

∗

)
(ε− ε̄e) =

(
0

C ′
∗(ε∗ − ε̄e∗)

)
,

where C ′
∗, ε∗ and e∗ are the last (T − 1) × (T − 1), (T − 1) × 1 and (T − 1) × 1

submatrices of C ′, ε and e, respectively. Noting that

L(ε∗ − ε̄e∗) = L
((
IT−1 − 1

T
e∗e′∗

)1/2

ξ∗

)
,

where ξ∗ ∼ N(0, IT−1), we have

L(ε′MCC ′Mε) = L((ε∗ − ε̄e∗)′C∗C ′
∗(ε∗ − ε̄e∗))

= L
(
ξ′∗C

′
∗

(
IT−1 − 1

T
e∗e′∗

)
C∗ξ∗

)
= L(ξ′∗Ω

−1
∗ ξ∗)

with Ω∗ being the first (T − 1) × (T − 1) submatrix of Ω. Therefore (1.23) has been

established.

3.2 Put φT (θ) = a(θ) + ib(θ), where a(θ) and b(θ) are real and a(θ) = a(−θ),
b(θ) = −b(−θ) because of the property of φT (θ). Then we have

fT (x) =
1

2π

∫ ∞

−∞
(a(θ) cos θx+ b(θ) sin θx)dθ

=
1

π

∫ ∞

0
(a(θ) cos θx+ b(θ) sin θx)dθ =

1

π

∫ ∞

0
Re
(
e−iθxφT (θ)

)
dθ .

541



3.3 Consider first (1.7) and put

ψ1T (θ) = log φT (−iθ)

∼ −1

2
log cos

√
2θ + log

[
1 − θ

8T 2

(
1 −

√
2θ

3
tan

√
2θ

)]

∼ −1

2
log(1 − g(θ)) − θ

8T 2

(
1 −

√
2θ

3
tan

√
2θ

)

∼ 1

2

(
g(θ) +

g2(θ)

2
+
g3(θ)

3
+
g4(θ)

4
+ · · ·

)
− θ

8T 2

+
θ

24T 2

(
2θ +

4θ2

3
+

16θ3

15
+

272θ4

315
+ · · ·

)
,

where

g(θ) =
2θ

2!
− 4θ2

4!
+

8θ3

6!
− 16θ4

8!
+ · · · .

Consider next (1.15) and put

ψ2T (θ) = log φT (−iθ)

∼ −1

2
log

sin
√

2θ√
2θ

+ log

[
1 − θ

8T 2

(
1 +

√
2θ

3
cot

√
2θ

)]

∼ −1

2
log(1 − h(θ)) − θ

8T 2

(
1 +

√
2θ

3
cot

√
2θ

)

∼ 1

2

(
h(θ) +

h2(θ)

2
+
h3(θ)

3
+
h4(θ)

4
+ · · ·

)
− θ

8T 2

− θ

24T 2

(
1 − 2θ

3
− 4θ2

45
− 16θ3

945
− · · ·

)
,

where

h(θ) =
2θ

3!
− 4θ2

5!
+

8θ3

7!
− 16θ4

9!
+ · · · .

Evaluating κ
(j)
iT = djψiT (0)/dθj (i = 1, 2; j = 1, 2, 3, 4) we arrive at (1.28).

3.4 As for κ
(j)
1 consider

ψ1(θ) = −1

2
log cos

√
2θ = −1

2

∞∑
n=1

log


1 − 2θ(

n− 1

2

)2

π2



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=
∞∑

n=1

∞∑
j=1

2j−1θj

j
((
n− 1

2

)
π
)2j =

∞∑
j=1

θj

j!
(j − 1)! 23j−1

∞∑
n=1

1

((2n− 1)π)2j
.

By the definition of the Bernoulli numbers we have

Bj =
(2j)!

22j−1

∞∑
n=1

1

(nπ)2j
,

so that

∞∑
n=1

1

((2n− 1)π)2j
=

1

2(2j)!
(22j − 1)Bj .

Therefore we obtain

ψ1(θ) =
∞∑

j=1

θj

j!

(j − 1)! 23j−2(22j − 1)

(2j)!
Bj ,

which yields κ
(j)
1 in (1.29). The expression for κ

(j)
2 can be obtained similarly.

3.5 It is clear that

VT =
1

T 2
y′




1 0
. . .

1
0 δ


 y =

1

T 2
ε′C ′




1 0
. . .

1
0 δ


Cε ,

while

UT =
1

T

T∑
t=2

yt−1(yt − yt−1) − δ

T
y2

T

= − 1

2T

(
T∑

t=2

(yt − yt−1)
2 −

T∑
t=2

y2
t +

T∑
t=2

y2
t−1

)
− δ

T
y2

T

= − 1

2T

(
T∑

t=2

ε2
t − y2

T + y2
1

)
− δ

T
y2

T

=
1 − 2δ

2T
y2

T − 1

2T

T∑
t=1

ε2
t ,

which leads us to the conclusion.
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3.6 For any α, β and γ let us consider

nT (θ) =

∣∣∣∣∣∣∣∣∣∣
IT − 2θ



αC ′




1 0
. . .

1
0 δ


C + β ee′ + γIT




∣∣∣∣∣∣∣∣∣∣

− 1
2

= D
− 1

2
T ,

where

DT =

∣∣∣∣∣∣∣∣∣∣
a(CC ′)−1 + b




1 0
. . .

1
0 δ


+ ceT e

′
T

∣∣∣∣∣∣∣∣∣∣
,

a = 1 − 2γθ , b = −2αθ , c = −2βθ .

SinceDT = (2a+b)DT−1−a2DT−2 withD1 = a+bδ+c andD2 = (2a+b)(a+bδ+c)−a2,

it can be shown that

DT =
1

x2 − x1

[
(x2 − (a+ bδ + c))xT

1 + (a+ bδ + c− x1)x
T
2

]
,

where x1 and x2 are solutions to x2 − (2a + b)x + a2 = 0. Putting α = x/T 2,

β = (2δ− 1)/(2T ) and γ = 1/(2T ), and expressing x1 and x2 in polar form, we arrive

at (1.33).

3.7 In the solution to Problem 3.6 we have x1 = reiω and x2 = re−iω, where

r = 1 − θ

T
, r cosω = 1 − θ

T
− θx

T 2
, r sinω =

1

T

√√√√2θx

(
1 − θ

T
− θx

2T 2

)
.

Therefore we have

rT =

(
1 − θ

T

)T

= exp

{
T log

(
1 − θ

T

)}

=

(
1 − θ2

2T

)
e−θ +O

(
1

T 2

)
,
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Tω = T tan−1


 1

T

(
1 − θ

T
− θx

T 2

)−1 (
2θx

(
1 − θ

T
− θx

2T 2

)) 1
2




=
√

2θx+
θ
√

2θx

2T
+O

(
1

T 2

)
,

cosTω = cos
√

2θx− θ
√

2θx

2T
sin

√
2θx+O

(
1

T 2

)
,

sinTω = sin
√

2θx+
θ
√

2θx

2T
cos

√
2θx+O

(
1

T 2

)
,

r cosω − d

r sinω
= T

(
1 − θ

T
− θx

T 2
−
(

1 − 2δθ

T
− 2δθx

T 2

))(
2θx

(
1 − θ

T
− θx

2T 2

))− 1
2

= −θ(1 − 2δ)√
2θx

− θ(θ(1 − 2δ) + 2x− 4δx)

2T
√

2θx
+O

(
1

T 2

)
.

Substituting these into mT (θ) in (1.33) we arrive at (1.34).

3.8 Let the random variable on the right side of (1.42) be YT = AT/BT . Consider

then P (YT ≤ x) = P (xBT − AT ≥ 0), where

xBT − AT =
x

T 2

T∑
t=2

y2
t−1 −

1

T

T∑
t=2

yt−1εt − 1

2
.

Comparing with (1.32) and (1.35) it is easily seen that the limiting c.f. φ(θ; x) of this

last random variable is given by

φ(θ; x) =

[
cos

√
2iθx+ iθ

sin
√

2iθx√
2iθx

]− 1
2

so that

ψ(θ1,−θ2) = φ(iθ1; θ2/θ1)

=

[
cosh

√
2θ2 − θ1

sinh
√

2θ2√
2θ2

]− 1
2

.

Thus E(Y ), where L(YT ) −→ L(Y ), is given by

E(Y ) =
∫ ∞

0

∂ψ(θ1,−θ2)
∂θ1

∣∣∣∣∣
θ1=0

dθ2

=
1

2

∫ ∞

0

sinh
√

2θ√
2θ

(cosh
√

2θ)−
3
2dθ

= 1 ,
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where the last equality results from the second by putting (cosh
√

2θ)−
1
2 = u.

3.9 From (1.40) we have µ1−δ(1) = µδ(1) − 2(1 − 2δ) so that (1.43) is equivalent to

(S1) µ1−δ(2) − µδ(2) = 4(1 − 2δ)(1 − 2δ − µδ(1)) .

Putting

ψδ(θ1,−θ2) = φδ(iθ1; θ2/θ1)

= e−
θ1
2

[
cosh

√
2θ2 − θ1(1 − 2δ)

sinh
√

2θ2√
2θ2

]− 1
2

,

it can be shown from (1.39) that the left side of (S1) is equal to

∫ ∞

0
θ2
∂2

∂θ2
1

(ψ1−δ(θ1,−θ2) − ψδ(θ1,−θ2))|θ1=0 dθ2

= (1 − 2δ)
∫ ∞

0
θ
sinh

√
2θ√

2θ
(cosh

√
2θ)−

3
2dθ ,

while, from the solution to Problem 3.8,

µδ(1) = −1

2

∫ ∞

0

1√
cosh

√
2θ1

(
1 − 1 − 2δ

cosh
√

2θ1

sinh
√

2θ1√
2θ1

)
dθ1

= −1

2

∫ ∞

0

dθ√
cosh

√
2θ

+ (1 − 2δ)

= −1

4

∫ ∞

0
θ

sinh
√

2θ√
2θ

(cosh
√

2θ)−
3
2dθ + (1 − 2δ).

Substituting this last expression into the right side of (S1) we arrive at the conclusion.

4.1 We have

φT (θ) =

∣∣∣∣∣I2T − iθ

T 2

(
0 C ′C

C ′C 0

)∣∣∣∣∣
− 1

2

=

∣∣∣∣∣∣∣∣


 IT − iθ

T 2
C ′C

− iθ

T 2
C ′C IT



∣∣∣∣∣∣∣∣

− 1
2

=

∣∣∣∣∣IT +
θ2

T 4
(C ′C)2

∣∣∣∣∣
− 1

2

,
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which yields the result.

4.2 We rewrite VT as

VT =
1

T

T∑
t=1

y1t(y1t − y1,t−1)

=
1

2T

(
T∑

t=1

(y1t − y1,t−1)
2 +

T∑
t=1

y2
1t −

T∑
t=1

y2
1,t−1

)

=
1

2T

T∑
t=1

ε2
1t +

1

2

(
1√
T

T∑
t=1

ε1t

)2

.

Here the first term converges in probability to 1/2, while the second converges in

distribution to ξ2/2, which establishes the result.

4.3 As for φ1T (θ) we can proceed in the same way as in the solution to Problem 4.1.

Put e = (1, · · · , 1)′ : T × 1 and we have

φ1T (θ) =

∣∣∣∣∣
(
IT +

iθ

2T
(C ′ + C)

)(
IT − iθ

2T
(C ′ + C)

)∣∣∣∣∣
− 1

2

=

∣∣∣∣∣
((

1 +
iθ

2T

)
IT +

iθ

2T
ee′
)((

1 − iθ

2T

)
IT − iθ

2T
ee′
)∣∣∣∣∣

− 1
2

=

∣∣∣∣∣∣
(

1 +
iθ

2T

)T−1 (
1 +

iθ

2
+

iθ

2T

)(
1 − iθ

2T

)T−1 (
1 − iθ

2
− iθ

2T

)∣∣∣∣∣∣
− 1

2

,

which yields (1.54). As for φ2T (θ) put a = θ/(2T ) and consider

φ2T (θ) = (DT (a)DT (−a))− 1
2 ,

where

DT (a) = |IT + aC ′ − aC|
= |(C ′)−1 + aIT − a(C ′)−1C|
= (1 + a)DT−1(a) − a(1 − a)T−1 .

Noting that D1(a) = 1 we can solve the above difference equation as

DT (a) =
1

2

(
(1 + a)T + (1 − a)T

)
,
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which leads us to (1.55).

4.4 It is easy to see that

ψ1(θ) = log φ1(−iθ) = −1

2
log

(
1 − θ2

4

)

=
∞∑

j=1

θ2j

(2j)!

(2j)!

j 22j+1
,

ψ2(θ) = log φ2(−iθ) = −
∞∑

n=1

log

(
1 − θ2

((2n− 1)π)2

)

=
∞∑

j=1

θ2j

(2j)!

(2j)!

j

∞∑
n=1

1

((2n− 1)π)2j

=
∞∑

j=1

θ2j

(2j)!

22j − 1

2j
Bj ,

where the last equality comes from the solution to Problem 3.4. Then the expressions

for cumulants are easily obtained.

4.5 We have

φ1T (θ; x) =

∣∣∣∣∣∣∣∣


 IT − 2iθx

T 2
C ′C

iθ

T 2
C ′C

iθ

T 2
C ′C IT



∣∣∣∣∣∣∣∣

− 1
2

=

∣∣∣∣∣IT − 2iθx

T 2
C ′C +

θ2

T 4
(C ′C)2

∣∣∣∣∣
− 1

2

=
T∏

t=1

(
1 − 2iθx

T 2
λt − (iθ)2

T 4
λ2

t

)− 1
2

,

which yields (1.67).

4.6 We first note that

X2T = ε∼
′




x

T 2
C ′MC − 1

2T 2
C ′MC

− 1

2T 2
C ′MC 0


 ε∼ ,

where M = IT − ee′/T . Then we can proceed in the same way as in the solution to

Problem 4.5 to arrive at (1.70).
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4.7 From (1.39) we have

(S2) µj(k) =
1

(k − 1)!

∫ ∞

0
θk−1
2

∂kψj(θ1,−θ2)
∂θk

1

∣∣∣∣∣
θ1=0

dθ2 ,

where

ψ1(θ1,−θ2) = φ1(iθ1; θ2/θ1)

=

[
cosh

√
θ2 +

√
θ2
1 + θ2

2 cosh

√
θ2 −

√
θ2
1 + θ2

2

]− 1
2

,

ψ2(θ1,−θ2) = φ2(iθ1; θ2/θ1)

=




sinh

√
θ2 +

√
θ2
1 + θ2

2√
θ2 +

√
θ2
1 + θ2

2

sinh

√
θ2 −

√
θ2
1 + θ2

2√
θ2 −

√
θ2
1 + θ2

2



− 1

2

.

Then we have, for instance,

µ1(2) =
1

4

∫ ∞

0

{
(cosh

√
2θ)−

1
2 − (cosh

√
2θ)−

3
2

sinh
√

2θ√
2θ

}
dθ

=
1

4

∫ ∞

0

u√
cosh u

du− 1

2
.

The other moments can be derived similarly. We used computerized algebra REDUCE

to differentiate ψj(θ1,−θ2).

4.8 We have only to show that Fj(−x) = 1 − Fj(x). Because of the definition of

φj(θ; x) it is easy to see that φj(θ;−x) = φj(−θ; x) so that

Fj(−x) =
1

2
+

1

π

∫ ∞

0

1

θ
Im(φj(−θ; x))dθ

=
1

2
− 1

π

∫ ∞

0

1

θ
Im(φj(θ; x))dθ

= 1 − Fj(x) .

5.1 It is easy to see that

φ1T (θ; x) =

∣∣∣∣∣∣∣∣


 IT − 2iθx

T 2
C ′C

iθ

T
C ′

iθ

T
C IT



∣∣∣∣∣∣∣∣

− 1
2
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=

∣∣∣∣∣IT − 2iθx

T 2
C ′C +

θ2

T 2
C ′C

∣∣∣∣∣
− 1

2

=
T∏

t=1

[
1 − (2iθx− θ2)

λt

T 2

]− 1
2

,

and this last expression can be further factored as in (1.82).

5.2 We have

X2T = ε∼
′




x

T 2
C ′MC − 1

2T
C ′M

− 1

2T
MC 0


 ε∼ ,

where M = IT − ee′/T . Then we can proceed in the same way as in the solution to

Problem 5.1 to arrive at (1.85).

5.3 In (S2) we have

ψ1(θ1,−θ2) =
(
cosh

√
2θ2 − θ2

1

)− 1
2

,

ψ2(θ1,−θ2) =


sinh

√
2θ2 − θ2

1√
2θ2 − θ2

1




− 1
2

.

Then we can arrive at (1.87) after some manipulations. We used computerized algebra

REDUCE to differentiate ψj(θ1,−θ2).

5.4 We have only to show that Fj(−x) = 1 − Fj(x), which can be easily checked as

in the solution to Problem 4.8.

Chapter 2.

1.1 Suppose that l.i.m.Xn = X and l.i.m.Xn = Y . Since

E
[
(X − Y )2

]
≤ E

[
(Xn −X)2

]
+ 2
√
E [(Xn −X)2] E [(Xn − Y )2]

+E
[
(Xn − Y )2

]

and the right side converges to 0, E [(X − Y )2] = 0. Thus we have P (X = Y ) = 1 .
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1.2 Since E [(Xm −Xn)2] = E (X2
m − 2XmXn +X2

n) = 2

(
1 − 1√

mn

)
for m �= n,

which does not tend to 0, {Xn} does not converge in the m.s. sense. For any ε > 0,

we have P (|Xn| > ε) = P (Xn =
√
n) =

1

n
→ 0; hence {Xn} converges in probability

to 0.

1.3 Put Zn(t) = aXn(t) + bYn(t) and Z(t) = aX(t) + bY (t). Note that l.i.m.Zn(t) =

Z(t). For any q × 1 vector c we have

|E [c′(Zn(t) − Z(t))]| ≤
√
c′cE [(Zn(t) − Z(t))′(Zn(t) − Z(t))]

so that E(Zn(t)) → E(Z(t)) as n→ ∞. Consider next

X ′
n(t)Yn(t) −X ′(t)Y (t) = (Xn(t) −X(t))′(Yn(t) − Y (t))

+X ′(t)(Yn(t) − Y (t)) + (Xn(t) −X(t))′ Y (t) .

Taking expectations leads from the Cauchy-Schwarz inequality to E(X ′
n(t)Yn(t)) →

E(X ′(t)Y (t)).

1.4 E(Ym(t)Yn(t)) → 2 as m = n → ∞, while it converges to 1 as m,n( �= m) → ∞.

Thus {Yn(t)} does not converge in the m.s. sense.

1.5 From Theorem 2.2 it holds that Y (t) is m.s. continuous if and only if E(Y ′(t +

h1) Y (t + h2)) converges to E(Y ′(t)Y (t)) as h1, h2 → 0 in any manner, which is

equivalent to the condition that E(Y ′(s)Y (t)) is continuous at (t, t).

1.6 Since {Y (t)} is m.s. continuous at every t ∈ [a, b],

l.i.m.
h1→0

Y (s+ h1) = Y (s) , l.i.m.
h2→0

Y (t+ h2) = Y (t) .

Therefore it follows from Theorem 2.1 that E(Y ′(s + h1)Y (t + h2)) → E(Y ′(s)Y (t))

as h1, h2 → 0.

1.7 Noting that E(X(t)) = V (X(t)) = λt, we have, for s < t,

E(X(s)X(t)) = E(X(s))E(X(t) −X(s)) + E
(
X2(s)

)
= λs+ λ2st
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so that E(X(s)X(t)) = λmin(s, t) + λ2st, which is continuous at every (t, t). Thus

{X(t)} is m.s. continuous at all t. On the other hand it holds that

E[ (X(t+ h) −X(t) ) (X(t+ k) −X(t) ) ] / (hk)

= λ
min(h, k) − min(h, 0) − min(0, k)

hk
+ λ2 ,

which does not converge as h, k → 0. Thus {X(t)} is nowhere m.s. differentiable.

1.8 It follows from Theorem 2.1 that

E(Ẏ (t)) = E

(
l.i.m.
h→0

Y (t+ h) − Y (t)

h

)

= lim
h→0

E

(
Y (t+ h) − Y (t)

h

)
=

d

dt
E(Y (t)) .

The relation (2.3) can be proved similarly.

1.9 Note first that E(Y (t)Y (t+ h)) =
1

2
cosωh so that

E [(Y (t+ h1) − Y (t))(Y (t+ h2) − Y (t))] /(h1h2)

= [cosω(h2 − h1) − cosωh1 − cosωh2 + 1] /(2h1h2) −→ ω2

2
.

2.1 (a) E[(w(t+ h) − w(t))′(w(t+ h) − w(t))] = q|h| → 0 as h→ 0.

(b) E[(w(t+ h) − w(t))′(w(t+ h) − w(t))]/h2 = q/|h| does not converge as h→ 0.

(c) Put ∆wi = w(ti) − w(ti−1) and ∆ti = ti − ti−1. Then

E


( n∑

i=1

∆w′
i∆wi − (b− a)q

)2

 = E


{ n∑

i=1

(∆w′
i∆wi − q∆ti)

}2



=
n∑

i=1

E
[
(∆w′

i∆wi − q∆ti)
2
]

= 2q
n∑

i=1

(∆ti)
2 ≤ 2q∆n(b− a) → 0 .

2.2 It is clear that w(0) ≡ 0 and E(w(t)) = E(∆wi) = 0, where ∆wi = w(ti)−w(ti−1).

For ti−1 < ti ≤ tk−1 < tk we have

E(∆wi∆w
′
k) =

∞∑
n=1

2((
n− 1

2

)
π
)2 [sin ani − sin an,i−1][sin ank − sin an,k−1]Iq
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=
∞∑

n=1

1((
n− 1

2

)
π
)2 [cos(ani − ank) − cos(ani + ank) − cos(ani − an,k−1)

+ cos(ani + an,k−1) − cos(an,i−1 − an,k) + cos(an,i−1 + an,k)

+ cos(an,i−1 − an,k−1) − cos(an,i−1 + an,k−1)]Iq ,

where ani =
(
n− 1

2

)
πti. Using the formula given in the problem it can be shown

that E(∆wi∆w
′
k) = 0. Similarly we have E(∆wi∆w

′
i) = (ti − ti−1)Iq so that ∆wi is

independent N(0, (ti − ti−1)Iq). We also have w(t) ∼ N(0, tIq). Thus {w(t)} is the

q-dimensional standard Brownian motion.

2.3 For s ≤ t we have

w(s)
w(t)
w(1)


 ∼ N (0,Σ) , Σ =



s s s
s t t
s t 1


⊗ Iq

with ⊗ being the Kronecker product. Then it holds that E(w(t)|w(1) = 0) = 0 and

V (w(s), w(t) |w(1) = 0) =

(
s− s2 s− st
s− st t− t2

)
⊗ Iq

so that Cov(w(s), w(t) |w(1) = 0) = (min(s, t) − st) Iq .

2.4 It is clear that {w̄(t)} is a Gaussian process with w̄(0) = w̄(1) ≡ 0 and E(w̄(t)) =

0. Moreover, for s < t, we have

E(w̄(s)w̄′(t)) =
∞∑

n=1

1

n2π2
(cosnπ(s− t) − cosnπ(s+ t)) Iq

=
[
1

4
(t− s− 1)2 − 1

12
−
(

1

4
(s+ t− 1)2 − 1

12

)]
Iq

= (s− st) Iq .

3.1 From Theorem 2.2 the integral in (2.7) exists if and only if E(V ′
m(t)Vn(t)) con-

verges to a finite function on [a, b] as m,n → ∞ in any manner, which is equivalent

to the condition that the integral in (2.8) exists and is finite.
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3.2 It follows from the solution to Problem 1.5 that E(Y ′(s)Y (t)) is continuous on

[a, b]× [a, b]. Then it is clear that the double Riemann integral
∫ ∫

E(Y ′(s)Y (t))dsdt

exists and is finite. Thus {Y (t)} is m.s. integrable by Theorem 2.3.

3.3 Since E(w(s)w(t)) = min(s, t), it is easy to obtain E(V ) =
1

2
and E(W ) =

1

6
. Noting also that E (w2(s)w2(t)) = 2 min2(s, t) + st we obtain E(V 2) =

7

12
and

E(W 2) =
1

20
.

3.4 From Theorem 2.3 we have only to check that the integral (2.8) with f(r, t) and

Y (r) replaced by I[0,t](r) and w(r), respectively, exists and is finite. The integral is∫ 1

0

∫ 1

0
I[0,t](r) I[0,t](s)E(w′(r)w(s))drds =

qt3

3

so that V (t) in (2.10) is well defined. From Theorem 2.4 and the above result we have

that V (t) ∼ N (0, t3Iq/3) .

3.5 Let us define

V1m =
m∑

i=1

(1 − s′i)(w(si) − w(si−1))

and consider

E(V ′
1mV1n) =

m∑
i=1

n∑
j=1

(1 − s′i)(1 − t′j)E
[
(w(si) − w(si−1))

′ (w(tj) − w(tj−1))
]
.

It can be checked that this last quantity converges to q
∫ 1

0
(1 − t)2dt = q/3 as m, n→

∞. Thus V1 is well defined.

3.6 We may assume that H is diagonal and thus we have only to show that

A =
∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0
K(s, t)K(u, v)E(dw(s)dw(t)dw(u)dw(v))

exists and is finite when {w(t)} is scalar. We have

E(dw(s)dw(t)dw(u)dw(v)) =




3(dt)2 s = t = u = v
ds du s = t, u = v, s �= u
ds dt s = u, t = v, s �= t
ds dt s = v, t = u, s �= t
0 otherwise
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so that

A = 3
∫ 1

0
K2(s, t)(dt)2 + SS

s �=t
K(s, s)K(t, t)dsdt+ 2SS

s �=t
K2(s, t)dsdt

=
(∫ 1

0
K(s, s)ds

)2

+ 2
∫ 1

0

∫ 1

0
K2(s, t)dsdt <∞ .

3.7 As for (2.22) we evaluate lim
m→∞E(Xm,m), where Xm,m is defined in (2.21) with

si = ti and s′i = t′i . Putting ∆wi = w(si) − w(si−1) and ∆si = si − si−1, we have

E(Xm,m) =
m∑

i=1

K(s′i, s
′
i)∆si tr(H) −→ E(X) .

For (2.23) we consider

E
(
X2

m,m

)
=

m∑
i=1

m∑
j=1

m∑
k=1

m∑
l=1

K(s′i, s
′
j)K(s′k, s

′
l)E[∆w′

iH∆wj∆w
′
kH∆wl] ,

where E[ ] is equal to

q∑
a=1

H2
aaE(∆wai∆waj∆wak∆wal) +

∑
a�=b

HaaHbbE(∆wai∆waj∆wbk∆wbl)

+
∑
a�=b

H2
ab E(∆wai∆wbj∆wak∆wbl) +

∑
a�=b

H2
abE(∆wai∆wbj∆wbk∆wal).

Therefore we have

E(X2
m,m) =

q∑
a=1

H2
aa


3 m∑

i=1

K2(s′i, s
′
i)(∆si)

2 +
∑
i�=j

K(s′i, s
′
i)K(s′j, s

′
j)∆si∆sj

+ 2
∑
i�=j

K2(s′i, s
′
j)∆si∆sj


+

∑
a�=b

HaaHbb

(
m∑

i=1

K(s′i, s
′
i)∆si

)2

+ 2
∑
a�=b

H2
ab

m∑
i=1

m∑
j=1

K2(s′i, s
′
j)∆si∆sj

=

( q∑
a=1

Haa

)2 ( m∑
i=1

K(s′i, s
′
i)∆si

)2

+ 2
q∑

a=1

q∑
b=1

H2
ab

m∑
i=1

m∑
j=1

K2(s′i, s
′
j)∆si∆sj ,

which converges to E (X2) given in (2.23).
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3.8 It is easy to see that the left side is equal to

L
( q∑

i=1

λi

∫ 1

0

∫ 1

0
g(s)g(t)dwi(s)dwi(t)

)
= L

( q∑
i=1

λi

(∫ 1

0
g(t)dwi(t)

)2
)
.

Since
∫ 1

0
g(t)dwi(t) (i = 1, · · · , q) ∼ NID

(
0,
∫ 1

0
g2(t)dt

)
, we have the conclusion.

3.9 As for (2.27) we have

∫ 1

0
w̄′(t)Hw̄(t)dt =

∫ 1

0
[w(t) − tw(1)]′H [w(t) − tw(1)]dt

=
∫ 1

0
[w′(t)Hw(t) − tw′(t)Hw(1)− w′(1)Htw(t)

+w′(1)Hw(1)t2]dt ,

where

∫ 1

0
w′(t)Hw(t)dt =

∫ 1

0

(∫ t

0

∫ t

0
dw′(u)Hdw(v)

)
dt

=
∫ 1

0

∫ 1

0
[1 − max(s, t)]dw′(s)Hdw(t) ,

∫ 1

0
tw′(t)Hw(1)dt =

∫ 1

0

∫ 1

0

1 − s2

2
dw′(s)Hdw(t) ,

∫ 1

0
w′(1)Hw(1)t2dt =

1

3

∫ 1

0

∫ 1

0
dw′(s)Hdw(t) .

Substituting these into the right side above we obtain the left side of (2.27). The

relation (2.26) can be proved similarly.

4.1 We prove (2.31) by induction on g. When g = 0, it clearly holds that F0(t) = w(t).

Suppose that (2.31) holds for g = k − 1. Then we have

Fk(t) =
∫ t

0
Fk−1(s)ds =

∫ t

0

(∫ s

0

(s− u)k−1

(k − 1)!
dw(u)

)
ds

=
∫ t

0

(∫ t

u

(s− u)k−1

(k − 1)!
ds

)
dw(u) =

∫ t

0

(t− u)k

k!
dw(u) ,

which establishes (2.31).
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4.2 From (2.29) and (2.31) we have∫ 1

0
F̄g(t)dt =

∫ 1

0
[Fg(t) − tFg(1)]dt

=
∫ 1

0

(∫ t

0

(t− s)g

g!
dw(s)

)
dt− 1

2

∫ 1

0

(1 − s)g

g!
dw(s)

=
∫ 1

0

[∫ 1

s

(t− s)g

g!
dt− (1 − s)g

2(g!)

]
dw(s)

=
∫ 1

0

[
(1 − s)g+1

(g + 1)!
− (1 − s)g

2(g!)

]
dw(s) .

We also have, from (2.30) and (2.31),∫ 1

0
F̃ ′

g(t)F̃g(t)dt =
∫ 1

0
F ′

g(t)Fg(t)dt−
∫ 1

0

∫ 1

0
F ′

g(s)Fg(t)dsdt

=
∫ 1

0

(∫ t

0

∫ t

0

((t− u)(t− v))g

(g!)2
dw′(u)dw(v)

)
dt

−
∫ 1

0

∫ 1

0

((1 − s)(1 − t))g+1

((g + 1)!)2
dw′(s)dw(t)

=
∫ 1

0

∫ 1

0

[
Kg(s, t) − ((1 − s)(1 − t))g+1

((g + 1)!)2

]
dw′(s)dw(t) .

4.3 Since Fg(t) is continuously differentiable, we have∫ t

0
Fg(s)dF

′
g(s) = Fg(s)F

′
g(s)
∣∣∣t
0
−
(∫ t

0
Fg(s)dF

′
g(s)
)′

= Fg(t)F
′
g(t) −

(∫ t

0
Fg(s)dF

′
g(s)
)′
,

which proves (2.33).

5.1 Put τi−1 = (1 − a)si−1 + asi and ∆wi = w(si) − w(si−1). Then we have
m∑

i=1

w(τi−1)∆wi =
m∑

i=1

w(si−1)∆wi +
m∑

i=1

(w(τi−1) − w(si−1))∆wi .

Here the first term on the right side converges in m.s. to
1

2
(w2(t)−t), while the second

term can be rewritten as

(S3)
m∑

i=1

(w(τi−1) − w(si−1))
2 +

m∑
i=1

(w(τi−1) − w(si−1))(w(si) − w(τi−1)) .
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Since

E

[
m∑

i=1

(w(τi−1) − w(si−1))
2

]
=

m∑
i=1

(τi−1 − si−1) = a
m∑

i=1

(si − si−1) = at ,

V

[
m∑

i=1

(w(τi−1) − w(si−1))
2

]
= 2

m∑
i=1

(τi−1 − si−1)
2 ≤ 2a2t max

i
(si − si−1) ,

the first term in (S3) converges in m.s. to at, while the second term in (S3) can be

shown to converge in m.s. to 0, which establishes (2.40).

5.2 We have already shown that U(t) is m.s. continuous. As for the martingale

property we first have, for s ≤ t, E(U(t)|U(s)) = U(s) + E(U(t) − U(s) |U(s)).

Noting that

U(t) − U(s) =
∫ t

s
X(u)dw(u)

= l.i.m.
m→∞
∆m→0

m∑
i=1

X(ui−1)(w(ui) − w(ui−1)) ,

where s = u0 < u1 < · · · < um = t, we can deduce that

E[X(ui−1)(w(ui) − w(ui−1)) |U(s)]

= E[E[X(ui−1)(w(ui) − w(ui−1)) |U(ui−1)] |U(s)]

= E[X(ui−1)E[w(ui) − w(ui−1) |U(ui−1)] |U(s)]

= 0.

Then it is seen that E(U(t) − U(s)|U(s)) = 0 so that U(t) is a martingale.

5.3 Putting ∆wi = w(si) − w(si−1) and ∆si = si − si−1 we have

E



{

m∑
i=1

X(si−1)
(
(∆wi)

2 − ∆si

)}2



= E


 m∑

i=1

m∑
j=1

X(si−1)X(sj−1)
(
(∆wi)

2 − ∆si

) (
(∆wj)

2 − ∆sj

)

= 2
m∑

i=1

E
(
X2(si−1)

)
(∆si)

2 ≤ 2 max
i
E
(
X2(si−1)

)
max

i
∆si

m∑
i=1

∆si

−→ 0
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as m→ ∞ and max
i

∆si → 0 so that (2.41) is established. The relation (2.42) can be

proved similarly.

5.4 Because of the definition of yt we have

1

T

T∑
t=1

yt−1εt =
1

T

T∑
t=1

yt−1(yt − yt−1)

= − 1

2T

[
T∑

t=1

(yt − yt−1)
2 −

T∑
t=1

y2
t +

T∑
t=1

y2
t−1

]

=
1

2T
y2

T − 1

2T

T∑
t=1

ε2
t

=
1

2

(
1√
T

T∑
t=1

εt

)2

− 1

2T

T∑
t=1

ε2
t ,

which converges in distribution to
1

2
(w2(1)− 1) by the central limit theorem and the

law of large numbers.

6.1 Note first that the c.f. φ(θ) of the right hand side in (2.46) is given by φ(θ) = (cosh θ)−
1
2 .

Thus it suffices to show that the c.f. φm(θ) of

Vm(1) =
m∑

j=1

wa(tj−1)(wb(tj) − wb(tj−1)) , (a �= b)

converges to φ(θ) as m → ∞, where tj = j/m . It is easy to check that Vm(1) has

the same limiting distribution as Um, where Um is given in (1.48). Thus we have the

conclusion from the arguments there.

6.2 It is easy to obtain

m∑
i=1

w(ti−1)(w(ti) − w(ti−1))
′ +

m∑
i=1

(w(ti) − w(ti−1))w
′(ti−1)

= w(t)w′(t) −
m∑

i=1

(w(ti) − w(ti−1))(w(ti) − w(ti−1))
′ ,

where 0 = t0 < t1 < · · · < tm = t. Letting m → ∞ and ∆m = max
i

(ti − ti−1) → 0,

(2.47) is established by the law of large numbers.
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6.3 Premultiplying A on both sides of (2.47) with t = 1 and taking the trace lead

from tr(A) = 0 to∫ 1

0
w′(s)Adw(s) =

1

2
w′(1)Aw(1) .

Then we have L(w′(1)Aw(1)/2) = L
( q∑

i=1

λiZ
2
i

)
, where λi’s are the eigenvalues of A/2

and {Zi} ∼ NID(0, 1).

7.1 To establish (2.55) we use Ito’s theorem putting f(x, t) = xn with dX(t) defined

in (2.52). As for (2.56) we put f(x, t) = xn with dX(t) = dw(t) so that µ = 0 and

σ = 1. To prove (2.57) we put f(x, t) = ex with dX(t) = dw(t), µ = 0 and σ = 1.

7.2 Since the existence and uniqueness of the solution to (2.60) is ensured, we have

only to show that d
(
X(0)ew(t)− t

2

)
= X(t)dw(t), which is almost trivial.

7.3 We have, by Ito’s theorem,

dX(t) =
(
αeαtX(0) + βeαt + γαeαt

∫ t

0
e−αsdw(s)

)
dt+ γdw(t)

= (αX(t) + β)dt+ γdw(t) ,

which gives (2.61).

7.4 For s ≤ t we have, from (2.63),

Cov(X(s), X(t)) = eα(s+t)Cov
(
X(0) +

∫ s

0
e−αudw(u), X(0) +

∫ t

0
e−αvdw(v)

)

= eα(s+t)
[
V (X(0)) +

∫ s

0
e−2αudu

]

= eα(s+t)

[
V (X(0)) +

1 − e−2αs

2α

]
,

which establishes (2.64).

7.5 From the definition of X(t) in (2.63) we have∫ 1

0
e2αt
[
X2(0) + 2X(0)

∫ t

0
e−αsdw(s) +

∫ t

0

∫ t

0
e−α(u+v)dw(u)dw(v)

]
dt
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=
e2α − 1

2α
X2(0) + 2X(0)

∫ 1

0

(∫ 1

s
e2αtdt

)
e−αsdw(s)

+
∫ 1

0

∫ 1

0

(∫ 1

max(u,v)
e2αtdt

)
e−α(u+v)dw(u)dw(v)

=
e2α − 1

2α
X2(0) +X(0)

∫ 1

0

eα(2−s) − eαs

α
dw(s)

+
∫ 1

0

∫ 1

0

eα(2−u−v) − eα|u−v|

2α
dw(u)dw(v) .

7.6 As for (2.72) we put Y1(t) = eαtw(t) and

Y2(t) =
∫ t

0
e−αsdw(s)

so that dY1(t) = eαt(αw(t)dt + dw(t)) and dY2(t) = e−αtdw(t). Then (2.71) yields

(2.72). As for (2.73) we put Y1(t) = w(t) while Y2(t) is the same as above. Thus

dY1(t) = dw(t) and dY2(t) = e−αtdw(t). Define g(y, t) = exp(y1y2) so that gt = 0 and

gy =



y2

y1


 g , gyy =




y2
2 1 + y1y2

1 + y1y2 y2
1


 g .

Then (2.70) yields

dg =
{
Y2dY1 + Y1dY2 +

1

2

(
Y 2

2 + 2(1 + Y1Y2)e
−αt + Y 2

1 e
−2αt
)
dt
}
g ,

which leads us to (2.73).

Chapter 3.

1.1 Since ρ(x, y) is a metric, we have

|ρ(x, y) − ρ(x̃, ỹ)| ≤ ρ(x, x̃) + ρ(y, ỹ)

which can be proved by the triangle inequalities :

ρ(x, y) ≤ ρ(x, x̃) + ρ(x̃, ỹ) + ρ(ỹ, y) , ρ(x̃, ỹ) ≤ ρ(x̃, x) + ρ(x, y) + ρ(y, ỹ) .

Then it is clear that ρ(x, y) is a continuous function of x and y.
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1.2 Let {xn} be a fundamental sequence in C, that is, ρ(xm, xn) → 0 as m, n→ ∞.

Because of the definition of ρ and completeness of the real line, {xn(t)} converges

uniformly in t so that the limit x(t) lies in C and ρ(xn, x) → 0. Thus C is complete.

Separability follows from the Weierstrass approximation theorem which ensures that

any x in C can be uniformly approximated by a polynomial with real coefficients,

which, in turn, can be approximated by a polynomial with coefficients of rational

numbers.

4.1 We have only to show that E[exp{iθh(Xn)}] → E[exp{iθh(X)}], where

E[exp{iθh(Xn)}] = E{cos θh(Xn)} + iE{sin θh(Xn)} .

Since f1(Xn) = cos θh(Xn) and f2(Xn) = sin θh(Xn) are both bounded and contin-

uous, it must hold that E(f1(Xn)) → E(f1(X)) and E(f2(Xn)) → E(f2(X)), from

which the conclusion follows.

4.2 Suppose that ρ(x, y) < ε so that y(t)− ε < x(t) < y(t)+ ε for all t ∈ [0, 1]. Then

it follows that | sup x(t) − sup y(t)| < ε. To show that h2(x) is continuous we first

have, by the triangle inequality,

ρ(x, 0) ≤ ρ(x, y) + ρ(y, 0) , ρ(y, 0) ≤ ρ(y, x) + ρ(x, 0)

so that |ρ(x, 0) − ρ(y, 0)| ≤ ρ(x, y), which means that∣∣∣∣∣ sup
0≤t≤1

|x(t)| − sup
0≤t≤1

|y(t)|
∣∣∣∣∣ ≤ sup

0≤t≤1
|x(t) − y(t)| .

Thus h2(x) is shown to be continuous. The function h3(x) is the mapping which

carries x of C to the point (h1(x), h2(x)) of R2; so it is certainly continuous since

h1(x) and h2(x) are both continuous.

4.3 Note that P (ρ(Xn, c) < ε) = P (Xn ∈ N(c, ε)), where N(c, ε) is the open sphere

with center c and radius ε. By the portmanteau theorem (Billingsley (1968, p.24))

L(Xn) → L(c) implies that P (Xn ∈ N(c, ε)) → P (c ∈ N(c, ε)), which is certainly

unity.
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4.4 Given any ε > 0 there exists some δ > 0 such that |Xn − c| < δ implies |h(Xn)−
h(c)| < ε. Therefore we have

P (|h(Xn) − h(c)| ≥ ε) ≤ P (|Xn − c| ≥ δ)

so that, by assumption, h(Xn) → h(c) in probability.

4.5 Let x be a continuity point of P (X < x). Then it holds that

P (Yn < x) = P (Yn < x, Xn − Yn < ε) + P (Yn < x, Xn − Yn ≥ ε)

≤ P (Xn < x+ ε) + P (Xn − Yn ≥ ε)

so that lim sup
n→∞

P (Yn < x) ≤ P (X < x+ ε). We also have

P (Xn < x− ε) = P (Xn < x− ε, Yn < x) + P (Xn < x− ε, Yn ≥ x)

≤ P (Yn < x) + P (Xn − Yn ≤ −ε)

so that lim inf
n→∞ P (Yn < x) ≥ P (X < x − ε). Since ε is arbitrary, we have L(Yn) →

L(X).

4.6 Noting that

P

(
max
1≤j≤T

|εj|√
T

≤ δ

)
=

T∏
j=1

P

( |εj|√
T

≤ δ

)

=

{
1 − P

( |ε1|√
T
> δ

)}T

≥
[
1 − 1

δ2T
E

{
ε2
1I

( |ε1|√
T
> δ

)}]T
,

(3.11) is seen to hold.

4.7 For any fixed c > 0 we have, for any ε > 0,

P (|XnYn| > ε) = P
(
|XnYn| > ε, |Yn| ≤ ε

c

)
+ P

(
|XnYn| > ε, |Yn| > ε

c

)

≤ P (|Xn| > c) + P
(
|Yn| > ε

c

)
.
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Thus lim sup
n→∞

P (|XnYn| > ε) ≤ P (|X| > c). Thus it is seen that XnYn → 0 in proba-

bility by choosing c large (Rao (1973, p.122)).

4.8 Put X̃T (t) = XT (t) −
T∑

j=1

XT (j/T )/T . Then L(X̃T ) → L(w̃) by Corollary 3.2,

where w̃ is the demeaned Brownian motion. We have∣∣∣∣∣∣
1

T 2

T∑
j=1

(yj − ȳ)2 −
∫ 1

0
X̃2

T (t)dt

∣∣∣∣∣∣
=

∣∣∣∣∣∣
T∑

j=1

∫ j
T

j−1
T

(
X̃2

T

(
j

T

)
− X̃2

T (t)
)
dt

∣∣∣∣∣∣
≤ 2 sup

0≤t≤1
|X̃T (t)| max

1≤j≤T

|εj|√
T
,

which converges in probability to 0. Thus the second relation in (3.13) is established

by the continuous mapping theorem. Assuming that {εj} ∼ NID(0,1), we have

L

 1

T 2

T∑
j=1

(yj − ȳ)2


 = L

(
1

T 2
y′My

)
= L

(
1

T 2
ε′C ′MCε

)

= L
(

1

T 2
ε′MCC ′Mε

)
= L


 1

T 2

T∑
j=1


 T∑

i=j

(εi − ε̄)




2



= L

 1

T 2

T∑
j=1


 j∑

i=1

(εi − ε̄)




2

 ,

where M = IT − ee′/T with e = (1, · · · , 1)′ and C is defined in (1.3). Put X̄T (t) =

XT (t) − tXT (1). Then L(X̄T ) → L(w̄) by Corollary 3.1, where w̄ = {w(t) − tw(1)}.
We now obtain ∣∣∣∣∣∣∣

1

T 2

T∑
j=1


 j∑

i=1

(εi − ε̄)




2

−
∫ 1

0
X̄2

T (t)dt

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣
T∑

j=1

∫ j
T

j−1
T

(
X̄2

T

(
j

T

)
− X̄2

T (t)
)
dt

∣∣∣∣∣∣
≤ 2 sup

0≤t≤1
|X̄T (t)|

(
max

1≤j≤T

|εj|√
T

+
1

T
|XT (1)|

)
,

which converges in probability to 0. Thus the last relation in (3.13) is established by

the continuous mapping theorem.
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4.9 It follows from (3.8) that

σ̂2 =
1

T − 1

T∑
j=2

(yj − yj−1 − (ρ̂− 1)yj−1)
2

=
1

T − 1


 T∑

j=2

ε2
j − 2(ρ̂− 1)

T∑
j=2

yj−1εj + (ρ̂− 1)2
T∑

j=2

y2
j−1


 .

Since ρ̂− 1 = Op(T
−1) and

T∑
j=2

yj−1εj = Op(T ) ,
T∑

j=2

y2
j−1 = Op(T

2) ,

it is seen that σ̂2 → σ2 in probability.

5.1 There exists m such that l|αl| < 1 for all l > m. Thus we have

∞∑
l=0

l2α2
l =

m∑
l=0

l2α2
l +

∞∑
l=m+1

l2α2
l

≤
m∑

l=0

l2α2
l +

∞∑
l=m+1

l|αl| <∞ .

5.2 Put α(L) =
∞∑
l=0

αlL
l, where L is the lag operator. Then α(L) = α− (α− α(L)),

where

α− α(L) =
∞∑

k=1

αk

(
1 − Lk

)
= (1 − L)

∞∑
k=1

αk

k−1∑
l=0

Ll

= (1 − L)
∞∑
l=0

∞∑
k=l+1

αkL
l = (1 − L)

∞∑
l=0

α̃lL
l

which yields (3.20). Here the interchange of the order of summation is justified because

of the assumption (3.19).

5.3 We first note that

∞∑
l=0

|α̃l| ≤
∞∑
l=0

∞∑
k=l+1

|αk| =
∞∑

k=1

k−1∑
l=0

|αk|

=
∞∑

k=1

k|αk| .
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This last quantity is finite because of (3.19). Thus
∞∑
l=0

α̃2
l <∞ and {ε̃j} is well defined

in the m.s. sense so that E(ε̃j) = 0 and E(ε̃j ε̃j+k) = σ2
∞∑
l=0

α̃lα̃l+|k| .

5.4 Suppose that α(L) =
p∑

l=0

αlL
l. Then α(L) = α(1) − (α(1) − α(L)), where

α(1) − α(L) =
p∑

k=1

αk

(
1 − Lk

)
= (1 − L)

p∑
k=1

αk

k−1∑
l=0

Ll

= (1 − L)
p−1∑
l=0

p∑
k=l+1

αkL
l .

Thus we obtain
p∑

l=0

αl εj−l = α(1)εj − (1 − L)
p−1∑
l=0

βl εj−l ,

where βl =
p∑

k=l+1

αk .

5.5 If max
1≤j≤n

|Zj| > δ, then there exists j such that |Zj| > δ. Thus
n∑

j=1

Z2
j I(|Zj| > δ)

≥ Z2
j > δ2. On the other hand, if

n∑
j=1

Z2
j I(|Zj| > δ) > δ2, there must exist j such that

|Zj| > δ. Thus max
1≤j≤n

|Zj| > δ.

5.6 Using YT (t) defined in (3.17) we have

1

T 2

T∑
j=1

y2
j −
∫ 1

0
Y 2

T (t)dt =
T∑

j=1

∫ j
T

j−1
T

[
Y 2

T

(
j

T

)
− Y 2

T (t)
]
dt

and ∣∣∣∣Y 2
T

(
j

T

)
− Y 2

T (t)

∣∣∣∣ ≤ 2 sup
0≤t≤1

|YT (t)| max
1≤j≤T

|uj|√
T
.

This last quantity converges in probability to 0 because of (3.27) and (3.28) together

with sup |YT (t)| = Op(1). Thus (3.30) follows from Theorem 3.7 with σ = 1 and

the continuous mapping theorem. The weak convergence in (3.31) can be established

similarly by following the same lines as in the solution to Problem 4.8.
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6.1 Putting aj = s2
j/s

2
n we can express ξn(t) as ξn(t) = αξn(aj−1) + βξn(aj), where

α = (aj − t)/(aj − aj−1) ≥ 0 and β = 1 − α. This means that ξn(t) is on the line

joining (aj−1, ξn(aj−1)) and (aj , ξn(aj)).

6.2 When {εj} is i.i.d.(0, σ2), we have s2
n = nσ2 and (3.34) follows from the weak law

of large numbers. On the other hand, (3.35) reduces to E[ε2
1I(|ε1| >

√
nσδ)] → 0 for

every δ, which clearly holds because E(ε2
1) <∞.

6.3 We first note that

ε2
j = ε2

j I(|εj| ≤ δsn) + ε2
jI(|εj| > δsn) ≤ δ2s2

n + ε2
jI(|εj| > δsn)

so that

max
1≤j≤n

E
(
ε2

j

)
s2

n

≤ δ2 +
1

s2
n

max
1≤j≤n

E
[
ε2

j I(|εj| > δsn)
]

≤ δ2 +
1

s2
n

n∑
j=1

E
[
ε2

j I(|εj| > δsn)
]
,

which implies (3.36) since δ is arbitrary and the Lindeberg condition is imposed.

6.4 The problem is completely the same as in Problem 5.5 by putting εj = Zj sn.

6.5 The relation (3.42) holds since

E [ |X| I(|X| > δ)] =
∫ ∞

0
P ( |X| I(|X| > δ) > x)dx

=
∫ δ

0
P ( |X| I(|X| > δ) > x)dx

+
∫ ∞

δ
P ( |X| I(|X| > δ) > x)dx

= δP ( |X| > δ) +
∫ ∞

δ
P ( |X| > x) dx .

Then the right side of (3.42) is dominated by cE [η2I(|η| > δ)] so that (3.41) holds.

6.6 For a given γ > 0 and sufficiently large δ > 0 we have

sup
j
E
(
ε2

j

)
= sup

j

[
E
[
ε2

jI
(
ε2

j > δ
)]

+ E
[
ε2

jI
(
ε2

j ≤ δ
)]]

≤ γ + δ ,
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which yields the conclusion.

6.7 To show that (3.34) holds with εj replaced by εjn = jηj/n, we use the method

of truncation (see, for example, Roussas (1973, p.146)). Define, for any δ > 0,

Yj =



ε2

jn (ε2
jn ≤ δn) ,

0 (ε2
jn > δn) ,

Zj =




0 (ε2
jn ≤ δn) ,

ε2
jn (ε2

jn > δn) ,

so that ε2
jn = Yj + Zj. Then it holds that

P



∣∣∣∣∣∣
1

s2
n

n∑
j=1

(
ε2

jn −E(ε2
jn)
)∣∣∣∣∣∣ > 3γ




≤ P


 1

s2
n



∣∣∣∣∣∣

n∑
j=1

(Yj − E(Yj))

∣∣∣∣∣∣+
∣∣∣∣∣∣

n∑
j=1

Zj

∣∣∣∣∣∣+
∣∣∣∣∣∣

n∑
j=1

(E(Yj) − E
(
ε2

jn)
)∣∣∣∣∣∣

 > 3γ




≤ P


 1

s2
n

∣∣∣∣∣∣
n∑

j=1

(Yj − E(Yj))

∣∣∣∣∣∣ > γ


+ P


 n∑

j=1

Zj �= 0




+P


 1

s2
n

∣∣∣∣∣∣
n∑

j=1

(
E(Yj) −E(ε2

jn)
)∣∣∣∣∣∣ > γ


 .

Here the first term is bounded by

1

γ2s4
n

n∑
j=1

V (Yj) ≤ 1

γ2s4
n

n∑
j=1

E
[
ε4

jnI(ε
2
jn ≤ δn)

]

≤ δn

γ2s4
n

n∑
j=1

E
[
ε2

jnI(ε
2
jn ≤ δn)

]

≤ δn2σ2

γ2s4
n

≤ c1δ

γ2
for some c1 > 0 .

The second term is bounded by

nP (Zn �= 0) = nP
(
ε2

nn > δn
)

≤ 1

δ
E
[
ε2

nnI(ε
2
nn > δn)

]
≤ δ for n sufficiently large.
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As for the third term we have

1

s2
n

|
n∑

j=1

(
E(Yj) − E(ε2

jn)
)
| =

1

s2
n

n∑
j=1

E
[
ε2

jn I(ε
2
jn > δn)

]

≤ δ2n

s2
n

≤ c2δ
2

for sufficiently large n and some c2 > 0. Putting δ = γ3 we now establish (3.34) with

εj replaced by εjn. We next consider

1

s2
n

n∑
j=1

E
[
ε2

jn I(|εjn| > δsn)
]

≤ 1

s2
n

n∑
j=1

E
[
η2

j I(|ηj| > δsn)
]

=
n

s2
n

E
[
η2

1 I(|η1| > δsn)
]
,

which clearly converges to 0 for every δ > 0 so that (3.35) holds with εj replaced by

εjn.

7.1 Using the BN decomposition ui = αεi + ε̃i−1 − ε̃i in (3.20) and substituting this

into (3.45) it is easy to establish (3.49).

7.2 The inequality easily follows from the definition of Rn(t) in (3.51) and 0 ≤
(ts2

n − s2
j−1)/(s

2
j − s2

j−1) ≤ 1.

7.3 From the definition of {ε̃j} in (3.53) with {εj} being a martingale difference it is

easy to derive

E(ε̃2
j) =

∞∑
l=0

α̃2
lE(ε2

j−l) .

Moreover we have sup
j
E(ε2

j) ≤ cE(η2) so that (3.55) is established.

7.4 We have, for any δ > 0,

E
(
ε̃2

jI(|ε̃j| > δ)
)
≤ E

(
ε̃2

j

( |ε̃j|
δ

)γ

I(|ε̃j| > δ)

)
≤ 1

δγ
E
(
|ε̃j|2+γ

)

so that the result follows.
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7.5 It can be proved easily that strong uniform integrability of {εj} with a bounding

variable η(E(|η|2+γ) <∞) implies sup
j
E(|εj|2+γ) <∞. Then it follows from Hölder’s

inequality that

(S4) |ε̃j| ≤
∞∑
l=0

|α̃l|
1
p

(
|α̃l|

1
q |εj−l|

) (
1

p
+

1

q
= 1, q > 1

)

≤
( ∞∑

l=0

|α̃l|
) 1

p
( ∞∑

l=0

|α̃l| |εj−l|q
) 1

q

so that

sup
j
E(|ε̃j|q) ≤ sup

j
E(|εj|q)

( ∞∑
l=0

|α̃l|
)q

.

Putting q = 2 + γ we obtain the conclusion.

7.6 Putting p = q = 2 in (S4) we obtain

ε̃2
j ≤ sup

j
ε2

j

( ∞∑
l=0

|α̃l|
)2

≡ |X| .

Thus we have

1

s2
n

n∑
j=1

E
[
ε̃2

j I
(
ε̃2

j > s2
nδ
)]

≤ E
[
|X| I

(
|X| > s2

nδ
)] (s2

n

n

)−1

,

which converges to 0 because E(|X|) <∞ by assumption and s2
n is the same order as

n.

8.1 Note that (1− L)y
(d)
j = εj/(1− L)d−1 = y

(d−1)
j , which yields y

(d)
j = y

(d)
j−1 + y

(d−1)
j .

By back substitution this produces y
(d)
j = y

(d−1)
1 + · · · + y

(d−1)
j .

8.2 It is easy to establish the first inequality, which is bounded by

j∑
i=1

∫ i
n

i−1
n

∣∣∣∣Y (1)
n

(
i

n

)
− Y (1)

n (s)

∣∣∣∣ ds+
∫ j

n

t

∣∣∣Y (1)
n (s)

∣∣∣ ds+
1√
n

max
1≤j≤n

|εj|

≤ 2√
n

max
1≤j≤n

|εj| + 1

n
sup

0≤t≤1

∣∣∣Y (1)
n (t)

∣∣∣ .
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8.3 It is sufficient to show that the quantities on the right side of (3.63) converge

in probability to 0. The first term does because of (3.11) (see Problem 4.6), while

sup
0≤t≤1

|Y (1)
n (t)| = Op(1) because L( sup

0≤t≤1
|Y (1)

n (t)|) →L(σ sup
0≤t≤1

|w(t)|). Thus the second

term also converges in probability to 0.

8.4 It is obvious that the first inequality holds. Since

y
(k)
j =

εj

(1 − L)k
= Σ · · ·Σ εi , (k Σ’s) ,

it holds that |y(k)
j | ≤ nk max

1≤j≤n
|εj| , which establishes the second inequality.

8.5 Using the BN decomposition we obtain

(S5) y
(d)
j =

uj

(1 − L)d
=

1

(1 − L)d
[αεj − (1 − L)ε̃j ]

= α
εj

(1 − L)d
− ε̃j

(1 − L)d−1
= αx

(d)
j − z

(d−1)
j ,

where (1 − L)d x
(d)
j = εj , (1 − L)d−1z

(d−1)
j = ε̃j . Therefore we have

Y (d)
n (t) =

1

nd− 1
2

y
(d)
[nt] + (nt− [nt])

1

nd− 1
2

y
(d−1)
[nt]+1

= α
[

1

nd− 1
2

x
(d)
[nt] + (nt− [nt])

1

nd− 1
2

x
(d−1)
[nt]+1

]
+Rn(t) ,

where

|Rn(t)| =
1

nd− 1
2

∣∣∣ z(d−1)
[nt] + (nt− [nt]) z

(d−2)
[nt]+1

∣∣∣
≤ 1√

n
max
0≤j≤n

| ε̃j | + 1

n
√
n

max
0≤j≤n

| ε̃j | .

Since sup
0≤t≤1

|Rn(t)| converges in probability to 0 (see (3.27)), Theorem 3.10 follows

from the result for the case uj = εj and the continuous mapping theorem.

8.6 We have only to show that the right side of (3.72) converges in probability to

0. Since L
(

sup
0≤t≤1

|Y (d)
T (t)|

)
→ L

(
|α|σ sup

0≤t≤1
|Fd−1(t)|

)
so that sup

0≤t≤1
|Y (d)

T (t)| = Op(1)

and

1

T d− 1
2

max
1≤j≤T

∣∣∣y(d−1)
j

∣∣∣ ≤ 1√
T

max
1≤j≤T

|uj| ,
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we obtain the conclusion noting that max
1≤j≤T

|uj|/
√
T converges in probability to 0

because of strict and second-order stationarity of {uj}.

9.1 Abel’s transformation corresponds to the partial integration formula and can be

proved easily. Putting ai = ρj−i
n and bi = Si, we obtain

aj+1bj − a1b0 = ρ−1
n Sj ,

(ai+1 − ai) bi = (1 − ρn) ρj−i−1
n Si ,

which establishes (3.78).

9.2 Consider |ht(x; γ) − ht(y; γ)| for x, y ∈ C, which is bounded by (2 + e|β|)ρ(x, y)

so that h is a continuous mapping defined on C.

9.3 The partial integration formula yields

∫ t

0
eβsdw(s) = eβtw(t) − β

∫ t

0
eβsw(s)ds ,

which leads us to the conclusion.

9.4 We need to prove that the right side of (3.84) converges in probability to 0

uniformly in j as n→ ∞. Consider

Ajn ≤ sup
0≤t≤1

∣∣∣∣∣ exp

{
[nt] log

(
1 − β

n

)}
− e−βt

∣∣∣∣∣ ,

where log

(
1 − β

n

)
= −β

n
+O(n−2). Then it holds that

Ajn ≤ c | exp(O(n−1)) − 1| −→ 0

with c being a positive constant. We can show similarly that Cjn → 0 in probability,

while it is almost obvious that Bjn → 0 and Djn → 0 in probability.

9.5 We have

|VT − h(XT )| =

∣∣∣∣∣∣
1

T

T∑
j=1

X2
T

(
j

T

)
−
∫ 1

0
X2

T (t)dt

∣∣∣∣∣∣
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≤ 2 sup
0≤t≤1

|XT (t)| 1√
T

max
1≤j≤T

|yj − yj−1|

≤ 2 sup
0≤t≤1

|XT (t)|
[ |β|
T

sup
0≤t≤1

|XT (t)| + 1√
T

max
1≤j≤T

|εj|
]
,

which converges in probability to 0. Then L(VT/σ
2) → L(h(X)) since L(XT/σ) →

L(X) and L(h(XT/σ)) → L(h(X)).

9.6 The stochastic process {Xn(t)} in the theorem can be rewritten as in (3.86) with

X(0) replaced by αX(0), where Yn(t) is now defined, using the BN decomposition, as

Yn(t) =
1√
n

[nt]∑
j=1

uj + (nt− [nt])
1√
n
u[nt]+1

= αZn(t) +Rn(t) .

Here Zn(t) is given by the right side of (3.82), while Rn(t) is the remainder term

defined by (3.25). We also have

yj = αxj +
j∑

i=1

ρj−i
n (ε̃i−1 − ε̃i) ,

xj =

(
1 − β

n

)
xj−1 + εj , x0 =

√
nσX(0) .

Then Xn(t) = αUn(t) +Mn(t), where

Un(t) = ρj−1
n σX(0) + ρ−1

n Zn

(
j − 1

n

)
− β

n

j−1∑
i=1

ρj−i−2
n Zn

(
i

n

)

+n
(
t− j − 1

n

)
xj − xj−1√

n
,

Mn(t) = ρ−1
n Rn

(
j − 1

n

)
− β

n

j−1∑
i=1

ρj−i−2
n Rn

(
i

n

)

+n
(
t− j − 1

n

)
1√
n


 j∑

i=1

ρj−i
n (ε̃i−1 − ε̃i) −

j−1∑
i=1

ρj−i−1
n (ε̃i−1 − ε̃i)


 .

Using the fact that sup
0≤t≤1

|Rn(t)| → 0 in probability, we can show that sup
0≤t≤1

|Mn(t)| → 0

in probability. Thus L(Xn/σ) → L(αX) by the continuous mapping theorem since

L(Un/σ) → L(X).
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10.1 Define

h(x) = tr
(∫ 1

0
x(t)x′(t)dt

)
, x ∈ Cq .

Then we note that

1

T 2

T∑
j=1

y′jH
′Hyj = tr


H ′H

1

T 2

T∑
j=1

yjy
′
j


 ,

which converges in distribution to h(HΣ
1
2w∼). This establishes (3.94).

10.2 We first note that

∞∑
l=0

‖Ãl‖ ≤
∞∑
l=0

∞∑
k=l+1

‖Ak‖ =
∞∑

k=1

k−1∑
l=0

‖Ak‖

=
∞∑

k=1

k‖Ak‖ <∞ .

Thus
∞∑
l=0

AlA
′
l converges and {ε̃j} is well defined in the m.s. sense so that E(ε̃j) = 0

and

E(ε̃j ε̃
′
j+k) =




∞∑
l=0

AlA
′
l+k (k ≥ 0) ,

∞∑
l=0

Al−kA
′
l (k < 0) .

10.3 The inequality follows from the triangle inequality and the Cauchy-Schwarz

inequality.

10.4 Using the relation

aa′ − bb′ = (a− b)(a− b)′ + b(a− b)′ + (a− b)b′ ,

it is easy to obtain that, for x fixed,

‖h(x) − h(y)‖ ≤
[
ρ2

q(x, y) + 2ρq(x, y) sup
0≤t≤1

‖x(t)‖
]
× q

so that h is a continuous mapping defined on Cq.
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10.5 The first inequality is obvious, while the second comes from the fact that∣∣∣∣YkT

(
j

T

)
− YkT (t)

∣∣∣∣ ≤ ‖A−1‖ 1√
T

max
1≤j≤T

‖uj‖ .

The right side above converges in probability to 0 if
T∑

j=1

u′jujI(u
′
juj > Tδ)/T converges

in probability to 0 for any δ > 0, which follows from second-order stationarity of {uj}
and the Markov inequality.

10.6 Define x
(d)
j = εj/(1 − L)d with x

(d)
−(d−1) = x

(d)
−(d−2) = · · · = x

(d)
0 = 0 and put, for

d ≥ 2,

X(d)
n (t) =

1

nd− 1
2

x
(d)
[nt] + (nt− [nt])

1

nd− 1
2

x
(d−1)
[nt]+1

=
1

n

[nt]∑
j=1

X(d−1)
n

(
j

n

)
+ (nt− [nt])

1

nd− 1
2

x
(d−1)
[nt]+1 ,

where

X(1)
n (t) =

1√
n

[nt]∑
j=1

εj + (nt− [nt])
1√
n
ε[nt]+1 .

Using the BN decomposition we have y
(d)
j = uj/(1−L)d = Ax

(d)
j −z(d−1)

j with z
(d−1)
j =

ε̃j/(1 − L)d−1 so that Y (d)
n (t) = AX(d)

n (t) +Rn(t), where

|Rin(t)| ≤ 1

nd− 1
2

∥∥∥z(d−1)
[nt] + (nt− [nt]) z

(d−2)
[nt]+1

∥∥∥
≤ 1√

n
max
0≤j≤n

‖ε̃j‖ +
1

n
√
n

max
0≤j≤n

‖ε̃j‖ .

It is seen that ρq(Y
(d)
n , AX(d)

n ) → 0 in probability. Define now

Gdn(t) =
∫ t

0
X(d)

n (s)ds ,

where L(G1n) → L(F1). Since it can be shown that ρ(X(2)
n , G1n) → 0 in probability,

it holds that L(Y (2)
n ) → L(AF1).

10.7 Suppose that the theorem holds for d = k− 1 (≥ 3). Using the notations in the

solution to Problem 10.6, we have Y (k)
n (t) = AX(k)

n (t)+Rn(t) with ρq(Y
(k)
n , AX(k)

n ) →
0 in probability and

‖X(k)
n (t) −Gk−1,n(t)‖ ≤ 2√

n
max
1≤j≤n

‖εj‖ +
1

n
sup

0≤t≤1
‖X(k−1)

n (t)‖ ,
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which converges in probability to 0. Since L(X(k−1)
n ) → L(Fk−2) and L(Gk−1,n) →

L(Fk−1) by assumption, we can conclude that L(X(k)
n ) → L(Fk−1) and thus L(Y (k)

n ) →
L(AFk−1).

10.8 The first inequality is obvious. The second inequality can be obtained by using

the relation aa′ − bb′ = (a− b)(a− b)′ + b(a− b)′ + (a− b)b′.

10.9 Note that, for (j − 1)/T ≤ t ≤ j/T ,

Y
(d)
T (t) =

1

T d− 1
2

y
(d)
j−1 + T

(
t− j − 1

T

)
1

T d− 1
2

y
(d−1)
j ,

so that dY
(d)
T (t)/dt = y

(d−1)
j /T d− 3

2 = (y
(d)
j − y

(d)
j−1)/T

d− 3
2 . Thus the left side of (3.110)

is equal to

T∑
j=1

∫ j
T

j−1
T


 y(d)

j−1

T d− 1
2

+ T
(
t− j − 1

T

) y(d−1)
j

T d− 1
2


 dt (y

(d)
j − y

(d)
j−1)

′

T d− 3
2

=
1

T 2d−1

T∑
j=1

y
(d)
j−1

(
y

(d)
j − y

(d)
j−1

)′
+

1

2T 2d−1

T∑
j=1

y
(d−1)
j

(
y

(d)
j − y

(d)
j−1

)′

= U
(d)
T +

1

2T 2d−1

T∑
j=1

y
(d−1)
j

(
y

(d−1)
j

)′
.

10.10 It holds that

T∑
j=1

[
y

(d)
j−1

(
y

(d)
j − y

(d)
j−1

)′
+
(
y

(d)
j − y

(d)
j−1

) (
y

(d)
j−1

)′]

= −

 T∑

j=1

(
y

(d)
j − y

(d)
j−1

) (
y

(d)
j − y

(d)
j−1

)′ − T∑
j=1

y
(d)
j

(
y

(d)
j

)′
+

T∑
j=1

y
(d)
j−1

(
y

(d)
j−1

)′
so that

U
(d)
T +

(
U

(d)
T

)′
=

1

T 2d−1
y

(d)
T

(
y

(d)
T

)′ − 1

T 2d−1

T∑
j=1

y
(d−1)
j

(
y

(d−1)
j

)′

= Y
(d)
T (1)

(
Y

(d)
T (1)

)′
+Op

(
1

T

)
.

We now have (3.111) because of (3.108).
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11.1 Noting that dXT (t)/dt =
√
T (xj − xj−1) for (j − 1)/T ≤ t ≤ j/T , we have

∫ 1

0
XT (t)dXT (t)

=
T∑

j=1

∫ j
T

j−1
T

[
xj−1√
T

+ T
(
t− j − 1

T

)
xj − xj−1√

T

]
dt

√
T (xj − xj−1)

=
1

T

T∑
j=1

xj−1(xj − xj−1) +
1

2T

T∑
j=1

(xj − xj−1)
2 ,

which yields the right side of (3.113).

11.2 Noting that εj = xj − xj−1 + βxj−1/T we have

(S6)
1

T

T∑
j=1

xj−1εj =
1

T

T∑
j=1

xj−1(xj − xj−1) +
β

T 2

T∑
j=1

x2
j−1 ,

where

L

 1

T

T∑
j=1

xj−1(xj − xj−1) ,
β

T 2

T∑
j=1

x2
j−1


 −→ L

(∫ 1

0
X(t)dX(t) , β

∫ 1

0
X2(t)dt

)
.

It follows from the continuous mapping theorem that

L

 1

T

T∑
j=1

xj−1εj


 −→ L

(∫ 1

0
X(t)dX(t) + β

∫ 1

0
X2(t)dt

)

= L
(∫ 1

0
X(t)dw(t)

)
.

11.3 Note that

1

T

T∑
j=1

xj−1(xj − xj−1) =
1

2T
(x2

T − x2
0) −

1

2T

T∑
j=1

(
−β

T
xj−1 + uj

)2

=
1

2T
(x2

T − x2
0) −

1

2T

T∑
j=1

u2
j +RT ,

where

RT = − β2

2T 3

T∑
j=1

x2
j−1 +

β

T 2

T∑
j=1

xj−1uj .
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It follows from the results in Section 9 that RT → 0 in probability and

L
(

1

T
x2

T ,
1

T
x2

0

)
−→ L

(
α2X2(1) , α2X2(0)

)
,

1

T

T∑
j=1

u2
j −→

∞∑
l=0

α2
l in probability.

Thus Theorem 3.15 follows.

11.4 Since (S6) holds with εj replaced by uj and

L

 1

T

T∑
j=1

xj−1(xj − xj−1) ,
β

T 2

T∑
j=1

x2
j−1




−→ L
(
α2
∫ 1

0
X(t)dX(t) +

1

2

(
α2 −

∞∑
l=0

α2
l

)
, α2β

∫ 1

0
X2(t)dt

)
,

(3.117) follows from the continuous mapping theorem.

11.5 Since it holds that

1

T

T∑
j=1

y′jHεj = tr


H 1

T

T∑
j=1

εjy
′
j−1


+ tr


H 1

T

T∑
j=1

εjε
′
j


 ,

(3.120) follows from (3.119), the weak law of large numbers and the continuous map-

ping theorem.

11.6 The first equality is obvious and the remainder term in the second equality is

1

T


A T∑

j=1

zj−1(ε̃j−1 − ε̃j)
′ − A

T∑
j=1

εj ε̃
′
j + ε̃0

T∑
j=1

u′j




=
1

T


A T∑

j=1

zj−1ε̃
′
j−1 − A

T∑
j=1

(zj − εj)ε̃
′
j − A

T∑
j=1

εj ε̃
′
j + ε̃0

T∑
j=1

u′j




=
1

T


A(z0ε̃

′
0 − zT ε̃

′
T ) + ε̃0

T∑
j=1

ũ′j


 ,

which is evidently op(1).
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11.7 Define vj = (ε′j , ε̃
′
j)

′ and wj = (ε̃′j−1 , u
′
j)

′. Then {vj} and {wj} are strictly

stationary with zero means and finite second moments. It now follows from Theorem

2 of Hannan (1970, p.203) that

1

T

T∑
j=1

εj ε̃
′
j −→ E(εj ε̃

′
j) = E

[
εj

( ∞∑
k=0

Ãk εj−k

)′ ]
(a.s.)

= Ã′
0 = (A−A0)

′ ,

1

T

T∑
j=1

ε̃j−1 u
′
j −→ E(ε̃j−1u

′
j) = E

[ ∞∑
l=0

Ãl εj−1−l

( ∞∑
m=0

Amεj−m

)′ ]
(a.s.)

=
∞∑
l=0

Ãl A
′
l+1 =

∞∑
l=0


 ∞∑

k=l+1

Ak


A′

l+1 .

11.8 We have only to show that

∞∑
k=1

∞∑
l=0

αl αk+l =
1

2

(
α2 −

∞∑
l=0

α2
l

)
.

Since the right side is equal to

∑
l<k

αl αk =
∞∑

k=1

∞∑
l=0

αl αk+l ,

we have the conclusion.

Chapter 4.

1.1 It is easy to obtain

ln(α)

ln(β)
= exp


β − α

n

n∑
j=1

yj−1(yj − yj−1) − α2 − β2

2n2

n∑
j=1

y2
j−1


 ,

where it holds by the result of Section 3.11 and the continuous mapping theorem that

L

1

n

n∑
j=1

yj−1(yj − yj−1),
1

n2

n∑
j=1

y2
j−1


 −→ L

(∫ 1

0
y(t)dy(t),

∫ 1

0
y2(t)dt

)
.

Thus we establish (4.7) using again the continuous mapping theorem.
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1.2 The expressions up to the second last line are a consequence of Theorem 4.1 and

the Ito calculus d (Y 2(t)) = 2Y (t)dY (t) + dt. Since

Y (1) = κe−β + e−β
∫ 1

0
eβsdw(s) ∼ N(µ, σ2) ,

where µ = κe−β and σ2 = (1 − e−2β)/(2β), we have

E
(
eθS1

)
=
[
1 − (β − α)σ2

]− 1
2 exp

[
α− β

2

(
κ2 + 1 − µ2

1 − (β − α)σ2

)]
,

which yields the last expression in (4.8).

1.3 Putting X = Y (1) and Y =
∫ 1

0
Y (t)dt we have that (X, Y )′ ∼ N(µ,Σ), where

µ =


 κe−β

(1 − e−β)
κ

β


 ,

Σ =




1 − e−2β

2β

1

β2

(
1

2
− e−β +

e−2β

2

)

1

β2

(
1

2
− e−β +

e−2β

2

)
1

β3

(
β − 3

2
+ 2e−β − e−2β

2

)

 .

Therefore we obtain

E

[
exp

{
β − α

2
X2 − θY 2

}]
= | I2 − ΣΛ|− 1

2 exp
[
1

2
µ′Σ−1{(I2 − ΣΛ)−1 − I2}µ

]
,

where Λ = diag(β−α, −2θ). We can arrive at the last expression in (4.11) after some

manipulations.

1.4 Using Theorem 4.1 we have

E
[
exp
{
θ
∫ 1

0
(w(t) − tw(1))2dt

}]

= E

[
exp

{(
β

2
+
θ

3

)
Y 2(1) − 2θY (1)

∫ 1

0
tY (t)dt− β

2

}]
,

where β =
√−2θ. Putting

X = Y (1) = e−β
∫ 1

0
eβsdw(s) ,

Y =
∫ 1

0
tY (t)dt =

∫ 1

0

{
s

β
+

1

β2
−
(

1

β
+

1

β2

)
e−β(1−s)

}
dw(s) ,
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we obtain

V (X) =
1 − e−2β

2β
,

Cov(X, Y ) =
1

2β2
− 1

2β3
+

(
1

2β2
+

1

2β3

)
e−2β ,

V (Y ) =
1

3β2
− 1

2β3
+

1

2β5
−
(

1

2β3
+

1

β4
+

1

2β5

)
e−2β ,

from which we can arrive at the result after some algebra.

1.5 We obtain

V (Y (0)) =
1

2α
, V (Y (1)) =

e−2β

2α
+

1 − e−2β

2β
,

V
(∫ 1

0
Y (t)dt

)
=

1

β2

[
1 +

1

2α
− 3

2β
+

(
2

β
− 1

α

)
e−β +

(
1

2α
− 1

2β

)
e−2β

]
,

Cov(Y (0), Y (1)) =
e−β

2α
, Cov

(
Y (0),

∫ 1

0
Y (t)dt

)
=

1

2αβ
(1 − e−β) ,

Cov
(
Y (1),

∫ 1

0
Y (t)dt

)
=

1

β2

[
1

2
+

(
β

2α
− 1

)
e−β +

(
1

2
− β

2α

)
e−2β

]
.

Noting that the above three random variables are normally distributed with means 0,

some manipulations yield (4.14) and (4.15).

1.6 We can proceed in the same way as in the solution to Problem 1.2. A different

definition of β gives a different final expression.

1.7 Since E[exp(θ1U + θ2S1)] = E[exp{θ(xS1 − U)}] with θ = −θ1 and x = −θ2/θ1,
the joint m.g.f. of U and S1 is derived from (4.17) replacing θ, x and β by −θ1, −θ2/θ1
and

√
α2 − 2θ2, respectively.

1.8 Replacing κ in (4.17) by X(0) and noting that E [exp {θX2(0)}] = (1 − θ/α)−
1
2 ,

we obtain, from (4.17),

E [ exp {θ(xS1 − U)}] = E [E [exp {θ(xS1 − U)} |X(0) ] ]
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= exp

(
α+ θ

2

)




1 −

θ

(
α +

θ

2
+ x

)

αg(θ)

sinh β

β


 g(θ)




− 1
2

= exp

(
α+ θ

2

)

g(θ) −

θ

(
α +

θ

2
+ x

)

α

sinh β

β




− 1
2

,

where g(θ) = cosh β + (α + θ) sinh β/β. This gives us (4.19).

1.9 Noting that

T (ρ̂− 1) =

1

T

T∑
j=1

yj−1(yj − yj−1)

1

T 2

T∑
j=1

y2
j−1

,

L

 1

T

T∑
j=1

yj−1(yj − yj−1) ,
1

T 2

T∑
j=1

y2
j−1


 −→ L

(∫ 1

0
X(t)dX(t) ,

∫ 1

0
X2(t)dt

)
,

we can establish (4.20) by the continuous mapping theorem.

1.10 By the conditional argument leading to (4.24) we have

E [ exp {iθ(xS1 − V )}] = E

[
exp

{
i

(
θx+

iθ2

2

)
S1

}]

and thus, replacing θ by i (θx+ (iθ2)/2) in (4.14), we obtain (4.25). Note that

cosh
√−θ = cos

√
θ and sinh

√−θ/√−θ = sin
√
θ/
√
θ.

1.11 Noting that

T (β̂ − β) =

1

T

T∑
j=1

y1jε2j

1

T 2

T∑
j=1

y2
1j

,
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L

 1

T

T∑
j=1

y1jε2j ,
1

T 2

T∑
j=1

y2
1j


 −→ L

(∫ 1

0
X1(t)dw2(t) ,

∫ 1

0
X2

1 (t)dt
)
,

we can establish (4.26) by the continuous mapping theorem.

2.1 Since dYg(t)/dt = βYg(t) + Fg−1(t) and dg−1Fg−1(t)/dt
g−1 = w(t), (4.33) follows

by differentiation.

2.2 Noting that (1−L)g(1− (1 + (β/T ))L)yj = (1− (1 + (β/T )L)zj = εj we obtain

lT (0)

lT (α)

∣∣∣∣∣
β

= exp


−α
T

T∑
j=1

zj−1(zj − zj−1) +
α2

2T 2

T∑
j=1

z2
j−1


 ,

where zj = (1 + (β/T ))zj−1 + εj . Therefore (4.39) holds by the continuous mapping

theorem. Since zj = (1 − L)gyj, {Z(t)} must satisfy Z(t) = dgYg(t)/dt
g.

2.3 The expressions up to the third equality are a consequence of Theorem 4.2. Since

dY1(t) = (βY1(t) + w(t))dt, we have

∫ 1

0

dY1(t)

dt
d

(
dY1(t)

dt

)
=

1

2

[
(βY1(1) + w(1))2 − 1

]
,

∫ 1

0

(
dY1(t)

dt

)2

dt =
∫ 1

0
(βY1(t) + w(t))2 dt

= β2
∫ 1

0
Y 2

1 (t)dt+ 2β
∫ 1

0
Y1(t) (dY1(t) − βY1(t)dt)

+
∫ 1

0
w2(t)dt

= −β2
∫ 1

0
Y 2

1 (t)dt+ βY 2
1 (1) +

∫ 1

0
w2(t)dt ,

which yields the last expression in (4.41).

2.4 The first equality is a consequence of Theorem 4.1. Since

X = X(1) = eγ
∫ 1

0
e−γsdw(s) ,

Y =
∫ 1

0
e−βtX(t)dt =

1

β − γ

∫ 1

0
(e−βt − eγ−βe−γt)dw(t) ,
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we obtain (X, Y )′ ∼ N(0,Σ), where

Σ11 =
e2γ − 1

2γ
, Σ12 =

1

β − γ

[
e−β(1 − e2γ)

2γ
− e−β − eγ

β + γ

]
,

Σ22 =
1

(β − γ)2

[
1 − e−2β

2β
+

2e−β(e−β − eγ)

β + γ
+
e−2β(e2γ − 1)

2γ

]
.

Then

m1(θ) = |I2 − 2AΣ|− 1
2 exp

(
β + γ

2

)
,

where A11 = (−β − γ)/2, A12 = A21 = −β2eβ/2 and A22 = 0. Some manipulations

yield the last expression in (4.42).

2.5 The derivation is almost the same as in the solution to Problem 2.4. We arrive

at

E [ exp {θ (xS(F1) − U)}] = | I2 − 2BΣ |− 1
2 exp

(
β + γ

2

)
,

where B11 = (−β − γ)/2, B22 = −θe2β/2, B12 = B21 = −β2eβ/2, while Σ is defined

in the solution to Problem 2.4. The last expression in (4.44) is obtained after some

calculations.

2.6 Noting that

T (ρ̂− 1) =

1

T 3

T∑
j=1

yj−1(yj − yj−1)

1

T 4

T∑
j=1

y2
j−1

,

L

 1

T 3

T∑
j=1

yj−1(yj − yj−1) ,
1

T 4

T∑
j=1

y2
j−1


 −→ L

(∫ 1

0
F1(t)dF1(t) ,

∫ 1

0
F 2

1 (t)dt
)
,

we can establish (4.46) by the continuous mapping theorem.

2.7 Noting that

T 2(β̂ − β) =

1

T 2

T∑
j=1

y1jε2j

1

T 4

T∑
j=1

y2
1j

,
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L

 1

T 2

T∑
j=1

y1jε2j ,
1

T 4

T∑
j=1

y2
1j


 −→ L

(∫ 1

0
F1(t)dw2(t) ,

∫ 1

0
F 2

1 (t)dt
)
,

we can establish (4.50) by the continuous mapping theorem.

3.1 Since it holds that

L
(∫ 1

0
w′(t)Hw(t)dt

)
= L

(∫ 1

0
w′(t)Λw(t)dt

)
,

where Λ is the diagonal matrix with the eigenvalues of H on diagonals, we have (4.58)

because of (4.10) and the independence property of components of {w(t)}.

3.2 We have, from the matrix version of Ito’s theorem,∫ 1

0
X(t)dX ′(t) +

(∫ 1

0
X(t)dX ′(t)

)′
= X(1)X ′(1) − Iq .

Premultiplying A and taking the trace yield the conclusion.

3.3 It follows from (4.54) that

X(1) ∼ N
(
0,

1

2
A−1(e2A − Iq)

)

so that

E(eθS1) =

∣∣∣∣Iq +
1

2
(e2A − Iq)

∣∣∣∣
− 1

2

exp
{

1

2
tr (A)

}

=
q∏

j=1

[
1

2

{
exp(2

√
−2θλj) + 1

}
exp(−

√
−2θλj)

]− 1
2

=
q∏

j=1

(cosh
√
−2θλj)

− 1
2 ,

which gives (4.58).

3.4 The eigenvalues of H are 1/2 and −1/2, which yields (4.61) because of (4.58).

3.5 When G is symmetric, it follows from (4.59) that S3 = [w′(1)Gw(1)− tr (G)]/2.

Since w(1) ∼ N(0, Iq), we have

E(eθS3) = exp

{
−θ

2
tr (G)

} q∏
j=1

(1 − θλj)
− 1

2 ,
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where λj’s are the eigenvalues of G.

3.6 Noting that

S4 | {w1(t)} ∼ N
(
0,
∫ 1

0
w2

1(t)dt
)
,

we obtain, from (4.58),

E(eθS4) = E

[
exp

{
θ2

2

∫ 1

0
w2

1(t)dt

}]

= (cos θ)−
1
2 .

3.7 Using the relation that

E (w2(s)dw2(t)) =

{
0 s < t
dt s ≥ t ,

we obtain

∫ 1

0

∫ 1

0
w1(t)dw1(s)E (w2(s)dw2(t)) =

∫ 1

0

{∫ 1

t
dw1(s)

}
w1(t)dt

=
∫ 1

0
(w1(1) − w1(t))w1(t)dt ,

from which (4.65) follows.

3.8 Define dX(t) = −βX(t)dt+ dw1(t) with X(0) = 0. Then we need to compute

E
(
eθS5

)
= E

[
E
[
eθS5 |{w1(t)}

]]

= E

[
exp

{
θ2

2

∫ 1

0

(
w1(t) − 1

2
w1(1)

)2

dt

}]

= E

[
exp

{
θ2 + 4β

8
X2(1) − θ2

2
X(1)

∫ 1

0
X(t)dt− β

2

}]
,

where β = iθ and (X, Y )′ ∼ N(0,Σ) with

X = X(1) = e−β
∫ 1

0
eβsdw1(s) ,

Y =
∫ 1

0
X(t)dt =

e−β

β

∫ 1

0

(
eβ − eβs

)
dw1(s) ,
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V (X) =
1 − e−2β

2β
, Cov(X, Y ) =

e−β

2β2
(e−β − 2) +

1

2β2
,

V (Y ) =
e−β

2β3
(−e−β + 4) +

1

β2
− 3

2β3
.

Since E(eθS5) = |I2 − 2AΣ|− 1
2e−

β
2 , where

A =




θ2 + 4β

8
−θ

2

4

−θ
2

4
0


 ,

we obtain E(eθS5) =

(
cos

θ

2

)−1

after some algebra.

Chapter 5.

1.1 Since

X(t) = e−βt
∫ t

0
eβsdw(s) ,

we have

∫ 1

0
X2(t)dt =

∫ 1

0
e−2βt

{∫ t

0

∫ t

0
eβ(u+v)dw(u)dw(v)

}
dt

=
∫ 1

0

∫ 1

0

{∫ 1

max(u,v)
e−2βtdt

}
eβ(u+v)dw(u)dw(v)

= SS
e−β|s−t| − e−β(2−s−t)

2β
dw(s)dw(t) .

1.2 Putting w1(t) = w(t) we have, from (4.65)

V [S2 | {w(t)} ] =
∫ 1

0
w2(t)dt− w(1)

∫ 1

0
w(t)dt+

1

4
w2(1)

=
1

4

∫ 1

0

∫ 1

0
[4(1 − max(s, t)) − 2(1 − s+ 1 − t) + 1] dw(s)dw(t)

=
∫ 1

0

∫ 1

0

1

4
[ 1 − 2 |s− t | ]dw(s)dw(t) .
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1.3 From the expression given above (5.7), we have

S3 =
1

2
g(1)w2(1) − 1

2

∫ 1

0

(
g′(t)w2(t) + g(t)

)
dt ,

where

∫ 1

0
g′(t)w2(t)dt =

∫ 1

0

∫ 1

0
[ g(1)− g(max(s, t)) ] dw(s)dw(t)

= g(1)w2(1) −
∫ 1

0

∫ 1

0
g(max(s, t)) dw(s)dw(t) .

Thus we can arrive at the right side of (5.7).

1.4 Note first that

ST5 =
1

T 2
ε′CMC ′ε ,

where M = IT − ee′/T with e = (1, · · · , 1)′ and C is defined in (1.3). Defining

yj = yj−1 + εj with y0 = 0, the FCLT and the continuous mapping theorem yield

L
(

1

T 2
ε′C ′MCε

)
= L


 1

T 2

T∑
j=1

(yj − ȳ)2




−→ L
(∫ 1

0
w2(t)dt−

(∫ 1

0
w(t)dt

)2
)
.

Thus L(ST5) also has the same limiting distribution as above.

2.1 Since a1(T ) is the coefficient of λ in the expansion of DT (λ) = |IT − λKT/T |,
(5.14) clearly holds. As for (5.15) we use the formula:

d2DT (λ)

dλ2
=

d

dλ

T∑
j=1

DjT (λ) ,

where DjT (λ) is the determinant of IT −λKT/T with the j-th column replaced by its

derivative with respect to λ. Evaluating at λ = 0 leads to (5.15).

2.2 Defining

(S7) G(t) =
∫ t

0
g(s)ds , (G(0) = 0) ,
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we have ∫ 1

0

∫ 1

0
[ 1 − max(s, t) ] g(s)g(t)dsdt

=
∫ 1

0

[∫ 1

0
g(s)ds− t

∫ t

0
g(s)ds−

∫ 1

t
sg(s)ds

]
g(t)dt

=
∫ 1

0

(∫ 1

t
G(s)ds

)
g(t)dt =

∫ 1

0
G2(t)dt ≥ 0 .

The other cases can be proved similarly.

2.3 It follows from (5.21) that∫ 1

0
K(t, t)dt =

∞∑
n=1

1

λn

∫ 1

0
f 2

n(t)dt =
∞∑

n=1

1

λn
.

We also have∫ 1

0

∫ 1

0
K2(s, t)dsdt =

∞∑
m=1

∞∑
n=1

1

λmλn

(∫ 1

0
fm(s)fn(s)ds

)2

=
∞∑

n=1

1

λ2
n

.

3.1 Let us consider

SN =
∫ 1

0

∫ 1

0
KN(s, t)dw(s)dw(t) , KN (s, t) =

N∑
n=1

1

λn
fn(s)fn(t) .

Then Mercer’s theorem ensures that l.i.m.
N→∞

SN = S, where S is defined in (5.24).

Moreover we have

SN =
∫ 1

0

∫ 1

0

N∑
n=1

1

λn

fn(s)fn(t)dw(s)dw(t) =
N∑

n=1

1

λn

{∫ 1

0
fn(t)dw(t)

}2

,

which leads us to the conclusion.

3.2 Following the second definition of D(λ) in (5.26), we have

D(λ) =
∞∑

n=0

(−1)nλn

n!

∫ 1

0
· · ·
∫ 1

0

∣∣∣∣∣∣∣∣



g(t1)

...
g(tn)


 (g(t1), · · · , g(tn))

∣∣∣∣∣∣∣∣
dt1 · · ·dtn

= 1 − λ
∫ 1

0
g2(t)dt .

589



3.3 We have only to show that (5.30) implies (5.10). We have

∫ 1

0
[ 1 − max(s, t) ] f(s)ds = −1

λ

∫ 1

0
[ 1 − max(s, t) ] f ′′(s)ds

= −1

λ

[
f ′(1) − tf ′(t) −

∫ 1

t
sf ′′(s)ds

]

=
1

λ
f(t) ,

which implies (5.10).

3.4 The integral equation (5.10) with K(s, t) = min(s, t)− st is equivalent to f(t) =

c1 cos
√
λ t + c2 sin

√
λ t with f(0) = f(1) = 0. Thus λ ( �= 0) is an eigenvalue if and

only if sin
√
λ = 0, from which we obtain D(λ) = sin

√
λ/

√
λ as the FD of K so that

(5.34) results.

3.5 Defining G(t) as in (S7) we obtain

∫ 1

0

∫ 1

0
K(s, t)g(s)g(t)dsdt =

1

4

∫ 1

0
(G(1) − 2G(t))2dt ≥ 0 .

3.6 We show that (5.36) implies (5.10). We obtain

∫ 1

0
K(s, t)f(s)ds =

−1

4λ

∫ 1

0
[ 1 − 2 |s− t| ] f ′′(s)ds

=
−1

4λ

[
f ′(1) − f ′(0) − 2

{∫ t

0
(t− s)f ′′(s)ds

+
∫ 1

t
(s− t)f ′′(s)ds

}]

=
1

λ
f(t) .

3.7 The integral equation (5.10) withK(s, t) given in (5.39) yields f(t) = c1 cos
√
λ t+

c2 sin
√
λ t+ c3, where f(0) = f(1), f ′(0) = f ′(1) and

f(0) = λ
[
c3
12

+
1

2

∫ 1

0
(t2 − t)f(t)dt

]
.
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Then we have M(λ)c = 0, where c = (c1, c2, c3)
′ and

|M(λ)| =

∣∣∣∣∣∣∣∣∣∣

1 − cos
√
λ − sin

√
λ 0

sin
√
λ 1 − cos

√
λ 0

cos
√
λ− 2 sin

√
λ√

λ
− 1 sin

√
λ+

2 cos
√
λ√

λ
− 2√

λ
−2

∣∣∣∣∣∣∣∣∣∣
= −8

(
sin

√
λ

2

)2

.

Thus the eigenvalues are given by λn = 4n2π2 (n = 1, 2, · · ·). Since rank(M(λn)) = 1

for each λn, the multiplicity of each eigenvalue is two. In fact
∫ 1

0
K(t, t)dt =

1

12
, while

∞∑
n=1

1

/(
4n2π2

)
=

1

24
. Then we obtain the FD of K as in (5.40).

3.8 We show that (5.42) implies (5.10). We obtain

∫ 1

0
K(s, t)f(s)ds = −1

λ

∫ 1

0
[ 1 − max(s, t) + b ] f ′′(s)ds

= −1

λ
[ bf ′(1) + f(1) − f(t) ] ,

where f(1) = −bf ′(1) since

f(1) = λb
∫ 1

0
f(s)ds = −b

∫ 1

0
f ′′(s)ds = −bf ′(1) .

3.9 When b = 0, it is clear that the zeros of h(z) are all simple. Suppose that b �= 0. If

the zeros of h(z) are not simple, it holds that h(z) = h′(z) = 0, that is, cos z−bz sin z =

0 and bz cos z + (b + 1) sin z = 0. Then it follows that b + 1 + b2z2 = 0 so that

z = ±√−b− 1/b and sin2(
√−b− 1/b) = −1/b, from which we have contradiction. In

fact sin2(
√−b− 1/b) < −1/b for any real b.

3.10 The zeros of h(z) satisfy tan z = 1/(bz), where z is real or purely imaginary.

Suppose first that b is positive. Then no purely imaginary number z = ix satisfies

tan ix = 1/(bix) ⇔ tanh x = −1/(bx), as can be seen from the graphs of tanhx and

−1/(bx) with b > 0. When b is negative, the graphs of tanh x and −1/(bx) cross at

two points ±a, say, which yields the conclusion.
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4.1 Putting l(t) = tm and L(t) =
∫ t

0
l2(s)ds, we consider

∫ 1

0

∫ 1

0

{∫ 1

max(s,t)
l2(u)du

}
g(s)g(t)dsdt

=
∫ 1

0

[
L(1)G(1) − L(t)G(t) −

∫ 1

t
L(s)g(s)ds

]
g(t)dt

= L(1)G2(1) − 2
∫ 1

0
L(t)G(t)g(t)dt ,

where G(t) is defined in (S7). Here we have

∫ 1

0
L(t)G(t)g(t)dt =

1

2

[
L(1)G2(1) −

∫ 1

0
G2(t)l2(t)dt

]
,

which implies that the kernel appearing in (5.45) is positive definite.

4.2 It is easy to derive (5.47) from (5.10). Suppose that (5.47) holds. Then, using

the two boundary conditions and noting that

(
f ′(t)
t2m

)′
+ λf(t) = 0 ,

t2mf(t) = −1

λ

(
f ′′(t) − 2m

t
f ′(t)

)
,

we have

λ
∫ 1

0
[ 1 − (max(s, t))2m+1 ] f(s)ds

= −
∫ 1

0

(
f ′(s)
s2m

)′
ds+ t2m+1

∫ t

0

(
f ′(s)
s2m

)′
ds+

∫ 1

t
(sf ′′(s) − 2mf ′(s)) ds

= −f ′(1) + t2m+1 f
′(t)
t2m

+ f ′(1) − tf ′(t) − (2m+ 1)(f(1) − f(t))

= (2m+ 1)f(t) .

4.3 It is easy to see that f ′(t) takes the form:

f ′(t) = c1

( √
λ

2(m+ 1)

)ν
2m+ 1

Γ(ν + 1)
t2m [ 1 + t× {polynomials in t} ]
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so that f ′(t)/t2m → 0 as t→ 0 implies the first row of M(λ). Since

f(1) = c1Jν

( √
λ

m+ 1

)
+ c2J−ν

( √
λ

m+ 1

)
= 0 ,

we also have the second row of M(λ).

4.4 Using (5.48) and (5.49) we obtain the general solution to (5.56) as

f(t) = t
m
2

{
c1Jν

(√−2λm

m+ 1
t

m+1
2

)
+ c2J−ν

(√−2λm

m+ 1
t

m+1
2

)}
,

where ν = −m/(m+ 1). Then f ′(t) takes the form:

f ′(t) = c2

(√−2λm

2(m+ 1)

) m
m+1 mtm−1

Γ
(

2m+ 1

m+ 1

) [ 1 + t× {polynomials in t} ]

so that f ′(t)/tm−1 → 0 as t→ 0 implies

(√−2λm

2(m+ 1)

) m
m+1 m

Γ
(

2m+ 1

m+ 1

) c2 = 0 .

Since it holds that, when c2 = 0,

f ′(1) = −c1
√−2λm

2
Jν+1

(√−2λm

m+ 1

)
,

the other condition f ′(1) = mf(1) yields, after some algebra, the FD D2(λ) as in

(5.57), where we have used the relation described in the problem.

4.5 By the definition of the Bessel function we have

D2(λ) = Γ(ν)




1

Γ(ν)
+

λm

2(m+ 1)2

Γ(ν + 1)
+

(
λm

2(m+ 1)2

)2

2!Γ(ν + 2)
+ · · ·




= 1 +
λm

2ν(m+ 1)2
+

∞∑
k=2

(
λm

2(m+ 1)2

)k

k!(ν + k − 1)(ν + k − 2) · · ·ν ,

where ν = −m/(m+ 1). Then it is seen that D2(λ) reduces to 1 − λ

2
when m = 0.
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4.6 It can be shown that the integral equation (5.10) with K = K3 is equivalent to

h′′(t) + λt2mh(t) = 0 , h(0) = h(1) = 0 ,

where h(t) = t−mf(t). The general solution is given by

h(t) =
√
t

{
c1Jν

( √
λ

m+ 1
tm+1

)
+ c2J−ν

( √
λ

m+ 1
tm+1

)}
,

where ν = 1/(2(m + 1)). The boundary condition h(0) = 0 implies c2 = 0 and the

other condition h(1) = 0 yields, when c2 = 0, Jν(
√
λ/(m + 1))c1 = 0. Then we can

obtain the FD D3(λ) of K3 as in (5.60) so that the c.f. of U3 is given by (D3(2iθ))
− 1

2 .

4.7 The integral equation (5.10) with the kernel appearing on the right side of (5.62)

is equivalent to

h′′(t) +
2m+ 2

2m+ 1

h′(t)
t

+
λ

(2m+ 1)2
t−

2m
2m+1h(t) = 0 ,

with the boundary conditions h(1) = 0 and t1/(2m+1)h(t) → 0 as t → 0, where

h(t) = f(t)/t1/(2m+1). The general solution is

h(t) = t−
1

2(2m+1)

{
c1Jν

( √
λ

m+ 1
t

m+1
2m+1

)
+ c2J−ν

( √
λ

m+ 1
t

m+1
2m+1

)}
,

where ν = 1/(2(m + 1)). Then the boundary condition t1/(2m+1)h(t) → 0 as t → 0

implies c2 = 0 so that we obtain the same FD D3(λ) from h(1) = 0.

4.8 Consider the integral equation (5.10) with K = K4. We obtain

f ′(t)t−2m = λ
[∫ 1

t
f(s)ds−

∫ 1

0
s2m+1f(s)ds

]
,

from which it follows that

f ′′(t) − 2m

t
f ′(t) + λt2mf(t) = 0 , f(0) = f(1) = 0 .

The general solution is given by

f(t) = t
2m+1

2

{
c1Jν

( √
λ

m+ 1
tm+1

)
+ c2J−ν

( √
λ

m+ 1
tm+1

)}
,
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where ν = (2m+1)/(2(m+1)). The boundary condition f(0) = 0 implies c2 = 0 and

thus we obtain the FD D4(λ) as in (5.64) from f(1) = 0. Thus the c.f. of U4 is given

by (D4(2iθ))
− 1

2 .

4.9 From the boundary conditions f(0) = f(1) = 0 and the first condition in (5.76)

we obtain M(λ)c = 0, where c = (a1, c1, c2)
′ and

M(λ) =




0 1 0

45

4

(
1 − 6

λ

)
cos

√
λ sin

√
λ

−90

7λ
M33(λ) M34(λ)



,

with M33(λ) and M34(λ) defined in (5.78). Making use of REDUCE we obtain

|M(λ)| =
45

7λ4

[
35
√
λ(λ2 − 12λ+ 36) cos

√
λ

+ (5λ3 − 147λ2 + 840λ− 1260) sin
√
λ
]
,

which yields the FD D̃5(λ) in (5.79).

4.10 We are led to consider f ′′(t) + λf(t) = −4λa1 cos 2πt with the boundary condi-

tions f(0) = f(1) = 0, where

a1 =
∫ 1

0
sin2 πsf(s)ds .

When λ �= 4π2, the general solution is given by

f(t) = c1 cos
√
λ t+ c2 sin

√
λ t+

4λa1

4π2 − λ
cos 2πt

and we have M(λ)c = 0, where c = (a1, c1, c2)
′ and

M(λ) =




4λ

4π2 − λ
1 0

4λ

4π2 − λ
cos

√
λ sin

√
λ

−4π2

4π2 − λ
h1(λ) h2(λ)



,
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h1(λ) =
2π2 sin

√
λ√

λ(4π2 − λ)
, h2(λ) =

2π2(1 − cos
√
λ)√

λ(4π2 − λ)
.

Therefore we obtain

|M(λ)| =
−4π2

4π2 − λ

[
sin

√
λ+

4
√
λ

4π2 − λ
(1 − cos

√
λ)

]
.

When λ = 4π2, the general solution is given by

f(t) = c1 cos 2πt+ c2 sin 2πt− 4πa1t sin 2πt

and the three conditions yield Nc = 0 with |N | = 0 so that λ = 4π2 is found to be

an eigenvalue of multiplicity 1. Then we can obtain the FD D7(λ) as in (5.85). Note

that D7(4π
2) = 0.

4.11 We are led to consider

f ′′(t) + λf(t) = −4λa1 cos 2πt+ 2λa2 sin 2πt

with the boundary conditions f(0) = f(1) = 0 and

a1 =
∫ 1

0
sin2 πs f(s)ds , a2 =

∫ 1

0
sin 2πs f(s)ds .

When λ �= 4π2, the general solution is given by

f(t) = c1 cos
√
λ t+ c2 sin

√
λ t+

4λa1

4π2 − λ
cos 2πt− 2λa2

4π2 − λ
sin 2πt

and we have M(λ)c = 0, where c = (a1, a2, c1, c2)
′ and

M(λ) =




4λ

4π2 − λ
0 1 0

4λ

4π2 − λ
0 cos

√
λ sin

√
λ

−4π2

4π2 − λ
0 h1(λ) h2(λ)

0
−4π2

4π2 − λ

√
λ

π
h2(λ) −

√
λ

π
h1(λ)




596



with h1(λ) and h2(λ) defined in the solution to Problem 4.10. Therefore we obtain

|M(λ)| =

(
4π2

4π2 − λ

)2 [
sin

√
λ+

4
√
λ

4π2 − λ
(1 − cos

√
λ)

]
.

When λ = 4π2, the general solution is given by

f(t) = c1 cos 2πt+ c2 sin 2πt− 4πa1t sin 2πt− 2πa2t cos 2πt .

The four conditions above yield Nc = 0, where c = (a1, a2, c1, c2)
′ and

N =




0 0 1 0

0 −2π 1 0

−1

4

π

4
−1

4
0

−π −3

4
0

1

2




, |N | = −π
4
.

Thus λ = 4π2 cannot be an eigenvalue. Then we obtain the FD D8(λ) as in (5.87).

Note that D8(4π
2) �= 0.

5.1 Noting that Zn ∼ N(0, 1) we have

E

[
exp

{
iθ

λn

(
Z2

n + afn(0)Zn

)}]

=
1√
2π

∫ ∞

−∞
exp

[
−1

2

{
x2 − 2iθ

λn

(
x2 + afn(0)x

)}]
dx

=

(
1 − 2iθ

λn

)− 1
2

exp

{
(iaθ)2

2

f 2
n(0)

λn(λn − 2iθ)

}
,

which yields (5.102).

5.2 Using the second relation in (5.98) and Mercer’s theorem we have

∞∑
n=1

f 2
n(0)

λn(λn − 2iθ)
=

1

2iθ

[ ∞∑
n=1

f 2
n(0)

λn − 2iθ
−

∞∑
n=1

f 2
n(0)

λn

]

=
1

2iθ
{Γ(0, 0; 2iθ) −K(0, 0)} ,

which proves the theorem.
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5.3 That (5.104) implies (5.105) is easily established. Suppose that (5.105) holds.

Using the two boundary conditions in (5.105) and noting that

(
h′(t)
t2m

)′
+ λh(t) = 0 , t2mh(t) = −1

λ

(
h′′(t) − 2m

t
h′(t)

)
,

we can show that

λ
∫ 1

0

[
1 − (max(s, t))2m+1

]
h(s)ds = t2m+1 − 1 + (2m+ 1)h(t) .

5.4 We have only to derive the resolvent Γ(s, t;λ) of K(s, t) = (max(s, t))m/2 evalu-

ated at the origin. Putting h(t) = Γ(0, t;λ) we consider

h(t) = K(0, t) + λ
∫ t

0
h(s)K(s, t)ds

=
1

2
tm + λ

[
1

2
tm
∫ t

0
h(s)ds+

1

2

∫ 1

t
smh(s)ds

]
,

which is equivalent to

h′′(t) − m− 1

t
h′(t) − λm

2
tm−1h(t) = 0 , lim

t→0

h′(t)
tm−1

=
m

2
, h′(1) = mh(1) .

The general solution is given by

h(t) = t
m
2

{
c1Jν

(√−2λm

m+ 1
t

m+1
2

)
+ c2J−ν

(√−2λm

m+ 1
t

m+1
2

)}
,

where ν = −m/(m+ 1). From the two boundary conditions we can determine c1 and

c2 uniquely. Then

Γ(0, 0;λ) = h(0) =
c1

Γ(ν + 1)

(√−2λm

2(m+ 1)

)ν

=
1

2

Γ(−ν + 1)

Γ(ν + 1)

J−ν+1

(√−2λm

m+ 1

)

Jν−1

(√−2λm

m+ 1

)
(√−2λm

2(m+ 1)

)2ν

so that (5.111) is established by Theorem 5.8 and (5.57).
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5.5 It is easy to deduce that

∫ 1

0
q(t)r(t)dt =

∫ 1

0

∞∑
n=1

cn√
λn

fn(t)

(
m(t) −

∞∑
m=1

cm√
λm

fm(t)

)
dt

=
∞∑

n=1

c2n
λn

−
∞∑

m,n=1

cm√
λm

cn√
λn

∫ 1

0
fm(t)fn(t)dt

=
∞∑

n=1

c2n
λn

−
∞∑

n=1

c2n
λn

= 0 .

5.6 We first obtain

E

[
exp

{
iθ

λn
(Zn + cn)2

}]
=

(
1 − 2iθ

λn

)− 1
2

exp

{
iθc2n

λn − 2iθ

}

so that

E
(
eiθSZ

)
=

∞∏
n=1

(
1 − 2iθ

λn

)− 1
2

exp

{ ∞∑
n=1

iθc2n
λn − 2iθ

+ iθ
∫ 1

0
r2(t)dt

}

= (D(2iθ))−
1
2 exp

{
iθ
∫ 1

0
m2(t)dt+ iθ

∞∑
n=1

(
c2n

λn − 2iθ
− c2n
λn

)}

= (D(2iθ))−
1
2 exp

{
iθ
∫ 1

0
m2(t)dt− 2θ2

∞∑
n=1

c2n
λn(λn − 2iθ)

}

5.7 The integral equation (5.117) with K(s, t) = Cov(w(s)− sw(1), w(t)− tw(1)) =

min(s, t) − st and m(s) = a + bs is equivalent to h′′(t) + λh(t) = −a − bt with

h(0) = h(1) = 0, where the general solution is given by h(t) = c1 cos
√
λ t+c2 sin

√
λ t−

(a + bt)/λ. From the boundary conditions we have

c1 =
a

λ
, c2 =

a+ b

λ sin
√
λ
− a

λ
cot

√
λ .

Then

λ

2

∫ 1

0
{m2(t) + λh(t)m(t)}dt

=
1

cos
√
λ+ 1

[
a(a+ b)

√
λ sin

√
λ +

b2

2

(√
λ cos

√
λ sin

√
λ

cos
√
λ− 1

+ cos
√
λ+ 1

)]
,
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which yields the c.f. given in (5.123).

5.8 The integral equation (5.117) with K = K6 is equivalent to

h′′(t) + λh(t) = − a

2π
(1 − cos 2πt) + 2λc3 sin 2πt , h(0) = h(1) = 0

and

c3 =
∫ 1

0
h(s) sin 2πsds .

The general solution is

h(t) = c1 cos
√
λ t+ c2 sin

√
λ t− a

2λπ
+

a

2π

cos 2πt

λ− 4π2
+ 2λc3

sin 2πt

λ− 4π2
.

From the above conditions we have

c1 =
2πa

λ(4π2 − λ)
, c2 =

c1(1 − cos
√
λ)

sin
√
λ

and thus

λ

2

∫ 1

0

{
a2(1 − cos 2πt)2

4π2
+ λh(t)

a

2π
(1 − cos 2πt)

}
dt

= a2

[
λ

4(4π2 − λ)
+

4π2
√
λ

(4π2 − λ)2

1 − cos
√
λ

sin
√
λ

]
,

which yields (5.125).

5.9 Let us define

SN =
N∑

n=1

1

λn

(
Z2

n + afn(0)ZnZ
)

+ bZ2 = W ′AW ,

where W = (Z1, · · · , ZN , Z)′ and

A =

(
Λ h
h′ b

)
, Λ = diag

(
1

λ1

, · · · , 1

λN

)
,

h =

(
af1(0)

2λ1

, · · · , afN(0)

2λN

)′
.
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Since

E
(
eiθSN

)
= |IN+1 − 2iθA|− 1

2

=
[
|IN − 2iθΛ|

{
1 − 2ibθ + 4θ2h′(IN − 2iθΛ)−1h

}]− 1
2

=

[
N∏

n=1

(
1 − 2iθ

λn

)]− 1
2
[
1 − 2ibθ + a2θ2

N∑
n=1

f 2
n(0)

λn(λn − 2iθ)

]− 1
2

and SN converges in probability to S as N → ∞, (5.128) is established.

5.10 Using the definition of m(t) = q(t) + r(t) with q(t) defined below (5.112) we

have

SZ =
∫ 1

0

{ ∞∑
n=1

fn(t)√
λn

Zn + (q(t) + r(t))Z

}2

dt

=
∫ 1

0

{ ∞∑
n=1

fn(t)√
λn

(Zn + cnZ)2

}
dt+ Z2

∫ 1

0
r2(t)dt

+2Z
∫ 1

0
r(t)

( ∞∑
n=1

fn(t)√
λn

Zn + q(t)Z

)
dt

=
∞∑

n=1

1

λn
(Zn + cnZ)2 + Z2

∫ 1

0
r2(t)dt ,

where use has been made of the facts that∫ 1

0
fm(t)fn(t)dt = δmn ,

∫ 1

0
r(t)q(t) = 0 ,

∫ 1

0
r(t)fn(t)dt =

∫ 1

0
(m(t) − q(t))fn(t)dt = 0 .

5.11 Defining

SN =
N∑

n=1

1

λn
(Zn + cnZ)2 + Z2

∫ 1

0
r2(t)dt = W ′AW ,

where W = (Z1, · · · , ZN , Z)′ and

A =

(
Λ h
h′ γ

)
, Λ = diag

(
1

λ1
, · · · , 1

λN

)
,

h =
(
c1
λ1

, · · · , cN
λN

)′
, γ =

∫ 1

0
r2(t)dt+

N∑
n=1

c2n
λn

,
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we obtain

E
(
eiθSN

)
= |IN+1 − 2iθA|− 1

2

=

[
N∏

n=1

(
1 − 2iθ

λn

)]− 1
2
[
1 − 2iθγ + 4θ2

N∑
n=1

c2n
λn(λn − 2iθ)

]− 1
2

.

Noting that, as N → ∞,

γ −→
∫ 1

0
r2(t)dt+

∞∑
n=1

c2n
λn

=
∫ 1

0
m2(t)dt ,

we have

E
(
eiθS
)

= (D(2iθ))−
1
2

[
1 − 2iθ

∫ 1

0
m2(t)dt+ 4θ2

∞∑
n=1

c2n
λn(λn − 2iθ)

]− 1
2

.

Since

c2n
λn

=
∫ 1

0

∫ 1

0
m(s)m(t)fn(s)fn(t)dsdt ,

we can establish Theorem 5.11 using the second relation for the resolvent in (5.98).

6.1 Since log(1 − (β/T )) = −β/T +O(T−2), we have∣∣∣∣∣BT (j, k) −K

(
j

T
,
k

T

)∣∣∣∣∣ =

∣∣∣∣∣exp

{
| j − k | log

(
1 − β

T

)}
− exp

{
−β

T
| j − k |

}∣∣∣∣∣
= exp

{
−β

T
| j − k |

} ∣∣∣ exp
{
| j − k |O(T−2)

}
− 1
∣∣∣ ,

which evidently goes to 0 uniformly for all j, k as T → ∞.

6.2 Putting dT (j, k) = BT (j, k) −K(j/T, k/T ) and δT = max |dT (j, k)| we have

RT =
1

T

T∑
j,k=1

dT (j, k)εjεk

=
1

T

T∑
j=1

dT (j, j)ε2
j +

1

T

∑
j �=k

dT (j, k)εjεk

= Q1 +Q2 ,

where

E( |Q1 | ) ≤ δT , E
(
Q2

2

)
≤ 2T (T − 1)

T 2
δ2
T ≤ 2δ2

T .
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Thus we have E( |RT | ) ≤ (1 +
√

2)δT → 0 so that the conclusion follows from

Markov’s inequality.

6.3 We consider, putting s = j/T and t = k/T ,∣∣∣∣∣ρ
|j−k| − ρ2T−j−k+2

T (1 − ρ2)
− e−β|s−t| − e−β(2−s−t)

2β

∣∣∣∣∣
≤
∣∣∣∣∣ ρ|j−k|

T (1 − ρ2)
− e−β|s−t|

2β

∣∣∣∣∣+
∣∣∣∣∣ρ

2T−j−k+2

T (1 − ρ2)
− 1

2β
e−β(2−s−t)

∣∣∣∣∣ .
The quantities on the right side can be shown to converge to 0 uniformly for all j, k

as T → ∞, as in the solution to Problem 6.1.

6.4 Put BT = Ω−1/T = ((BT (j, k) )) and consider the absolute difference of the

(j, k)-th element of Ω−2/T 3 and K(2)(j/T, k/T ), which is∣∣∣∣∣ 1T
T∑

l=1

BT (j, l)BT (l, k) −
∫ 1

0
K
(
j

T
, u
)
K

(
u,
k

T

)
du

∣∣∣∣∣
=

∣∣∣∣∣
T∑

l=1

∫ l
T

l−1
T

{
BT (j, l)BT (l, k) −K

(
j

T
, u
)
K

(
u,
k

T

)}
du

∣∣∣∣∣
≤

T∑
l=1

∫ l
T

l−1
T

∣∣∣∣
{
BT (j, l) −K

(
j

T
, u
)}

BT (l, k)

+K
(
j

T
, u
){

BT (l, k) −K

(
u,
k

T

)}∣∣∣∣∣ du .
This last quantity is shown to converge to 0 uniformly for all j, k as T → ∞. Then

we consider, in stead of ST4,

S ′
T4 =

1

T

T∑
j,k=1

[
K

(
j

T
,
k

T

)
+ γK(2)

(
j

T
,
k

T

)]
εjεk

=
∞∑

n=1

(
1

λn
+

γ

λ2
n

) 1√
T

T∑
j=1

fn

(
j

T

)
εj




2

,

which yields the first expression in (5.150). The distributional equivalence of the first

and second expressions is obvious.

6.5 We have only to establish (5.152), which is easily proved from (5.151) and the

definition of the FD given in (5.25).
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6.6 We can show easily that

RT =
1

T

T∑
j,k=1

{
BT (j, k) −K

(
j

T
,
k

T

)}
ε∼
′
jHε∼k

converges in probability to 0. Thus we consider

1

T

T∑
j,k=1

K

(
j

T
,
k

T

)
ε∼
′
jHε∼k =

∞∑
n=1

1

λn

1√
T

T∑
j=1

fn

(
j

T

)
ε∼
′
jH

1√
T

T∑
k=1

fn

(
k

T

)
ε∼k ,

which converges in distribution to
∞∑

n=1

Z ′
nHZn/λn, where {Zn} ∼ NID(0, Iq). Then

Mercer’s theorem establishes (5.154).

6.7 Noting that

L
(∫ 1

0

∫ 1

0
K(s, t)dw′(s)Hdw(t)

)
= L

( ∞∑
n=1

1

λn
Z ′

nHZn

)

= L
( ∞∑

n=1

1

λn
Z ′

nΛZn

)
,

where Λ = diag(δ1, · · · , δq), we obtain, as the c.f. of this last distribution,

∞∏
n=1




q∏
j=1

(
1 − 2iδjθ

λn

)− 1
2


 =

q∏
j=1

(D(2iδjθ))
− 1

2 .

6.8 Put BN = C ′(ρ)C(ρ)/N = ((BN (j, k) )). Then we have

1

N2
y′y =

1

N

T∑
j,k=1

BN(j, k)ε∼
′
jε∼k ,

where ε∼j = (ε(j−1)m+1, · · · , εjm)′ : m × 1. Thus (5.157) follows from (5.148) and

(5.154).

6.9 Putting dT (j, k) = BT (j, k) −K(j/T, k/T ) and δT = max |dT (j, k)| we have

RT =
∞∑

l,m=0

(Q1(l,m) +Q2(l,m) ) ,

where

Q1(l,m) =
αlαm

T

min(T−l,T−m)∑
j=max(1−l,1−m)

dT (j + l, j +m)ε2
j ,
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Q2(l,m) =
αlαm

T

T−l∑
j=1−l

T−m∑
k=1−m

j �=k

dT (j + l, k +m)εjεk .

Then we can establish that

E( |Q1| ) ≤ c1δT |αl| |αm| ,

E(Q2
2 ) ≤ c2 (δT |αl| |αm| )2 ,

for some positive constants c1 and c2. Therefore, by Schwarz’s and Markov’s inequal-

ities, we see that, for every x > 0,

P ( |RT | > x ) ≤ c1 +
√
c2

x
δT

( ∞∑
l=0

|αl|
)2

−→ 0 .

6.10 We consider

V ′
T =

1

T

T∑
j,k=1

K

(
j

T
,
k

T

)
ujuk

=
∞∑

l,m=0

αlαm
1

T

T∑
j,k=1

K

(
j

T
,
k

T

)
εj−l εk−m

= V ′
T,M +RT,M ,

where

V ′
T,M =

M∑
l,m=0

αlαm
1

T

T∑
j,k=1

K

(
j

T
,
k

T

)
εj−l εk−m

and RT,M is the remainder term. There exists a sequence {aM} such that E( |RT,M | ) ≤
aM for all T and aM → 0 as M → ∞. We further deduce that, for M fixed,

L(V ′
T,M) −→ L


( M∑

l=0

αl

)2 ∫ 1

0

∫ 1

0
K(s, t)dw(s)dw(t)


 ,

which yields (5.161).

Chapter 6.
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3.1 It is easy to deduce that, for x ≥ 0,

P (X2 − Y 2 ≤ x) =
∫ ∞

−∞

{∫ √
x+t2

−√
x+t2

1√
2π
e−s2/2ds

}
1√
2π
e−t2/2dt

=
∫ ∞

−∞

{
1 − 2Φ(−

√
x+ t2)

} 1√
2π
e−t2/2dt

= 1 − 4√
2π

∫ ∞

0
Φ(−√

x+ t2)e−t2/2dt.

3.2 Lévy’s inversion formula (6.1) yields

Re

[
1 − e−iθx

iθ
φ3(θ)

]
= Re

[
sin θx− i(1 − cos θx)

θ
φ3(θ)

]

=
1

θ
[Re{φ3(θ)} sin θx+ Im{φ3(θ)}(1 − cos θx)]

and we obtain the second equality in (6.21) by transforming θ into θ = u4.

3.3 Consider
∞∑

k=0

(−1)k+NVk+N = (−1)N(VN − VN+1 + VN+2 − · · ·)

= (−1)N(1 − F + F 2 − · · ·)VN

= (−1)N VN

1 + F
.

Since

1

1 + x
=

∞∑
k=0

1

k!

dk

dxk

(
1

1 + x

)∣∣∣∣∣
x=1

(x− 1)k

=
∞∑

k=0

(−1)k

2k+1
(x− 1)k,

we can establish the last equality in (6.26).

4.1 Defining an auxiliary process dX(t) = −βX(t)dt+dw(t) with X(0) = 0, we have

E[exp{θ(xV6 − U6)}] = E
[
exp
{
θx
∫ 1

0
w2(t)dt− θ

∫ 1

0
w(t)dw(t)

}]

= E

[
exp
{
θx
∫ 1

0
X2(t)dt− θ

∫ 1

0
X(t)dX(t)

}
dµw

dµX
(X)

]

= E

[
exp

{
β − θ

2
X2(1)

}]
exp

(
θ − β

2

)
,
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where β =
√−2θx. Since X(1) ∼ N(0, (1 − e−2β)/(2β)), it holds that

E

[
exp

{
β − θ

2
X2(1)

}]
e−β/2 =

[
1 − (β − θ)(1 − e−2β)

2β

]− 1
2

e−β/2

=

(
cosh β +

θ

β
sinh β

)− 1
2

,

which yields (6.40).

4.2 Noting that Im[φ6(0; x)] = 0 we obtain

lim
u→0

Im

[
φ6(u

2; x)

u

]
= Im

[
lim
u→0

{
φ6(u

2; x)

u2
× u

}]

= Im

[
∂φ6(θ; x)

∂θ

∣∣∣∣∣
θ=0

× lim
u→0

u

]

= 0,

where ∂φ6(θ; x)/∂θ|θ=0 is given in the solution to Problem 4.3.

4.3 Proceeding in the same way as in the solution to Problem 4.2, we have

lim
θ→0

1

θ
Im [φ6(θ; x)] = Im

[
∂φ6(θ; x)

∂θ

∣∣∣∣∣
θ=0

]
,

where

∂φ6(θ; x)

∂θ
= eiθ/2A− 1

2

[
i

2
− 1

2
A−1 ∂

∂θ

{(
1 − iθx− θ2x2

6
+ · · ·

)

+iθ

(
1 − iθx

3
+ · · ·

)}]
,

A = cos
√

2iθx+ iθ
sin

√
2iθx√

2iθx
.

Therefore ∂φ6(θ; x)/∂θ|θ=0 = ix/2 so that (6.43) holds.

4.4 Noting that F6(0) = P (S6 ≤ 0) = P (w2(1) ≤ 1), we obtain F6(0) = 1−2Φ(−1) =

1 − 2 × 0.15866 = 0.68268.

4.5 We have only to show that

(S8) Im
[
cos(−θ2)

1
4 cosh(−θ2)

1
4

]
= 0 .
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Since −θ2 = θ2 exp{i(2n+ 1)π} for n = 0,±1,±2, · · ·, we have

cos(−θ2)
1
4 = cos(x+ iy)

= cosx cosh y − i sin x sinh y,

cosh(−θ2)
1
4 = cosh(x+ iy)

= cosh x cos y + i sinh x sin y,

where x =
√
θ cos{(2n+1)π/4} and y =

√
θ sin{(2n+1)π/4}. Thus y = x or y = −x

and it can be easily checked that (S8) holds.

4.6 We show that F7(−x) = 1 − F7(x) for any x. Since g7(θ;−x) = g7(−θ; x), we

have

F7(−x) =
1

2
+

1

π

∫ ∞

0

1

θ
Im[φ7(−θ; x)]dθ

=
1

2
− 1

π

∫ ∞

0

1

θ
Im[φ7(θ; x)]dθ

= 1 − F7(x).

Chapter 7.

1.1 Putting xj = 1 in (7.2) with uj = εj we have yj = ρyj−1 + (1 − ρ)β + εj. Thus

α = (1−ρ)β must be 0 when ρ = 1. Putting xj = (1, j)′ and β = (β1, β2)
′ in (7.2) with

uj = εj leads us to yj = ρyj−1 +β1(1−ρ)+β2ρ+ jβ2(1−ρ)+ εj so that γ = (1−ρ)β2

must be 0 when ρ = 1.

1.2 The LSE ρ̂ is given by

ρ̂ =

T∑
j=2

(yj−1 − ȳ−1)(yj − ȳ0)

T∑
j=2

(yj−1 − ȳ−1)
2

=

T∑
j=2

(yj−1 − ȳ−1)εj

T∑
j=2

y2
j−1 − (T − 1)ȳ2

−1

+ 1 ,

where ȳ−1 =
T∑

j=2

yj−1/(T − 1) and ȳ0 =
T∑

j=2

yj/(T − 1). Since yj = αj + ε1 + · · · + εj,

we have

plim
T→∞

=
1

T 3

T∑
j=2

y2
j−1 =

α2

3
, plim

T→∞
=

1

T 2
ȳ2
−1 =

α2

4
,
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1

T
√
T

T∑
j=2

(yj−1 − ȳ−1)εj =
α

T
√
T

T∑
j=2

(
j − 1 − T

2

)
εj + op(1)

−→ N

(
0,
α2σ2

12

)
.

Thus we obtain T
√
T (ρ̂− 1) → N(0, 12σ2/α2).

1.3 The first equality is obvious. Consider

2
T∑

j=2

η̂j−1(η̂j − η̂j−1) = −
T∑

j=2

(η̂j − η̂j−1)
2 +

T∑
j=2

η̂2
j −

T∑
j=2

η̂2
j−1

= −
T∑

j=2

(η̂j − η̂j−1)
2 + η̂2

T − η̂2
1 ,

which yields UT in (7.12).

1.4 Consider first

1

T
E


 T∑

j=1

uj




2

=
1

T

T∑
j,k=1

γj−k =
T−1∑

j=−(T−1)

(
1 − | j |

T

)
γj ,

which converges to
∞∑

j=−∞
γj = 2πf(0) = σ2

( ∞∑
l=0

αl

)2

= σ2
L. Since E(u2

j) = γ0 = σ2
∞∑
l=0

α2
l ,

we have σ2
S = γ0.

2.1 It is easy to see that

1

T

T∑
j=2

(ηj − ηj−1)
2 =

1

T

T∑
j=2

(
− c

T
ηj−1 + uj

)2

=
1

T

T∑
j=2

u2
j + op(1) −→ σ2

S in probability.

We also have that

η2
1

T
− σ2

LZ
2 =

1

T

(√
TρσLZ + u1

)2 − σ2
LZ

2

= (ρ2 − 1)σ2
LZ

2 +
2√
T
ρσLZu1 +

1

T
u2

1 ,

which evidently converges in probability to 0.
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2.2 Defining a continuous function on C :

h(x) =
(

1

2
(x2(1) − x2(0) − σ2

S),
∫ 1

0
x2(t)dt

)
,

we can deduce that h(YT ) − (U1T , V1T ) → 0 in probability. Since L(YT ) → L(σLY ),

we can establish (7.29) by the continuous mapping theorem.

2.3 It is easy to see that

L
(
γ
(
U1

V1
+ c
))

−→ L



∫ 1

0
e−ctdw(t)∫ 1

0
e−2ctdt


 ,

where

∫ 1

0
e−2ctdt =

sinh c

cec
,
∫ 1

0
e−ctdw(t) ∼ N

(
0,

sinh c

cec

)
,

which establishes (7.34).

2.4 Since η̂j − η̂j−1 = ηj − ηj−1, (7.39) holds because of (7.27). Noting that η̂1 =

η1 − η̄ =
√
TρσLY (0) + u1 − η̄ and η̄ =

T∑
j=1

YT (j/T )/
√
T , we can also establish (7.40).

2.5 It follows from (7.23) and (7.24) that

γ
(
U2

V2

+ c
)

=
γ
{∫ 1

0
Y (t)dw(t) − w(1)

∫ 1

0
Y (t)dt+

1

2
(1 − r)

}
∫ 1

0
Y 2(t)dt−

(∫ 1

0
Y (t)dt

)2

=

∫ 1

0
e−ctdw(t) − w(1)

∫ 1

0
e−ctdt

∫ 1

0
e−2ctdt−

(∫ 1

0
e−ctdt

)2 + op(1),

where

∫ 1

0
e−ctdw(t) − w(1)

∫ 1

0
e−ctdt ∼ N

(
0,
∫ 1

0
e−2ctdt−

(∫ 1

0
e−ctdt

)2
)
,

∫ 1

0
e−2ctdt−

(∫ 1

0
e−ctdt

)2

=
c sinh c− 2 cosh c+ 2

c2ec
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This leads us to the conclusion.

2.6 Fuller’s estimator ρ̃ gives

T (ρ̃− 1) =

1

T

T∑
j=2

(yj−1 − ȳ−1)yj

1

T 2

T∑
j=2

(yj−1 − ȳ−1)
2

=

1

T

T∑
j=2

(ηj−1 − η̄−1)ηj

1

T 2

T∑
j=2

(ηj−1 − η̄−1)
2

,

where ȳ−1 =
T∑

j=2

yj−1/(T − 1) and η̄−1 =
T∑

j=2

ηj−1/(T − 1). Since

T (ρ̂− 1) =

1

T

T∑
j=2

(ηj−1 − η̄)(ηj − η̄)

1

T 2

T∑
j=2

(ηj−1 − η̄)2

,

it can be checked easily that the limiting distribution of T (ρ̃− 1) is the same as that

of T (ρ̂− 1) given in (7.41).

2.7 It holds that

η̂j − η̂j−1 = ηj − ηj−1 −
(

3

T 3
+O

(
1

T 4

)) T∑
k=1

kηk ,

where
T∑

k=1

kηk = Op

(
T 2

√
T
)
. Then it is seen that (7.49) holds because of (7.27). Since

η̂2
1

T
=

1

T


√TρσLY (0) + u1 −

T∑
k=1

kηk

/
T∑

k=1

k2

)2

= σ2
LY

2(0) + op(1),

(7.50) can also be established.

2.8 Since c = 0 and Y (0) = γ, we have Y (t) = γ + w(t) so that, as | γ | → ∞,

U3

γ2
=

1

2

((
1 − 3

∫ 1

0
tdt
)2

− 1

)
+ op(1) = −3

8
+ op(1) ,

V3

γ2
= 1 − 3

(∫ 1

0
tdt
)2

+ op(1) =
1

4
+ op(1) .

611



Thus U3/V3 converges in probability to −3/2 as | γ | → ∞.

2.9 The LSE ρ̃ in the present case gives

T (ρ̃− 1) =
1

T

T∑
j=2


yj−1 −

j
T∑

k=2

kyk−1

T∑
k=2

k2




× (yj − yj−1)

/



1

T 2

T∑
j=2


yj−1 −

j
T∑

k=2

kyk−1

T∑
k=2

k2




2


,

where yj = ρyj−1 + εj. Then the FCLT and the continuous mapping theorem yield

L(T (ρ̃− 1)) −→ L



∫ 1

0
Y (t)dY (t) − 3

∫ 1

0
tY (t)dt

∫ 1

0
tdY (t)

∫ 1

0

(
Y (t) − 3t

∫ 1

0
sY (s)ds

)2

dt


 ,

where dY (t) = −cY (t)dt+ dw(t).

2.10 It can be checked that

η̂j − η̂j−1 = ηj − ηj−1 +
(

12

T 4
+O

(
1

T 5

))(
T 2

2

T∑
k=1

ηk − T
T∑

k=1

kηk

)
,

where
T∑

k=1

ηk = Op

(
T
√
T
)

and
T∑

k=1

kηk = Op

(
T 2

√
T
)
. Thus we obtain (7.55) because

of (7.27). We also have

η̂1 = η1 − 12

T 4

[(
T 3

3
− T 2

2

)
T∑

k=1

ηk +

(
T − T 2

2

)
T∑

k=1

kηk

]
+ op(

√
T )

=
√
TσLY (0) − 4

T

T∑
k=1

ηk +
6

T 2

T∑
k=1

kηk + op(
√
T )

so that (7.56) holds.
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2.11 The normal equations for the LSE’s ã, b̃ and −c̃ in the model (7.59) are :


1
1

2

∫ 1

0
Ỹ (t)dt

1

2

1

3

∫ 1

0
tỸ (t)dt

∫ 1

0
Ỹ (t)dt

∫ 1

0
tỸ (t)dt

∫ 1

0
Ỹ 2(t)dt







ã

b̃

−c̃




=




∫ 1

0
dỸ (t)

∫ 1

0
tdỸ (t)

∫ 1

0
Ỹ (t)dỸ (t)



.

Solving for −c̃ we obtain −c̃ = U4/V4 with Y and r replaced by Ỹ and 1, respectively,

in the definitions of U4 and V4.

3.1 We have only to show that WT can be expressed as in (7.62). Since

WT = − 1

T

T∑
j=2

η̂j−1(η̂j + η̂j−1)

= − 1

2T


 T∑

j=2

(η̂j + η̂j−1)
2 −

T∑
j=2

η̂2
j +

T∑
j=2

η̂2
j−1


 ,

this last expression yields (7.62).

3.2 Suppose that T is even so that N = T/2 is an integer. Then we have, using

(7.65),

η̄ =
1

T

N∑
j=1

(ξ2j − ξ2j−1) =
1

T

N∑
j=1

(
− c

T
ξ2j−1 + v2j

)
,

which is clearly Op(1/
√
T ). The case of T odd can also be proved similarly.

3.3 In the present case −T (ρ̂+ 1) = WT/XT , where

WT =
1

2T


(ηT − η̄)2 − (η1 − η̄)2 −

T∑
j=2

(ηj + ηj−1 − 2η̄)2




=
1

2T


η2

T − η2
1 −

T∑
j=2

(ηj + ηj−1)
2


+ op(1) ,

XT =
1

T 2


 T∑

j=1

(ηj − η̄)2 − (ηT − η̄)2




=
1

T 2

T∑
j=1

η2
j + op(1) .
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Here we have used the fact that η̄ = Op(1/
√
T ). Then we can deduce (7.67) as in

Model A.

3.4 Suppose that T is even so that N = T/2 is an integer. Then (7.65) leads us to

T∑
k=1

kηk =
N∑

j=1

(2jξ2j − (2j − 1)ξ2j−1)

= −2c

T

N∑
j=1

jξ2j−1 + 2
N∑

j=1

jv2j +
N∑

j=1

ξ2j−1 ,

which is Op(T
√
T ). The case of T odd can be dealt with similarly.

3.5 We have −T (ρ̂+ 1) = WT/XT , where

WT =
1

2T





ηT −

T
T∑

k=1

kηk

T∑
k=1

k2




2

−


η1 −

T∑
k=1

kηk

T∑
k=1

k2




2

−
T∑

j=2


ηj + ηj−1 −

(2j − 1)
T∑

k=1

kηk

T∑
k=1

k2




2



=
1

2T


η2

T − η2
1 −

T∑
j=2

(ηj + ηj−1)
2


+ op(1) ,

XT =
1

T 2

T∑
j=1


ηj −

j
T∑

k=1

kηk

T∑
k=1

k2




2

+ op(1)

=
1

T 2

T∑
j=1

η2
j + op(1) .

Here use has been made of the facts that
T∑

k=1

k2 = T 3/3 +O(T 2) and
T∑

k=1

kηk = Op(T
√
T ).

We can now deduce (7.67) as in Model A.
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3.6 The present case is a mixture of Model B and Model C. We can prove (7.67)

using the facts that η̄ = Op(1/
√
T ),

T∑
k=1

k2 = T 3/3 +O(T 2) and
T∑

k=1

kηk = Op(T
√
T ).

4.1 Recalling the definitions of U2 and V2 in Theorem 7.2 and using (7.73), we have

m21(θ1, θ2) = E

[
exp{θ1U(Z) + θ2V (Z)}dµY

dµZ
(Z)

]
,

where

U(Z) =
1

2
(Z2(1) − γ2 − 1) − (Z(1) − γ)

∫ 1

0
Z(t)dt+

1

2
(1 − r) ,

V (Z) =
∫ 1

0
Z2(t)dt−

(∫ 1

0
Z(t)dt

)2

,

dµY

dµZ

(Z) = exp

{
β − c

2
(Z2(1) − γ2 − 1) +

β2 − c2

2

∫ 1

0
Z2(t)dt

}
.

Putting β =
√
c2 − 2θ2 yields the last expression in (7.75).

4.2 Noting that Wl ∼ N(γκl,Ωl) we consider

(w − γκl)
′Ω−1

l (w − γκl) − w′Alw − 2γh′lw

= (w − γg)′(Ω−1
l − Al)(w − γg) − γ2g′(Ω−1

l −Al)g + γ2κ′lΩ
−1
l κl ,

where g = (Ω−1
l − Al)

−1(Ω−1
l κl + hl). Then (7.75) leads us to the first equality in

(7.76). The second equality can be obtained by substituting a = β + θ1 − c and

g′(Ω−1
l − Al)g = (Ω−1

l κl + hl)
′(Ω−1

l − Al)
−1(Ω−1

l κl + hl)

= (κl + Ωlhl)
′(Bl − AlΩl)

−1Ω−1
l (κl + Ωlhl)

= (κl + Ωlhl)
′(Ω−1

l + Al(Bl − ΩlAl)
−1)(κl + Ωlhl)

= κ′lΩ
−1
l κl + 2h′lκl + h′lΩlhl

+(κl + Ωlhl)
′Al(Bl − ΩlAl)

−1(κl + Ωlhl) ,

where we have used the matrix identity (Bl − AlΩl)
−1 = Bl + Al(Bl − ΩlAl)

−1Ωl.

4.3 Substituting h1 = 0 and A1 = a into the last expression in (7.76), we have

m11(θ1, θ2) = exp

[
1

2

{
c− rθ1 + γ2

(
−a +

aκ2
1

1 − aΩ1

)}] [
eβ(1 − aΩ1)

]− 1
2 ,
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where a = β + θ1 − c, κ1 = e−β and

1 − aΩ1 = 1 − (β + θ1 − c)
1 − e−2β

2β

= e−β

[
cosh β + (c− θ1)

sinh β

β

]
.

Then we can arrive at (7.77) easily.

4.4 The first equality is obvious, while the second equality comes from (7.75). This

leads us to the last equality in (7.76) with γ2 replaced by Z2(0). Then, noting that

E [ exp{bZ2(0)} ] = (1 − b/c)−
1
2 , we have the second last equality, which has the

interpretation as given on the right side of the last equality.

5.1 For the case of l = 1 we consider the limiting distribution of

1√
2c

(
U1

V1

+ cr
)

=

√
c

2
(U1 + crV1)

cV1

.

For this purpose we have, from (7.82),

m12

(√
c

2
θ1,

√
c

2
crθ1 + cθ2

)

= exp
{

1

2

(
c−
√
c

2
rθ1

)}cosh ν +
2c2 − c

2
θ2
1 − 2

√
c

2
crθ1 − 2cθ2

2c

sinh ν

ν



− 1

2

,

where

ν =
(
c2 − 2

√
c

2
crθ1 − 2cθ2

) 1
2

= c−
√
c

2
rθ1 − θ2 − r2θ2

1

4
+O

(
1√
c

)
.

Then we can deduce that

m12

(√
c

2
θ1,

√
c

2
crθ1 + cθ2

)
−→ exp

[
θ2
1

2

r2

4
+
θ2
2

]
,

which implies that the limiting distribution is N(0, r2).
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5.2 Consider

m11(−4ce2cθ1 , 4c
2e2cθ2 | γ = 0) = exp

{
1

2

(
c + 4cre2cθ1

)}
H

− 1
2

1 ,

where

H1 = cosh ν +
(
c+ 4ce2cθ1

) sinh ν

ν
, ν =

√
c2 − 8c2e2cθ2 .

Since

1

ν
=
(
c2 − 8c2e2cθ2

)− 1
2 = −1

c

(
1 + 4e2cθ2 +O

(
e4c
))

,

we obtainH1 = (1 − 2θ1 − 2θ2) e
c+O (e3c). Thus it holds thatm11 −→ (1 − 2θ1 − 2θ2)

− 1
2 ,

which leads us to the conclusion.

5.3 Let us consider

m41(ce
cθ1, c

2ecθ1 + 2c2e2cθ2 | γ = 0) = exp

{
c− rcecθ1

2

}
A− 1

2 ,

where

A =
(
A1

ν5
− A2

ν7

)
sinh ν +

(
c4

ν4
+
A3

ν6
+
A2

ν8

)
cosh ν +

A4

ν6
− A2

ν8
,

ν = (c2 − 2c2ecθ1 − 4c2e2cθ2)
1
2 = −c +O(cec),

c4

ν4
= 1 + 4ecθ1 + 8e2cθ2 + 12e2cθ2

1 +O(e3c),

c5

ν5
= −(1 + 5ecθ1 + 10e2cθ2 +

35

2
e2cθ2

1 +O(e3c)),

c6

ν6
= 1 +O(ec),

c7

ν7
= −1 +O(ec),

c8

ν8
= 1 +O(ec),

A1 = c5 − c5ecθ1 − 8c2(c2 − 3c− 3)ecθ1 +O(c4e2c),

A2 = 24c5ecθ1 +O(c5e2c),

A3 = −8c5ecθ1 +O(c5e2c), A4 = O(c5ec).

We then have

A =
1

2

[{−1

c5

(
1 + 5ecθ1 + 10e2cθ2 +

35

2
e2cθ2

1 +O(e3c)
)
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×
(
c5 − c5ecθ1 − 8c2(c2 − 3c− 3)ecθ1 +O(c4e2c)

)
+

1

c7
(1 +O(ec))

(
24c5ecθ1 +O(c5e2c)

)}
(eν − e−ν)

+
{
1 + 4ecθ1 + 8e2cθ2 + 12e2cθ2

1 +O(e3c)

+
1

c6
(1 +O(ec))

(
−8c5ecθ1 +O(c5e2c)

)

+
1

c8
(1 +O(ec))

(
24c5ecθ1 +O(c5e2c)

)}
(eν + e−ν)

]
+O

(
ec

c

)

= (1 − θ2 − 1

4
θ2
1)e

c +O
(
ec

c

)

so that m41 → (1 − θ2 − θ2
1/4)−

1
2 . This last m.g.f. is that of (XY/2, X2/2), where

(X, Y )′ ∼ N(0, I2). Thus we obtain the required result.

5.4 Consider

m31

(
c3e2cθ , c4e2cθ | γ = 0

)
= exp

{
1

2

(
c− rc3e2cθ

)}
H

− 1
2

3 ,

where

H3 =
c3

ν3

{
1 − e2cθ

(
c2 + 3c+ 3

)}
sinh ν +

c2

ν2
cosh ν

−3c3e2cθ
{
c2 + 3c+ 3 − 2c (c+ 1)

}(sinh ν

ν5
− cosh ν

ν4

)
,

ν =
√
c2 (1 − 2c2e2cθ) .

Since we have

1

νk
=

(−1)k

ck

(
1 + kc2e2cθ +O

(
c4e4c

))
, (k = 1, 2, · · ·) ,

we obtain

H3 = ec
{
1 +

3

2
θ +O

(
1

c

)}
.

Thus m31 −→ (1 + 3θ/2)−
1
2 , which is the required result.

5.5 Consider

m31

(
c2e2cθ , c3e2cθ

)
= exp

{
1

2

(
c− rc2e2cθ +

Gγ2

H3

)}
H

− 1
2

3 ,
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where

G = e2cθ

[{
2c5 −

(
c2 + 3c+ 3

) (
c4e2cθ − 3c2 + 2c3

)
+ 3c4

}(
−sinh ν

ν3

)

−3
{
2c5 − c6e2cθ + 3c4 − 2c5 − 3c5e2cθ − 3c4e2cθ

} sinh ν

ν5

+3
{
2c5 − c6e2cθ + 5c4 − 2c5 − (c+ 1)

(
3c4e2cθ − 6c2 + 4c3

)} cosh ν

ν5

− 6

ν4

{
c4 + (c+ 1)

(
3c2 − 2c3

)}]
,

H3 =
{
c2e2cθ

(
c2 + 3c+ 3

)
− c3

}(
−sinh ν

ν3

)
+
c2

ν2
cosh ν

−3c2e2cθ
{
c2 + 3c+ 3 − 2c(c+ 1)

}(sinh ν

ν5
− cosh ν

ν4

)
,

1

νk
=
(
c2 − 2c3e2cθ

)− k
2

=
(−1)k

ck

(
1 + kce2cθ +O

(
c2e4c

))
, (k = 1, 2, · · ·) .

Then we obtain

G = ec
{
3θ +O

(
1

c

)}
, H3 = ec

{
1 +O

(
1

c

)}
,

so that m31 −→ exp (3γ2θ/2).

5.6 Let us consider

m21(
√−c ecθ1, c

√−c ecθ1 + ce2cθ2)

= exp

[
c− r

√−c ecθ1
2

− γ2c3e2c(θ2
1 − 2θ2)

2H2
A

]
H

− 1
2

2 ,

where

A =
sinh ν

ν3
− 2

ν4
(cosh ν − 1) ,

ν = (c2 − 2c
√−c ecθ1 − 2ce2cθ2)

1
2 = −c +O(

√−c ec) ,

c

ν
= −1 +

ec

√−cθ1 −
e2c

c
θ2 +

3e2c

2c
θ2
1 +O

(
e3c

c
√−c

)
,

H2 =
−ce2cθ2

1 + c2
√−c ecθ1 − c3 + 2c

√−c ecθ1 + 2ce2cθ2
−ν2

sinh ν

ν
+
c2

ν2
cosh ν

+
2(−ce2cθ2

1 + c2
√−c ecθ1 − 2c2

√−c ecθ1 − 2c2e2cθ2)

ν4
(cosh ν − 1) .
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Since

c2

ν2
= 1 − 2ec

√−cθ1 +O

(
e2c

c

)
,

c3

ν3
= −1 +

3ec

√−cθ1 +O

(
e2c

c

)
,

c4

ν4
= 1 − 4ec

√−cθ1 +O

(
e2c

c

)
,

we obtain H2 = ec +O(ec/c) and

c3e2cA = −1

2
ec +O

(
ec

c

)
.

Then we have m21 → exp{γ2(θ2
1 − 2θ2)/4}, as in the case of l = 1.

6.1 We have only to identify the matrices Al and Bl given below (7.92). Consider

the case of l = 1. Putting y = (y0, y1, · · · , yT )′ with y0 = ε0/
√

1 − ρ2 and ε =

(ε0, ε1, · · · , εT )′ we have

T (ρ̃1 − ρ) =
1

Tσ2

T∑
j=1

yj−1εj

/ 1

T 2σ2

T∑
j=1

y2
j−1


 ,

where

T∑
j=1

yj−1εj =
1

2


y′



0∼ IT

0 0∼
′


 ε+ ε′




0∼
′ 0

IT 0∼


 y

 ,

T∑
j=1

y2
j−1 = y′



IT 0∼

0∼
′ 0


 y .

Noting that

y =


 C11 0∼
ρT
/√

1 − ρ2 ρT−1 · · · ρ 1


 ε,

we obtain P (T (ρ̃1 − ρ) ≤ x) = P (ε′(xB1 − A1)ε/σ
2 ≥ 0), which yields (7.92). The

case of l = 2 can be proved similarly.

6.2 Noting that 1/
√

1 − ρ2 =
√
T/

√
2c+ O(1/

√
T ), we may put y0 = ε0/

√
1 − ρ2 =√

TσZ + RT , where Z ∼ N(0, 1/(2c)) and RT = Op(1/
√
T ). Then it is evident that
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L(T (ρ̃l − 1)) → L(Ul/Vl), where Ul and Vl are defined in Section 2 with Y (0) ∼ N

(0, 1/(2c)) and r = 1. Since T (ρ̃l − ρ) = T (ρ̃l − 1) + c, we have that P (T (ρ̃l − ρ) ≤
x) → P (zVl − Ul ≥ 0), which yields (7.95).

7.1 As for Model D we have

y
∼ j = β

∼ 0 + j β
∼ 1 + η

∼ j = ((1, j) ⊗ Im)β + η
∼ j

so that y = ((e, d) ⊗ Im)β + η. Since

η
∼ j = ρm η

∼ j−1 + u∼ j = ρj−1
m u∼1 + ρj−2

m u∼2 + · · · + ρm u∼ j−1 + u∼ j ,

it is easy to see that η = (C(ρm) ⊗ Im)u.

7.2 Because of the definition of ρ̂m we have

N(ρ̂m − 1) =
1

N

N∑
j=2

η̂
∼
′
j−1

(
η̂
∼j − η̂

∼j−1

)/ 1

N2

N∑
j=2

η̂
∼
′
j−1

η̂
∼j−1


 ,

where

2
N∑

j=2

η̂
∼
′
j−1

(
η̂
∼j − η̂

∼j−1

)

= −
N∑

j=2

(
η̂
∼j − η̂

∼j−1

)′ (
η̂
∼j − η̂

∼j−1

)
+

N∑
j=2

η̂
∼
′
j
η̂
∼j −

N∑
j=2

η̂
∼
′
j−1

η̂
∼j−1

= η̂
∼
′
N
η̂
∼N −

N∑
j=1

(
η̂
∼j − η̂

∼j−1

)′ (
η̂
∼j − η̂

∼j−1

)
.

Since η̂∼N = (e∼
′
N ⊗ Im)η̂ = (e∼

′
N ⊗ Im)(M̄C(ρm) ⊗ Im)u, we arrive at the last expres-

sion for UN . The expressions for VN can be verified easily.

7.3 Since β̂ = β + (d′d)−1(d′ ⊗ Im)η and y
∼ j = βj + η

∼ j , we first have

η̂j = y
∼ j − jβ̂ = η

∼ j − j(d′d)−1(d′ ⊗ Im)η = η
∼ j − j(d′d)−1

N∑
k=1

k η∼ k

so that

η̂
∼j − η̂

∼j−1 = η
∼ j − η

∼ j−1 −
(

3

N3
+O

(
1

N4

)) N∑
k=1

k η∼ k ,
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where
N∑

k=1

k η∼ k = Op(T
2
√
T ). Then the weak law of large numbers ensures that

1

N

N∑
j=1

(η̂∼j − η̂
∼j−1)

′(η̂∼j − η̂
∼j−1) =

1

N

N∑
j=1

(η∼ j − η
∼ j−1)

′(η∼ j − η
∼ j−1) + op(1)

=
1

N

N∑
j=1

u∼
′
j u∼ j + op(1)

−→ mσ2
∞∑
l=0

α2
l

in probability.

7.4 In the present case we have M̄ = IN and

KN = xK2N −K1N =
x

N
C ′(ρm)C(ρm) − 1

2
C ′(ρm) e∼N e∼

′
NC(ρm).

It can be shown after some algebra (Nabeya and Tanaka (1990a)) that

lim
N→∞

max
j,k

∣∣∣∣∣KN (j, k) −K

(
j

N
,
k

N

)∣∣∣∣∣ = 0 ,

where K(s, t) =
{
x(e−c| s−t | − e−c(2−s−t))

/
c− e−c(2−s−t)

}
/ 2. Since

xVN − UN =
1

N

N∑
j,k=1

KN(j, k) u∼
′
j u∼k +

mσ2

2

∞∑
l=0

α2
l + op(1),

(7.107) follows from the arguments in Section 6 of Chapter 5.

7.5 Put F (x) = P
(∫ 1

0
w∼

′(t)w∼(t)dt ≤ x
)

and f(x) = dF (x) / dx. Then

∫ ∞

0
e−θxf(x)dx =

(
cosh

√
2θ
)−m

2

= 2
m
2 e−m

√
θ/2
(
1 + e−2

√
2θ
)−m

2

= 2
m
2

∞∑
k=0


 −m

2
k


 e−(2k+ m

2
)
√

2θ

so that, taking the inverse Laplace transform,

f(x) =
∞∑

k=0


 −m

2
k


 2

m
2

2
√
πx3

bke
−b2

k
/(4x),

(
bk =

√
2
(
2k +

m

2

))
,
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F (x) =
∫ x

0
f(a)da

=
∞∑

k=0


 −m

2
k


 2(m+1)/2

√
π

∫ ∞

bk/
√

2x
e−a2/2da

= 2(m+2)/2
∞∑

k=0


 −m

2
k


Φ


−2k +

m

2√
x


 .

7.6 Noting that y∼ 0 = 0 and y
∼ j = y

∼ j−1 + ε∼ j = ε∼1 + · · · + ε∼ j we obtain

T∑
j=2

yj−1 yj =
N∑

j=1

m−1∑
k=0

y(j−1)m+k y(j−1)m+k+1

=
N∑

j=1

m−1∑
k=1

y(j−1)m+k y(j−1)m+k+1 +
N∑

j=1

y(j−1)m y(j−1)m+1

=
N∑

j=1

m−1∑
k=1

y
∼

′
jeke

′
k+1

y
∼ j +

N∑
j=1

y
∼
′
j−1eme

′
1
y
∼ j

=
N∑

j=1

y
∼
′
j

(
m−1∑
k=1

eke
′
k+1 + eme

′
1

)
y
∼ j −

N∑
j=1

ε∼
′
jeme

′
1
y
∼ j ,

which yields (7.114).

7.7 Note first that

N∑
j=1

ε∼
′
jeme

′
1
y
∼ j =

N∑
j=1

ε∼
′
jeme

′
1(ε∼1 + · · · + ε∼ j)

=
N∑

j=1

εjm(ε1 + εm+1 + · · · + ε(j−1)m+1)

=
N∑

j=1

ξj(η1 + η2 + · · · + ηj),

where ξj = εjm and ηj = ε(j−1)m+1. Since {ξj} and {ηj} are i.i.d. (0, σ2) sequences and

are independent of each other, it follows from the weak convergence result in Chapter

3 that
N∑

j=1

ε∼
′
jeme

′
1yj /N converges to a nondegenerate distribution. Therefore (7.115)

holds.
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7.8 Let us put y0 = 0 and suppose first that 0 ≤ l < m. Then
T∑

j=l+1

yj−l yj =
N−1∑
j=1

m−1∑
k=0

y(j−1)m+k y(j−1)m+k+l +
m−l∑
k=0

y(N−1)m+k y(N−1)m+k+l

=
N−1∑
j=1

y
∼
′
jHl y∼ j +RN

=
N−1∑
j,k=1

min(N − j, N − k) ε∼
′
jHl ε∼k +RN ,

where RN/T
2 converges in probability to 0. Thus (7.117) holds because of the same

reasoning as in (7.116). When l ≥ m, we may put l = im + n (i = 1, 2, · · · ; n =

0, 1, · · · , m− 1). Since

yj = yj−im +
i−1∑
k=0

εj−km ,

we have

1

T 2

T∑
j=l+1

yj−l yj =
1

T 2

T∑
j=l+1

yj−im−n yj−im +
1

T 2

T∑
j=l+1

i−1∑
k=0

yj−l εj−km

=
1

T 2

T∑
j=n+1

yj−n yj + op(1)

so that (7.117) holds for general l.

7.9 Defining dXM(u) = −βXM(u)du+ dw(u) with XM(0) = 0, Girsanov’s theorem

gives

E

[
exp

{
θ1
M

∫ M

0
ZM(u)dZM(u) +

θ2
M2

∫ M

0
Z2

M(u)du

}]

= exp

{
M

(
−β − c

2
− θ1

2M

)}
E

[
exp

{(
β − c

2
+

θ1
2M

)
X2

M(M)

}]
,

where β =
√
c2 − 2θ2/M2 and XM(M) ∼ N(0, (1− e−2βM )/(2β)). Then this m.g.f. is

shown to be identical with that given in (7.121). Thus (7.123) is established.

7.10 It follows from Problem 7.9 and (7.121) that

E

[
exp

{
θ1√
M

(∫ M

0
ZM(u)dZM(u) + c

∫ M

0
Z2

M(u)du

)
+
θ2
M

∫ M

0
Z2

M(u)du

}]

= exp

{
cM −√

Mθ1
2

}[
cosh ν + (cM −

√
Mθ1)

sinh ν

ν

]− 1
2

,
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where

ν = (c2M2 − 2cM
√
Mθ1 − 2Mθ2)

1
2

= cM −
√
Mθ1 − θ2

c
− θ2

1

2c
+O

(
1√
M

)
.

Then the above m.g.f. converges to exp{(θ2
1/2 + θ2)/(2c)}, which implies (7.126).

Similarly we can show that

E

[
exp

{
θ1
M

∫ M

0
ZM(u)dZM(u) +

θ2
M

∫ M

0
Z2

M(u)du

}]

−→ exp

{
−1

2

(
θ1 − θ2

c

)}
,

which implies (7.125).

7.11 It follows from (7.121) and (7.124) that

E

[
exp

{
cecMθ1

(∫ M

0
ZM(u)dZM(u) + c

∫ M

0
Z2

M(u)du

)
+ 2c2e2cMθ2

∫ M

0
Z2

M(u)du

}]

= exp
{
cM

2

(
1 − ecMθ1

)} [
cosh ν + cM

(
1 − ecMθ1

) sinh ν

ν

]− 1
2

,

where

1

ν
=
(
c2M2 − 2c2M2ecMθ1 − 4c2M2e2cMθ2

)− 1
2

= − 1

cM

(
1 + ecMθ1 + 2e2cMθ2 +

3

2
e2cMθ2

1 +O(e3cM)
)
.

Then we have

cosh ν + cM(1 − ecMθ1)
sinh ν

ν
= ecM(1 − θ2 − 1

4
θ2
1) +O(e2cM),

so that the above m.g.f. converges to (1 − θ2 − θ2
1/4)−

1
2 , which is the joint m.g.f. of

(XY/2, X2/2), where (X, Y )′ ∼ N(0, I2). Thus (7.127) is established.

8.1 Putting εj = 0 for j ≤ 0 we have

yj =
εj

(1 − eiθL)(1 − e−iθL)
=

1

2i sin θ

[
eiθ

1 − eiθL
− e−iθ

1 − e−iθL

]
εj
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=
eiθ

2i sin θ

[
ei(j−1)θε1 + ei(j−2)θε2 + · · · + eiθεj−1 + εj

]

− e−iθ

2i sin θ

[
e−i(j−1)θε1 + e−i(j−2)θε2 + · · ·+ e−iθεj−1 + εj

]

=
1

sin θ

j∑
k=1

εk sin(j − k + 1)θ =
1

sin θ
[Xj sin(j + 1)θ − Yj cos(j + 1)θ ] .

8.2 It follows from (7.129) and (7.132) that

T∑
j=2

yj−1 yj =
1

sin2 θ

T∑
j=2

(Xj−1 sin jθ − Yj−1 cos jθ)

×(Xj sin(j + 1)θ − Yj cos(j + 1)θ)

=
1

2 sin2 θ

T∑
j=2

[(Xj−1Xj + Yj−1Yj) cos θ + (Xj−1Yj −XjYj−1) sin θ

−(Xj−1Xj − Yj−1Yj) cos(2j + 1)θ

−(Xj−1Yj +XjYj−1) sin(2j + 1)θ ]

=
σ2T cos θ

4 sin2 θ

T∑
j=1

Z ′
T

(
j

T

)
ZT

(
j

T

)
+ op(T

2),

which implies (7.133), where we have used Xj = Xj−1 + εj cos jθ and Yj = Yj−1 +

εj sin jθ. Consider next

T∑
j=2

yj−1 εj =
1

sin θ

T∑
j=2

(Xj−1 sin jθ − Yj−1 cos jθ)εj

=
1

sin θ

T∑
j=2

(Xj−1(Yj − Yj−1) − Yj−1(Xj −Xj−1)) ,

which leads us to (7.134). Finally we have

T∑
j=3

yj−2 εj =
1

sin θ

T∑
j=3

[Xj−2(sin jθ cos θ − cos jθ sin θ)

−Yj−2(cos jθ cos θ + sin jθ sin θ) ] εj

=
1

sin θ

T∑
j=3

[ cos θ{Xj−2∆Yj − Yj−2∆Xj}

− sin θ{Xj−2∆Xj + Yj−2∆Yj} ] ,

which yields (7.135).
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9.1 Putting uj = εj/β(L) it follows that, for any k > 0,

yj−k =
uj−k

(1 − L)d
=
uj−1 − (1 − L)(uj−1 + · · · + uj−k+1)

(1 − L)d

=
uj−1

(1 − L)d
− uj−1 + · · · + uj−k+1

(1 − L)d−1
.

Then it can be verified that

1

T 2dσ2

T∑
j=p+1

y
∼ j−1 y∼

′
j−1 =

1

T 2dσ2

T∑
j=p+1

(
uj−1

(1 − L)d

)2

ee′ + op(1) ,

which establishes (7.140).

9.2 When d = 1, it holds that

δ = M ′φ =




1 1
−1 · 0

· ·
· ·

0 · 1
−1



φ ,

from which we have δ1 = φ1 + φ2, δq+1 = −φq+1 and δk = −φk + φk+1 (k = 2, · · · , q).
Solving for φk’s we obtain (7.142). When d = 2, it holds that

δ = M ′φ =




1 1 1
−1 −2 · 0

1 · ·
· · ·

· · 1
0 · −2

1



φ ,

from which we have δ1 = φ1 + φ2 + φ3, δ2 = −φ2 − 2φ3 + φ4, δq+1 = φq+1 − 2φq+2,

δq+2 = φq+2 and δk = φk − 2φk+1 + φk+2 (k = 3, · · · , q), which yields (7.143).

9.3 Since {∆kyi−1} ∼ I(d− k) and it holds that

1

T d−k
√
T

T∑
j=p+1

∆kyj−1∆
dyj−m −→ 0 in probability

627



for k = 0, 1, · · · , d − 1 and m = 1, · · · , q, the off-block diagonal elements in the

limiting distribution reduce to 0. Since {u∼ j−1} is second-order stationary with i.i.d.

innovations, we have, by the weak law of large numbers,

1

T

T∑
j=p+1

u∼ j−1 u∼
′
j−1 −→ Γ in probability.

Finally the FCLT and the continuous mapping theorem gives the joint weak conver-

gence :

L

G−1

T

T∑
j=p+1

x∼ j−1 x∼
′
j−1G

−1
T


 −→ L

(
α2σ2F

)
,

where GT = diag (T d, · · · , T ) : d× d. Thus we obtain the conclusion.

9.4 In view of (7.145) we have only to show that M̄1Q1 y∼ j−1 = z∼ j−1. It is easy to see

that

M̄1Q1




yj−1

·
·
·

yj−p




= M̄1
1

(1 − L)d




εj−1

·
·
·

εj−d




=

(
εj−1

(1 − L)d
, · · · , εj−1

1 − L

)′
= z∼ j−1 .

9.5 We first have

(M̄ ′
1G

−1
T )−1(δ̂ − δ) = (G−1

T M̄1

∑
j

y
∼ j−1 y∼

′
j−1M̄

′
1G

−1
T )−1G−1

T M̄1

∑
j

y
∼ j−1uj

= (G−1
T

∑
j

x∼ j−1 x∼
′
j−1G

−1
T )−1G−1

T

∑
j

x∼ j−1uj ,

where

x∼ j−1 = (yj−1,∆yj−1, · · · ,∆d−1yj−1)
′

=

(
uj−1

(1 − L)d
,

uj−1

(1 − L)d−1
, · · · , uj−1

1 − L

)′
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with uj = εj / β(L). It is evident that

L

 1

T

∑
j

uj−1

1 − L
uj


 −→ L

(
α2σ2

(∫ 1

0
w(t)dw(t) +

1 − r

2

))
.

We show that, for k = 2, · · · , d,

(S9) L

 1

T k

∑
j

uj−1

(1 − L)k
uj


 −→ L

(
α2σ2

∫ 1

0
Fk−1(t)dw(t)

)
.

Let us consider the case of k = 2. Using the BN decomposition we have

∑
j

uj−1

(1 − L)2
uj =

∑
j


j−1∑

l=1

l∑
m=1

um


uj

=
∑
j

j−1∑
l=1

l∑
m=1

(αεm + ε̃m−1 − ε̃m) uj

= α2
∑
j

εj−1

(1 − L)2
εj + α

∑
j

εj−1

(1 − L)2
(ε̃j−1 − ε̃j)

+ε̃0

∑
j

(j − 1)uj −
∑
j

ε̃j

1 − L
uj

= α2
∑
j

εj−1

(1 − L)2
εj +Op(T

√
T ),

where we have used the fact that

∑
j

εj−1

(1 − L)2
(ε̃j−1 − ε̃j) =

∑
j

εj−1

(1 − L)2
ε̃j−1 −

∑
j

(
εj

(1 − L)2
− εj

1 − L

)
ε̃j

=
ε0

(1 − L)2
ε̃0 − εT

(1 − L)2
ε̃T +

∑
j

εj

1 − L
ε̃j

= Op(T
√
T ) .

Thus (S9) is established for k = 2. The case of k ≥ 3 can also be proved by induction.

Then we obtain (7.150) by the FCLT and the continuous mapping theorem.

9.6 Since

T (δ̂ − 1) =
1

T 2d−1

T∑
j=2

yj−1(yj − yj−1)

/
 1

T 2d

T∑
j=2

y2
j−1




=
1

2T 2d−1


y2

T −
T∑

j=1

(yj − yj−1)
2



/
 1

T 2d

T∑
j=2

y2
j−1



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and
T∑

j=2

(yj − yj−1)
2 = Op(T

2(d−1)), (7.151) follows from the FCLT and the continuous

mapping theorem.

9.7 It follows from Theorem 4.2 that

E
(
eθY2

)
= E

[
exp

{
θx
∫ 1

0
F 2

1 (t)dt− θ

2
F 2

1 (1)

}]

= E

[
exp

{
θx
∫ 1

0
X2(t)dt− θ

2
X2(1) − β

∫ 1

0

dX(t)

dt
d

(
dX(t)

dt

)

+
β2

2

∫ 1

0

(
dX(t)

dt

)2

dt




 ,

where dX(t)/ dt = βX(t) + w(t) and

X(t) = eβt
∫ t

0
e−βsw(s)ds .

Noting that

∫ 1

0

dX(t)

dt
d

(
dX(t)

dt

)
=

1

2

{
(βX(1) + w(1))2 − 1

}
,

∫ 1

0

(
dX(t)

dt

)2

dt =
∫ 1

0
(βX(t) + w(t))2 dt

= β2
∫ 1

0
X2(t)dt+ 2β

∫ 1

0
X(t) (dX(t) − βX(t)dt) +

∫ 1

0
w2(t)dt

= −β2
∫ 1

0
X2(t)dt+ βX2(1) +

∫ 1

0
w2(t)dt ,

we obtain the first equality in (7.152), where β = (2θx)
1
4 . Applying Girsanov’s the-

orem again we arrive at the second equality, where γ = iβ. The last equality is

obvious.

Chapter 8.

1.1 Since we have E(y2
1) = σ2 , E(y2

j ) = (1 + α2)σ2 and E(yjyj−1) = −ασ2 for

j ≥ 2, α can be uniquely determined as α = −E(yjyj−1)/E(y2
1), which may take any

value. Note that, in the stationary case, we have E(y2
j ) = (1 + α2)σ2 for j ≥ 1 and
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E(ykyk−1) = −ασ2 for k ≥ 2 so that the parameter vectors (α, σ2) and (1/α, α2σ2)

give the same model.

1.2 It is easy to see that y ∼ N(0, σ2Φ(α)), where Φ(α) = Ω(α) − α2e1e
′
1 =

C−1(α)(C−1(α))′ with C(α) defined in (8.36). Since |C(α) | = 1 so that log |Φ(α) | =

0, we arrive at (8.4).

1.3 Let us put Ω(α) = (1 + α2)IT − 2αB. Then we have

DT = |B − λIT | = −λDT−1 − 1

4
DT−2 ,

with D1 = −λ and D2 = λ2 − 1/4, from which we obtain

DT =
sin(T + 1)θ

2T sin θ
, cos θ = −λ , sin θ =

√
1 − λ2 , 0 < θ < π .

Thus DT = 0 yields θ = jπ/ (T + 1) (j = 1, · · · , T ) so that the eigenvalues of B are

given by cos(jπ/ (T + 1)). Therefore the eigenvalues of Ω(α) are given by 1 + α2 −
2α cos(jπ/(T + 1)), (j = 1, · · · , T ).

1.4 It is easy to obtain DT = |Ω(α) | = (1 + α2)DT−1 − α2DT−2 with D1 = 1 + α2

and D2 = 1 + α2 + α4. Then, if |α | �= 1, we derive DT = (1 − α2(T+1))
/

(1 − α2).

When |α | = 1, we have DT = T + 1.

2.1 Putting δjT = cos(jπ/ (T + 1)) and noting that y ∼ N(0, σ2Ω(α0)), we deduce

L
(

1

T
y′Ω−1(1)y

)
= L

(
σ2

T
Z ′Ω

1
2 (α0)Ω

−1(1)Ω
1
2 (α0)Z

)

= L

σ2

T

T∑
j=1

(1 − α0)
2 + 2α0(1 − δjT )

2(1 − δjT )
Z2

j




= L

α0σ

2

T

T∑
j=1

Z2
j + op(1)


 ,

which gives (8.12), where {Zj} ∼ NID(0, 1). We also deduce

1

T + 1

T∑
j=0

α2j =
1

T + 1

1 − α2(T+1)

1 − α2
=

1 −
(

1 − θ

T

)2(T+1)

2θ +O
(

1

T

)
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−→ 1 − e−2θ

2θ
=

sinh θ

θeθ
.

2.2 Let us consider

YT =
KT∑
j=1

AjTZ
2
j +

T∑
j=KT +1

AjTZ
2
j ,

where KT is a sequence of integers such that KT → ∞ , KT/T → 0 and K2
T/T → ∞

as T → ∞, while

AjT =
c2 + 4

(
T 2 − cT

)
s2

jT

4T 2s2
jT

(
θ2 + 4

(
T 2 − θT

)
s2

jT

) .
For j = 1, · · · , KT it holds that

4 (T + 1)2 s2
jT = j2π2 + j4O

(
T−2
)

= j2π2

(
1 +O

((
KT

T

)2
))

.

We also have

P


 T∑

j=KT +1

AjTZ
2
j > ε


 <

1

ε

T∑
j=KT +1

AjT

<
1

ε
(T −KT )AKT T

=
1

ε
O

(
T

K2
T

)
→ 0 .

Then we can deduce that

L (YT ) −→ L

 ∞∑

n=1

n2π2 + c2

n2π2
(
n2π2 + θ2

)Z2
n


 .

Since the second and third terms of ST1 in (8.14) converge in probability to θ and 0,

respectively, we establish (8.15).

2.3 We have only to show that

(S10) L
(

1

σ2
y′
(
Ω−1(α) − Ω−1(1)

)
y
)
−→ L

(∫ 1

0

∫ 1

0
K̄1(s, t; 0)dw(s)dw(t) + θ

)
,
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where K̄1 = −2K1. Noting that y = −α0ε0e1 + C−1(α0)ε = D(α0)ε
∗, where e1 =

(1, 0, · · · , 0)′ : T × 1 , D (α0) = (−α0e1, C
−1 (α0)) , ε

∗ = (ε0 , ε
′)′ and C(α) is defined

in (8.36), consider

1

σ2
y′
(
Ω−1(α) − Ω−1(1)

)
y =

1

σ2
ε∗ ′D′(α0)

(
Ω−1(α) − Ω−1(1)

)
D(α0)ε

∗

=
1

T
Z ′BTZ +

θ

T
Z ′Z +RT ,

where Z = ε/σ ∼ N(0, IT ) and

BT = T
[(
C−1(α0)

)′ (
Ω−1(α) − Ω−1(1)

)
C−1(α0)

]
− θIT ,

RT =
1

Tσ2
α2

0ε
2
0e

′
1

(
Ω−1(α) − Ω−1(1)

)
e1

− 2

Tσ2
α0ε0e

′
1

(
Ω−1(α) − Ω−1(1)

)
C−1(α0)ε .

Using the fact that

Ω−1(α) = C ′(α)C(α) − C ′(α)dαd
′
αC(α)

1 + d′αdα

,

where dα = (α, α2, · · · , αT )′, it can be checked that RT → 0 in probability. Then

Theorem 5.12 establishes (S10) after some algebra.

2.4 Let us consider

E

[
exp

{
iu

(
X1(θ) +

1

2
log

sinh θ

θ

)}]

=
∞∏

n=1

[
1 − iuθ2(n2π2 + c2)

n2π2(n2π2 + θ2)

]− 1
2

=
∞∏

n=1




1 +
(1 − iu)θ2

n2π2 − ic2θ2u

n4π4

1 +
θ2

n2π2



− 1

2

=
∞∏

n=1




(
1 − a(u) + b(u)

n2π2

)(
1 − a(u) − b(u)

n2π2

)

1 +
θ2

n2π2




− 1
2

,

which leads us to (8.18).
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2.5 We first have

dgT1(α)

dα
=
T

2

y′Ω−1(α)
dΩ(α)

dα
Ω−1(α)y

y′Ω−1(α)y
− 1

2
tr

(
Ω−1(α)

dΩ(α)

dα

)
.

Noting that dΩ(α)/dα |α=1 = Ω(1) and dΩ(α)/dα |α=−1 = −Ω(−1) we obtain the

conclusion.

2.6 When l = 1, we have

dhT1(θ)

dθ
=

1

2

y′
dΩ−1(α)

dα
y

y′Ω−1(α)y
+

1

T

T∑
i=1

iα2i−1

T∑
i=0

α2i

.

We first have

1

T 2

T∑
i=1

iα2i−1 =
1

2T 2

d

dα

T∑
i=1

α2i

=
1

2T 2

−2(T + 1)(1 − α2)α2T+1 + 2α(1 − α2(T+1))

(1 − α2)2

−→ 1 − (2θ + 1)e−2θ

4θ2
,

which yields, using (8.13),

1

T

T∑
i=1

iα2i−1

T∑
i=0

α2i

−→ 1 − (2θ + 1)e−2θ

4θ2
× θeθ

sinh θ

=
1

2

(
1 +

1

θ
− coth θ

)
.

Putting δj = cos(jπ/ (T + 1)) and sj = sin(jπ/ 2(T + 1)) we consider

1

Tσ2
y′
dΩ−1(α)

dα
y = − 1

T

T∑
j=1

(1 + α2
0 − 2α0δj)(2α− 2δj)

(1 + α2 − 2αδj)2
Z2

j

= − 1

T

T∑
j=1

(
c2 + 4(T 2 − cT )s2

j

)
(4T 2s2

j − 2θT )(
θ2 + 4(T 2 − θT )s2

j

)2 Z2
j
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=
T∑

j=1

2θ
(
c2 + 4(T 2 − cT )s2

j

)
(
θ2 + 4(T 2 − θT )s2

j

)2 Z2
j − 1

T

T∑
j=1

Z2
j

− 1

T

T∑
j=1


4T 2s2

j

(
c2 + 4(T 2 − cT )s2

j

)
(
θ2 + 4(T 2 − θT )s2

j

)2 − 1


Z2

j ,

which is shown to converge in distribution to

∞∑
n=1

2θ(n2π2 + c2)

(n2π2 + θ2)2
Z2

n − 1 .

Since y′Ω−1(α)y
/
T → σ2 in probability, we have proved (8.21) for l = 1. The case of

l = 2 can be proved similarly.

2.7 Since the c.f. of
∞∑

n=1

Z2
n

/
(n2π2) is given by

((
sin

√
2iθ
)/√

2iθ
)−1/2

, we immedi-

ately obtain (8.26) due to Theorem 5.13.

2.8 The first and second derivatives of

log sinh θ = log θ +
∞∑

n=1

log

(
n2π2 + θ2

n2π2

)

with respect to θ are :

coth θ =
1

θ
+

∞∑
n=1

2θ

n2π2 + θ2
,

−cosech2 θ = − 1

θ2
+

∞∑
n=1

2

n2π2 + θ2
−

∞∑
n=1

4θ2

(n2π2 + θ2)2

Thus we obtain

∞∑
n=1

θ3

(n2π2 + θ2)2
=
θ

4
cosech2θ +

1

4
coth θ − 1

2θ
,

which yields (8.30).

2.9 It is easy to deduce

φ(θ; x) =
∞∏

n=1

[
1 − 2iθ(n2π2 + c2)

(n2π2 + x2)2

]− 1
2
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=
∞∏

n=1




(
1 − c(θ) + d(θ)

n2π2

)(
1 − c(θ) − d(θ)

n2π2

)
(

1 +
x2

n2π2

)2




− 1
2

=
sinh x

x


sin

√
c(θ) + d(θ)√

c(θ) + d(θ)

sin
√
c(θ) − d(θ)√

c(θ) − d(θ)



− 1

2

.

3.1 Let Gjk be the (j, k)-th element of (C(1)C−1(α0))
′C(1)C−1(α0). Then we have

(S11) Gjj = 1+(1−α0)
2(T−j), Gjk = 1−α0+(1−α0)

2(T−k) , (j < k) .

Thus it holds that

1

T

T∑
j,k=1

Gjkεjεk =
1

T


 T∑

j=1

{
1 +

c2

T 2
(T − j)

}
ε2

j + 2
∑
j<k

{
c

T
+
c2

T 2
(T − k)

}
εjεk


 ,

which clearly converges in probability to σ2.

3.2 Let Hjk be the (j, k)-th element of
(
C(α)C−1(α0)

)′
C(α)C−1(α0). Then we have

(S12) Hjj = 1 + (α− α0)
2 1 − α2(T−j)

1 − α2
,

(S13) Hjk = (α− α0)α
k−j−1 + (α− α0)

2 α
k−j − α2T−j−k

1 − α2
, (j < k) .

Thus, using (S11), we obtain

BT (j, j) = T (Hjj −Gjj) = −c
2

T
(T − j) +

(c− θ)2

T

1 − α2(T−j)

1 − α2
,

BT (j, k) = T (Hjk −Gjk)

= −c− c2

T
(T − k) + (c− θ)αk−j−1

+
(c− θ)2

T

αk−j − α2T−j−k

1 − α2
, (j < k).

If we replace BT (j, j) by BT (j, j)−θ, then we can find the uniform limit of the modified

BT (j, k) as −2K2(s, t; θ) with K2 defined in (8.40). It follows from Theorem 5.12 that

L(ST2) −→ L
(
−2
∫ 1

0

∫ 1

0
K2(s, t; θ)dw(s)dw(t) + θ

)
,
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which yields (8.38).

3.3 We consider the integral equation :

f(t) = λ
∫ 1

0
K2(s, t; θ)f(s)ds

=
λθ

2

[
cosh θ(1 − t)

∫ t

0
e−θ(1−s)f(s)ds+ e−θ(1−t)

∫ 1

t
cosh θ(1 − s)f(s)ds

]
,

which is shown to be equivalent to

f ′′(t) − θ2

(
1 − λ

2

)
f(t) = 0 , f ′(0) = θf(0) , f ′(1) = 0 .

Suppose first that λ �= 2. Then the general solution is

f(t) = c1e
At + c2e

−At , A = θ

√
1 − λ

2
.

The two boundary conditions yield M(λ)c = 0, where c = (c1, c2)
′ and

M(λ) =



A− θ −A− θ

AeA −Ae−A


 .

Since |M(λ) | = 2A(θ coshA+A sinhA), the candidate for the FD is given as in (8.42).

When λ = 2, we have f ′′(t) = 0 with f ′(0) = θf(0) and f ′(1) = 0. This implies that

θ = 0, which is a contradiction. Checking the second condition in Theorem 5.5, we

can conclude that (8.42) is the FD of K2(s, t; θ) in (8.41).

3.4 Let us consider

dhT2(θ)

dθ
=

1

2

d

dα
log y′Φ−1(α)y =

1

2

ε′
dH(α)

dα
ε

y′Φ−1(α)y
,

where H(α) = (C(α)C−1(α0))
′
C(α)C−1(α0). It can be shown as in (8.37) that

y′ Φ−1(α) y
/
T → σ2 in probability. Let the (j, k)-th element of dH(α)/dα be Fjk.

Using (S12) and (S13) we obtain

Fjj =

(
2(α− α0)

1 − α2
+

2α(α− α0)
2

(1 − α2)2

)(
1 − α2(T−j)

)
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+
(α− α0)

2

1 − α2
(−2(T − j))α2T−2j−1 ,

Fjk = (α + (α− α0)(k − j − 1))αk−j−2

+

(
2(α− α0)

1 − α2
+

2α(α− α0)
2

(1 − α2)2

)(
αk−j − α2T−j−k

)

+
(α− α0)

2

1 − α2

(
(k − j)αk−j−1 − (2T − j − k)α2T−j−k−1

)
, (j < k) .

Then it holds that

L
(

1

Tσ2
ε′
dH(α)

dα
ε

)
= L

(
1

Tσ2
ε′
(
dH(α)

dα
+ IT

)
ε− 1

Tσ2
ε′ε

)

−→ L
(∫ 1

0

∫ 1

0
J(s, t; θ)dw(s)dw(t)− 1

)
,

where J(s, t; θ) = 2∂K2(s, t; θ)/ ∂θ. Thus (8.44) is established for l = 1.

3.5 Consider the integral equation :

f(t) = λ
∫ 1

0

{
1

2
+ c− c

2
(s+ t) +

c2

2
(1 − s)(1 − t)

}
f(s)ds ,

which is equivalent to f(t) = a+ bt with

f(0) =
λ

2

∫ 1

0
(1 + 2c+ c2 − cs− c2s)f(s)ds = a ,

f(1) =
λ

2

∫ 1

0
(1 + c− cs)f(s)ds = a+ b .

Then λ( �= 0) is an eigenvalue if and only if

|M(λ) | =

∣∣∣∣∣∣∣∣∣∣∣



λ

(
1

2
+

3c

4
+
c2

4

)
− 1 λ

(
1

4
+
c

3
+
c2

12

)

λ
(

1

2
+
c

4

)
− 1 λ

(
1

4
+

c

12

)
− 1




∣∣∣∣∣∣∣∣∣∣∣
= 1 − λ

6
(c2 + 3c+ 3) ,

which is the FD of dX2(θ)/dθ |θ=0 +
1

2
. Thus (8.48) is established.

3.6 Let us consider the integral equation :

f(t) = λ
∫ 1

0

∂K2(s, t; θ)

∂θ

∣∣∣∣∣
θ=−x

f(s)ds ,
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which is equivalent to f ′′′′(t) − (2x2 + λx)f ′′(t) + x4f(t) = 0 with f ′(1) = f ′′′(1) = 0

and

f(1) =
λ

2

∫ 1

0
(1 + x− xs)ex(1−s)f(s)ds ,

f ′′′(0) = −xf ′′(0) + (x2 + λx)f ′(0) + (x3 + λx2)f(0) .

The general solution is given by

f(t) = c1e
At + c2e

−At + c3e
Bt + c4e

−Bt ,

where

A2 =
x

2

(
λ+ 2x+

√
λ2 + 4λx

)
, B2 =

x

2

(
λ+ 2x−

√
λ2 + 4λx

)
.

We then have M(λ)c = 0, where c = (c1, c2, c3, c4)
′ and M(λ) is a 4 × 4 matrix

constructed from the four boundary conditions given above. Evaluating |M(λ) | by

REDUCE we obtain (8.50).

4.1 Noting that y ∼ N(0, σ2(Ω(αm0) ⊗ Im)) and |Ω(αm) ⊗ Im | = |Ω(αm) |m we ob-

tain easily the log-likelihood for αm and σ2, from which (8.57) results by concentrating

σ2 out.

4.2 Noting that

E

[
exp

{
iθ

∞∑
n=1

n2π2 + c2

(n2π2 + x2)2 Z∼
′
n Z∼ n

}]
=

∞∏
n=1

[
1 − 2iθ(n2π2 + c2)

(n2π2 + x2)2

]−m
2

,

(8.63) can be easily established because of (8.33).

4.3 Let us consider

1

N
Z ′ {(B − θIN) ⊗ Im}Z =

1

N

N∑
j,k=1

AjkZ
′
jZk ,

where {Zj} ∼ NID(0, Im). The weak convergence of this quantity for m = 1 has

already been established in (8.38). Noting that Z ′Z/N → m in probability, (8.65)

follows from (5.154).
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4.4 It follows from (5.155) that

E

[
exp

{
iθ
∫ 1

0

∫ 1

0

∂K2(s, t; θ)

∂θ

∣∣∣∣∣
θ=0

dw∼
′(s)dw∼(t)

}]
= (D(2iθ))−

m
2 ,

where D(λ) is the FD of ∂K2(s, t; θ)/ ∂θ |θ=0. We have already obtained D(λ) =

1 − λ(c2 + 3c+ 3)/6, which establishes (8.68).

4.5 Suppose that c = 0. Then it holds that

dXm2(θ)

dθ
=
∫ 1

0

∫ 1

0

∂K2(s, t; θ)

∂θ
dw∼

′(s)dw∼(t) ,

where ∂K2(s, t; θ)/∂θ is defined by (8.46) with c = 0. Then we obtain

E

(
dXm2(θ)

dθ

)
= −m

4
(1 − e−2θ) < 0 ,

V

(
dXm2(θ)

dθ

)
=

m

16θ
+O

(
1

θ2

)
.

Thus the consistency proof for m = 1 can be used in the present case.

4.6 Note first that

E

[
exp

{
iθ
∫ 1

0

∫ 1

0

∂K2(s, t; θ)

∂θ

∣∣∣∣∣
θ=−x

dw∼
′(s)dw∼(t)

}]
= (D(2iθ))−

m
2 ,

where D(λ) is the FD of ∂K2(s, t; θ)/ ∂θ |θ=−x . Then (8.71) can be established be-

cause of (8.50).

4.7 It is easy to obtain

d2XM1(θ)

dθ2

∣∣∣∣∣
θ=0

= M2

[ ∞∑
n=1

(
1

n2π2
+
c2M2

n4π4

)
Z2

n − 1

6

]
.

Thus (8.77) follows from (8.25) and (8.26). We can prove (8.78) similarly.

5.1 Let us put

1

T
y′Ω−1(1)y =

1

T
u′ATu+RT ,
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where AT =
(
C−1(α0)

)′
[C ′(1)C(1) − C ′(1)ee′C(1)/(T + 1)]C−1(α0) and

RT =
1

T
α2

0u
2
0e

′
1

[
C ′(1)C(1) − 1

T + 1
C ′(1)ee′C(1)

]
e1

− 2

T
α0u0e

′
1

[
C ′(1)C(1) − 1

T + 1
C ′(1)ee′C(1)

]
C−1(α0)u

=
α2

0u
2
0

T + 1
− 2α0u0

T (T + 1)

T∑
j=1

((T − j)(1 − α0) + 1) uj

= op(1) .

By the weak law of large numbers it holds that

1

T (T + 1)
u′
(
C−1(α0)

)′
C ′(1)ee′C(1)C−1(α0)u

=
1

T (T + 1)




T∑
j=1

(
c
(
1 − j

T

)
+ 1
)
uj




2

−→ 0 in probability .

Thus, using (S11), we have

1

T
y′Ω−1(1)y =

1

T

T∑
j,k=1

Gjkujuk + op(1)

=
1

T


 T∑

j=1

(
1 +

c2

T 2
(T − j)

)
u2

j

+2
∑
j<k

(
c

T
+
c2

T 2
(T − k)

)
ujuk


+ op(1)

=
1

T

T∑
j=1

u2
j + op(1) ,

which yields (8.81).

5.2 The first equality can be proved by noting that y = −α0u0e1 + C−1(α0)u. Since

u′u/T → σ2
∞∑
l=0

φ2
l in probability, (8.82) follows from (8.17) and (5.161).

5.3 It is easy to establish (8.87) by using (S11) and the weak law of large numbers.

We can also prove (8.88) using (8.38) and (5.161).
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6.1 It follows from (8.57) that

d2lT1(α)

dα2

∣∣∣∣∣
α=1

= T

(
y′ (Ω−2(1) ⊗ Im) y

y′ (Ω−1(1) ⊗ Im) y
− 1

2

)
− m(N2 −N)

6
.

Then it holds that

P

(
d2lT1(α)

dα2

∣∣∣∣∣
α=1

< 0

)
= P

(
N + 2

6
y′
(
Ω−1(1) ⊗ Im

)
y − y′

(
Ω−2(1) ⊗ Im

)
y > 0

)
,

which leads us to (8.91).

6.2 Noting that Φ−1(1) = C ′C and dΦ(α)/ dα |α=1 = (C ′C)−1 − e1e
′
1 with C = C(1)

and e1 = (1, 0, · · · , 0)′ : N × 1, we obtain, from (8.64),

P

(
dlT2(α)

dα

∣∣∣∣∣
α=1

> 0

)
= P (ε′(AN ⊗ Im)ε > 0) ,

where

AN =
(
C−1(α0)

)′ [
C ′C

(
(C ′C)−1 − e1e

′
1

)
C ′C

]
C−1(α0)

=
(
CC−1(α0)

)′
CC−1(α0) −

(
CC−1(α0)

)′
ee′CC−1(α0) ,

with e = (1, · · · , 1)′ : N ×1. Then (8.92) follows from (S11) and the fact that the j-th

component of
(
CC−1(α0)

)′
e is given by (N − j)(1 − α0) + 1.

7.1 The first two equalities are obvious. Let us consider

T∑
j=1

(1 + ρ0λjT )

(
1

1 + ρλjT
− 1

)
Z2

j

= −θ2
T∑

j=1

c2 + 4T 2s2
jT

4T 2s2
jT

(
θ2 + 4T 2s2

jT

) Z2
j ,

where sjT = sin
((
j − 1

2

)
π
/

(2T + 1)
)
. Using the same arguments as in the solution

to Problem 2.2 we can establish (8.100).

7.2 We first obtain

dY1(θ)

dθ
=

∞∑
n=1

θ

((
n− 1

2

)2

π2 + c2
)

((
n− 1

2

)2

π2 + θ2

)2 Z
2
n −

∞∑
n=1

θ(
n− 1

2

)2

π2 + θ2

,
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which yields

E

(
dY1(θ)

dθ

)
= −

∞∑
n=1

θ(θ2 − c2)((
n− 1

2

)2

π2 + θ2

)2 < 0 for θ > c ,

V

(
dY1(θ)

dθ

)
=

∞∑
n=1

2θ2

((
n− 1

2

)2

π2 + c2
)2

((
n− 1

2

)2

π2 + θ2

)4

≤
∞∑

n=1

2θ2((
n− 1

2

)2

π2 + θ2

)2

=
1

2θ

(
tanh θ − θ sech2θ

)
= O

(
1

θ

)
.

Then, using the same reasoning as before, we can ensure the existence of the local

maximum κ̂ such that κ̂ = Op(T
−1).

7.3 We first obtain

E


exp



iθ

∞∑
n=1

Z2
n(

n− 1

2

)2

π2





 =

(
cos

√
2iθ
)− 1

2 .

Then (8.104) follows from Theorem 5.13.

7.4 It is easy to deduce that

ψ1(θ) =
∞∏

n=1


1 −

2iθ

((
n− 1

2

)2

π2 + c2
)

((
n− 1

2

)2

π2 + x2

)2




− 1
2

=
∞∏

n=1





1 − a(θ) + b(θ)(

n− 1

2

)2

π2




1 − a(θ) − b(θ)(

n− 1

2

)2

π2





1 +

x2(
n− 1

2

)2

π2




2




− 1
2
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= cosh x
[
cos
√
a(θ) + b(θ) cos

√
a(θ) − b(θ)

]− 1
2

.

7.5 Noting that ∆y ∼ N(0, σ2
ε(Ω + ρ0IT−1)) we have

L
(

1

σ2
ε

∆y′
(
(Ω + ρIT−1)

−1 − Ω−1
)

∆y

)

= L

T−1∑

j=1

(
ρ0 + 4s2

jT

)( 1

ρ+ 4s2
jT

− 1

4s2
jT

)
Z2

j




= L

−θ2

T−1∑
j=1

c2 + 4T 2s2
jT

4T 2s2
jT

(
θ2 + 4T 2s2

jT

)Z2
j


 ,

where sjT = sin (jπ/ (2T )). Using the same arguments as in the solution to Problem

2.2 we can establish (8.109).

7.6 Let us consider |Ω + ρIT−1 | = (ρ+ 2)T−1DT , where DT = DT−1 − a2DT−2 with

a = −1/(ρ+ 2). When ρ �= 0, we have DT = c1x
T−1
1 + c2x

T−1
2 , where D1 = 1, D2 =

1 − a2 and

x1 =
ρ+ 2 +

√
ρ2 + 4ρ

2(ρ+ 2)
=

1

ρ+ 2

(
1 +

θ

T
+O

(
1

T 2

))
,

x2 =
ρ+ 2 −√

ρ2 + 4ρ

2(ρ+ 2)
=

1

ρ+ 2

(
1 − θ

T
+O

(
1

T 2

))
,

c1 =
ρ2 + 4ρ+ 2 + (ρ+ 2)

√
ρ2 + 4ρ

2(ρ+ 2)
√
ρ2 + 4ρ

=
T

2θ

(
1 +O

(
1

T

))
,

c2 =
−ρ2 − 4ρ− 2 + (ρ+ 2)

√
ρ2 + 4ρ

2(ρ+ 2)
√
ρ2 + 4ρ

= − T

2θ

(
1 +O

(
1

T

))
.

Then (8.110) is established by noting that |Ω | = T .

Chapter 9.

2.1 The (j, k)-th element Φjk(ρ) of Φ(ρ) is given for j ≤ k by

Φjk(ρ) =
j−1∑
i=0

ρk−j+2i .

Therefore we obtain, for j ≤ k,

(S14)
dΦjk(ρ)

dρ
=

j−1∑
i=0

(k − j + 2i) ρk−j+2i−1
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so that dΦjk(ρ)/ dρ|ρ=1 = jk − j = jk − min(j, k). This yields (9.12).

2.2 Under H0 it holds that ST1/T = X/(X + Y ), where

X =
1

Tσ2
y2

T =


 1√

Tσ

T∑
j=1

εj




2

∼ χ2(1) ,

Y =
1

σ2

T∑
j=1

(
εj − 1

T

T∑
i=1

εi

)2

∼ χ2(T − 1) .

The conclusion follows from X and Y being independent.

2.3 It is easy to obtain Q′
2Φ(1)Q2 = IT−1 and Q2Q

′
2 = (C−1(1))

′
C−1(1)−e1e′1, where

e1 = (1, 0, · · · , 0)′ : T × 1. Thus y′Q2Q
′
2y =

T∑
j=2

(yj − yj−1)
2 and y′Q2Q

′
2dd

′Q2Q
′
2y =

(yT − y1)
2.

2.4 Under H0 it holds that ST2/ T = X/ (X + Y ), where

X =
1

(T − 1)σ2
(yT − y1)

2 =


 1√

T − 1σ

T∑
j=2

εj




2

∼ χ2(1) ,

Y =
1

σ2

T∑
j=2

(
εj − 1

T − 1

T∑
i=2

εi

)2

∼ χ2(T − 2) .

The conclusion follows from the independence of X and Y .

2.5 It follows from (S14) that, for j ≤ k,

d2Φjk(ρ)

dρ2

∣∣∣∣∣
ρ=1

=
j−1∑
i=0

(k − j + 2i)(k − j + 2i− 1)

= jk(k − 3) +
j(j2 + 5)

3
,

which yields (9.18).

2.6 It can be shown that

(Q′
3Φ(1)Q3)

−1Q′
3 = (−IT−1, 0) +

1

T
(0, · · · , 0, d̃) ,

where d̃ = (1, · · · , T − 1)′. This yields the last expression for ST3 .
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2.7 Let us put Z = (Q′
3Φ(1)Q3)

− 1
2Q′

3y/σ so that

ST3 =
1

T

Z ′(Q′
3Φ(1)Q3)

−1Z

Z ′Z
.

Since Z ∼ N(0, IT−1) under H0, Z
′Z/T converges in probability to unity. Noting that

the (j, k)-th element of (Q′
3Φ(1)Q3)

−1 is min(j, k)−jk/T , we can establish (9.23) from

Theorem 5.12.

2.8 It can be shown after some algebra that

(Q′
4Φ(1)Q4)

−1Q′
4 =




0 −1 0
...

. . .
...

0 −1 0




+
1

T − 1




T − 2
... 0
1


+

1

T − 1




1

0
...

T − 2


 ,

which yields the last expression for ST4.

2.9 Let us put Z = (Q′
4Φ(1)Q4)

− 1
2Q′

4y/σ so that

ST4 =
1

T

Z ′(Q′
4Φ(1)Q4)

−1Z

Z ′Z
.

Noting that the (j, k)-th element of (Q′
4Φ(1)Q4)

−1 is min(j, k) − jk/(T − 1), we can

deduce that the limiting null distribution of ST4 is the same as that of ST3 given in

(9.23).

3.1 It can be easily checked that Lemma 9.1 holds if Q is replaced by XG, where G is

a p× p nonsingular matrix and P ′X = 0. Then (9.34) follows from (9.36) by putting

P = H, A = Σ(θ0) and Q = XG. Noting that H(H ′Σ(θ0)H)−1H ′ = M̃ ′Σ−1(θ0)M̃ =

M̃ ′Σ−1(θ0) = Σ−1(θ0)M̃ we can also prove (9.35).

3.2 The first equality comes from the fact that dΦ−1(ρ)/dρ = −Φ−1(ρ)dΦ(ρ)/dρΦ−1(ρ).

Since dΦ−1(ρ)
/
dρ
∣∣∣
ρ=1

= Φ−1(1) − eT e
′
T , we have

LM ′
1 = − η̃

′ (Φ−1(1) − eT e
′
T ) η̃

η̃′Φ−1(1)η̃
,
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which yields the second equality.

3.3 We first have η̃T = e′T M̃y, where it holds that X ′Φ−1(1)M̃ = 0. Thus η̃T reduces

to 0 if eT belongs to the column space of Φ−1(1)X or if Φ(1)eT = d belongs to the

column space of X.

3.4 As for Model C we have

η̃ =
[
IT − d

(
d′Φ−1(1)d

)−1
d′Φ−1(1)

]
y

=
(
IT − 1

T
de′T

)
y = y − 1

T
yTd ,

which gives ST3 in (9.22). For Model D we have

η̃ =


IT − (e, d)

((
e′

d′

)
Φ−1(1)(e, d)

)−1 (
e′

d′

)
Φ−1(1)


 y

=
[
IT − 1

T − 1
(Tee′1 − de′1 − ee′T + de′T )

]
y

= y − y1e− 1

T − 1
(yT − y1)(d− e) ,

which gives ST4 in (9.26).

5.1 We have already proved (9.46) in Section 2 of Chapter 7. As for (9.47) it can be

shown that η̃1 = Op(1) for all models. For j ≥ 2 we have

η̃j − η̃j−1 =




ηj − ηj−1 , Models A, B,

ηj − ηj−1 − 1

T
ηT , Model C,

ηj − ηj−1 − 1

T − 1
(ηT − η1) , Model D.

Noting that ηj − ηj−1 = −cηj−1/T + εj and ηT = Op(
√
T ), we can establish (9.47).

5.2 Let us first consider

1

Tσ2
η̃2

T =
1

Tσ2

T∑
j,k=1

(
1 − c

T

)2T−j−k

εj εk ,
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which converges in distribution to

∫ 1

0

∫ 1

0
e−c(2−s−t)dw(s)dw(t) ∼ 1 − e−2c

2c
χ2(1) .

Consider next

1

T 2σ2

T∑
j=1

(η̃j − ¯̃η)
2

=
1

T 2σ2

T∑
j=1

(ηj − η̄)2

=
1

T

T∑
j=1

(
YT

(
j

T

)
− 1

T

T∑
k=1

YT

(
k

T

))2

,

where

(S15) YT (t) =
1√
Tσ

ηj−1 + T
(
t− j − 1

T

)
ηj − ηj−1√

Tσ
,
(
j − 1

T
≤ t ≤ j

T

)
.

Since L(YT ) → L(Y ) by the FCLT, the weak convergence result on R3 follows from

the continuous mapping theorem.

5.3 Let us define dZ(t) = −γZ(t)dt+dw(t) with Z(0) = 0. Then Girsanov’s theorem

yields

E
[
exp
{
θ
∫ 1

0
Y 2(t)dt

}]
= E

[
exp
{
γ − c

2

(
Z2(1) − 1

)}]

= ec/2

[
cosh γ + c

sinh γ

γ

]− 1
2

,

where γ =
√
c2 − 2θ. This gives us the expression for β2(α). The expression for β3(α)

can be proved similarly.

5.4 It is easy to see that 2c/(1− e−2c) → ∞ as c→ ∞ so that β1(α) → 1. In Section

5 of Chapter 7 we have proved that, as c→ ∞,

c
∫ 1

0
Y 2(t)dt −→ 1

2
, c

∫ 1

0

(
Y (t) −

∫ 1

0
Y (s)ds

)2

dt −→ 1

2
,

∫ 1

0
Y (t)dY (t)

/(
c
∫ 1

0
Y 2(t)dt

)
−→ −1 ,

in probability. The above facts imply that βk(α) → 1 as c→ ∞ for k = 2, · · · , 6.
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5.5 Noting that η̂j = ηj − η̄ we have

1

T 2σ2

T∑
j=1

η̂2
j =

1

T

T∑
j=1

(
YT

(
j

T

)
− 1

T

T∑
k=1

YT

(
k

T

))2

,

1

Tσ2

T∑
j=1

(η̂j − η̂j−1)
2 =


 1

T

T∑
j=1

YT

(
j

T

)
2

+
1

Tσ2

T∑
j=2

(ηj − ηj−1)
2 + op(1) ,

where YT (t) is defined in (S15). Then the weak convergence result on R6 follows from

the FCLT and the continuous mapping theorem.

5.6 Defining dZ(t) = −γZ(t)dt+ dw(t) with Z(0) = 0 we consider

E

[
exp

{
θx+ θx

(∫ 1

0
Y (t)dt

)2

− θ
∫ 1

0

(
Y (t) −

∫ 1

0
Y (s)ds

)2

dt

}]

= eθxE

[
exp

{
γ − c

2

(
Z2(1) − 1

)
+ θ(x+ 1)

(∫ 1

0
Z(t)dt

)2
}]

,

where γ =
√
c2 + 2θ. This leads us to the expressions for ψ1(θ; x) and β6(α).

5.7 Noting that η̃j = ηj − jηT/T we have

1

T 2σ2

T∑
j=1

(η̃j − ¯̃η)
2

=
1

T 2σ2

T∑
j=1

{
ηj − j

T
ηT −

(
η̄ − T + 1

2T
ηT

)}2

=
1

T

T∑
j=1

{
YT

(
j

T

)
− 1

T

T∑
k=1

YT

(
k

T

)

−
(
j

T
− 1

2

)
YT (1)

}2

+ op(1) ,

where YT (t) is defined in (S15). Then the weak convergence result on R3 is easily

established.

5.8 Defining dZ(t) = −γZ(t)dt+ dw(t) with Z(0) = 0 we consider

E

[
exp

{
θ
∫ 1

0

(
Y (t) −

∫ 1

0
Y (s)ds−

(
t− 1

2

)
Y (1)

)2

dt

}]

= E

[
exp

{
γ − c

2

(
Z2(1) − 1

)
− θ
(∫ 1

0
Z(t)dt

)2

−2θZ(1)
∫ 1

0

(
t− 1

2

)
Z(t)dt+

θ

12
Z2(1)

}]
,
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where γ =
√
c2 − 2θ. This yields φ3(−iθ) after some algebra.

5.9 Noting that

η̂j = ηj +
(

6j

T
− 4
)

1

T

T∑
j=1

ηj −
(

12j

T
− 6
)

1

T 2

T∑
j=1

jηj + op(1) ,

we have

η̂1 = − 4

T

T∑
j=1

ηj +
6

T 2

T∑
j=1

jηj +Op(1) ,

η̂j − η̂j−1 = ηj − ηj−1 + op(1) , (j ≥ 2) .

The weak convergence result on R6 follows from the above relations.

5.10 We consider

E

[
exp

{
θx+ θx

(
4
∫ 1

0
Y (t)dt− 6

∫ 1

0
tY (t)dt

)2

− θV4

}]

= eθxE

[
exp

{
γ − c

2

(
Z2(1) − 1

)
+ 4θ(4x+ 1)

(∫ 1

0
Z(t)dt

)2

+12θ(3x+ 1)
(∫ 1

0
tZ(t)dt

)2

− 12θ(4x+ 1)
∫ 1

0
Z(t)dt

∫ 1

0
tZ(t)dt

}]
,

where dZ(t) = −γZ(t)dt + dw(t) with Z(0) = 0 and γ =
√
c2 + 2θ. This yields

eθxψ2(−iθ; x) after some algebra; hence we obtain the expression for β6(α).

6.1 Let f(v|ρ) be the density of the maximal invariant v = H ′y/
√
y′HH ′y, where

f(v|ρ) is defined as in (9.10). Then the Neyman-Pearson lemma ensures that the test

which rejects H0 for large values of f(v|1 − (θ/T ))/f(v|1) is MPI. By using Lemma

9.1, this is seen to be equivalent to rejecting H0 when V
(M)
T (θ) in (9.51) takes large

values.

6.2 The weak convergence result on V
(A)
T (θ) is proved in the text. Consider V

(B)
T (θ)

in (9.51), where η̃
(0)
j = ηj − η1 and

η̃
(1)
j = ηj − 1

1 + (T − 1)(1 − ρ)2

×
[(

1 − ρ+ ρ2
)
η1 + (1 − ρ)2 (η2 + · · ·+ ηT−1) + (1 − ρ) ηT

]
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with ρ = 1 − (θ/T ). Then it is easy to deduce that L
(
V

(B)
T (θ)

)
−→ L

(
V (B)(c, θ)

)
=

L
(
V (A)(c, θ)

)
. For Model C we have η̃

(0)
j = ηj − jηT

/
T so that the denominator of

V
(C)
T (θ) divided by T converges in probability to σ2. Since

η̃
(1)
j = yj − jβ̃(1) = ηj − j

δT +O(1)

T∑
j=1

(1 + (1 − ρ)j) (ηj − ρηj−1)

= ηj − j√
T
AT ,

the numerator of V
(C)
T (θ) is

T∑
j=1

(
ηj − ηj−1 − 1

T
ηT

)2

−
T∑

j=1

(
η̃

(1)
j − η̃

(1)
j−1 + (1 − ρ)η̃

(1)
j−1

)2

= − 1

T
η2

T +
2√
T
ATηT − A2

T − θ

(
1√
T
ηT − AT

)2

−θ
2

T

T∑
j=1

(
1√
T
ηj − j

T
AT

)2

+ θ + op(1) .

The joint weak convergence and the fact that

L (AT ) −→ L
(
σ

δ

(
(θ + 1)Y (1) + θ2

∫ 1

0
tY (t)dt

))

lead us to deduce that L
(
V

(C)
T (θ)

)
−→ L

(
V (C)(c, θ)

)
. For Model D it can be checked

that

η̃
(0)
j − η̃

(0)
j−1 = ηj − ηj−1 − 1

T − 1
(ηT − η1) ,

η̃
(1)
j − η̃

(1)
j−1 = ηj − ηj−1 − 1√

T
AT +Op

(
1

T

)
.

Thus it holds that L
(
V

(D)
T (θ)

)
−→ L

(
V (D)(c, θ)

)
= L

(
V (C)(c, θ)

)
.

6.3 For Models A and B we easily obtain, by Girsanov’s theorem,

E
[
exp
{
u
(
c− V (A)(c, c)

)/
c2
} ]

= E
[
exp
{
u
∫ 1

0
Y 2(t)dt+

u

c
Y 2(1)

}]

=
[(

cosµ− µ

c
sin µ

)/
ec
]− 1

2

,

E
[
exp
{
u
(
c− V (A)(0, c)

)/
c2
} ]

= E
[
exp
{
u
∫ 1

0
w2(t)dt+

u

c
w2(1)

}]

=
[
cos ν − ν

c
sin ν

]− 1
2

.
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We can compute E
[
exp
{
u
(
c− V (C)(c, c)

)/
c2
} ]

and E
[
exp
{
u
(
c− V (C)(0, c)

)/
c2
} ]

similarly, which establishes the theorem.

6.4 For Models C and D we obtain, by Girsanov’s theorem,

E
[
exp
{
u
(
θ − V (C)(c, θ)

)/
θ2
} ]

= E

[
exp

{
u

(∫ 1

0
Y 2(t)dt+

θ + 1

3δ
Y 2(1)

−2(θ + 1)

δ
Y (1)

∫ 1

0
tY (t)dt− θ2

δ

(∫ 1

0
tY (t)dt

)2
)}]

= exp

(
c− β

2

)
E

[
exp

{(
β − c

2
+
u(θ + 1)

3δ

)
Z2(1) − uθ2

δ

(∫ 1

0
tZ(t)dt

)2

−2u(θ + 1)

δ
Z(1)

∫ 1

0
tZ(t)dt

}]
,

where dZ(t) = −βZ(t)dt+dw(t) with Z(0) = 0 and β =
√
c2 − 2u. We can arrive, af-

ter some algebra, at φ(C)(−iu; c, θ). We can compute E
[
exp
{
u
(
θ − V (A)(c, θ)

)/
θ2
} ]

similarly, which establishes the theorem.

7.1 Let us consider T (ρ̂(δ) − 1) = UT/VT , where

UT =
1

Tσ2


 T∑

j=2

yj−1 (yj − yj−1) − δy2
T




=
1

2

(
Y 2

T (1) − 1
)
− δY 2

T (1) + op(1) ,

VT =
1

T 2σ2


 T∑

j=2

y2
j−1 + δy2

T




=
1

T

T∑
j=1

Y 2
T

(
j

T

)
+ op(1) ,

with YT (t) defined in (S15). Then we can establish the first equality in (9.59). The

second equality can also be proved by using Girsanov’s theorem.

7.2 Let us put xj = (yj−1, yj−2)
′ and G = (G1, G2), where G1 = (1, −ρ)′ and
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G2 = (1, 0)′. Then G′xj = (εj−1, yj−1)
′ and


 ρ̂1 − ρ

ρ̂2


 =

(
Σxjx

′
j

)−1
Σxj εj

= G




Σε2
j−1 Σεj−1 yj−1

Σεj−1 yj−1 Σy2
j−1




−1
 Σεj−1 εj

Σyj−1 εj


 .

Thus we obtain
√
T (ρ̂1 − ρ) = A/B, where

A =
(

1

T

∑
y2

j−1 −
1

T

∑
εj−1yj−1

)
1√
T

∑
εj−1εj

+
(

1

T

∑
ε2

j−1 −
1

T

∑
εj−1yj−1

)
1√
T

∑
yj−1εj

=
ρ2σ2

1 − ρ2

1√
T

∑
εj−1εj + op(1) ,

B =
1

T

∑
ε2

j−1

1

T

∑
y2

j−1 −
(

1

T

∑
εj−1yj−1

)2

=
σ4ρ2

1 − ρ2
+ op(1) .

Then we can deduce that
√
T (ρ̂1 − ρ) −→ N (0, 1) so that

P
(√

T (ρ̂1 − 1) ≤ x
)

= P
(√

T (ρ̂1 − ρ) ≤ x+
√
T (1 − ρ)

) ∼= Φ
(
x+

√
T (1 − ρ)

)
.

8.1 The LBI test rejects H0 when

ST = −
η̃′

 dΦ−1(ρm)

dρm

∣∣∣∣∣
ρm=1

⊗ Im


 η̃

η̃′
(
Φ−1(1) ⊗ Im

)
η̃

< c .

Since dΦ−1(ρ)/ dρ|ρ=1 = Φ−1(1) − eNe
′
N with eN = (0, · · · , 0, 1)′ : N × 1, the above

test is seen to be equivalent to the one given in Theorem 9.17.

8.2 Let us put

m∑
j=1

η̃2
T−m+j = a′NaN ,
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where aN = (e′N ⊗ Im)
(
M̃ ⊗ Im

)
y =

(
e′NM̃ ⊗ Im

)
y with eN = (0, · · · , 0, 1)′ : N × 1.

Since X̄ ′Φ−1(1)M̃ = 0, aN reduces to 0 if eN belongs to the column space of Φ−1(1)X̄

or if Φ(1)eN = d belongs to the column space of X̄.

8.3 The LBIU test rejects H0 when

ST = −
η̃′

 d2Φ−1(ρm)

dρ2
m

∣∣∣∣∣
ρm=1

⊗ Im


 η̃

η̃′
(
Φ−1(1) ⊗ Im

)
η̃

> c .

Since d2Φ−1(ρ)/ dρ2|ρ=1 = 2(IN − eNe
′
N ) and η̃′(eNe

′
N ⊗ Im)η̃ = 0, the above test is

seen to be equivalent to the one given in Theorem 9.18.

8.4 Since it can be shown that

η̃ =
[
IT − (d⊗ Im)

(
d′Φ−1(1)d⊗ Im

)−1 (
d′Φ−1(1) ⊗ Im

)]
y

=
(
IT − 1

N
(d⊗ Im) (e′N ⊗ Im)

)
y

= y − 1

N
(d⊗ Im) y∼N ,

we can obtain the rejection region (9.71) from Theorem 9.18.

8.5 Putting X̄ = (e, d) we can show that

η̃ =
[
IT −

(
X̄ ⊗ Im

) (
X̄ ′Φ−1(1)X̄ ⊗ Im

)−1 (
X̄ ′Φ−1(1) ⊗ Im

)]
y

=
[
IT − ee′1 ⊗ Im − 1

N − 1
((d− e)(e′N − e′1)) ⊗ Im

]
y

= y − (e⊗ Im) y∼ 1 − 1

N − 1
((d− e) ⊗ Im)

(
y
∼N − y

∼ 1

)
,

which yields the rejection region (9.72).

8.6 We first note that RC2 may be rewritten as

RC2 =
m

N

η̃′η̃
η̃′ (Φ−1(1) ⊗ Im) η̃

=
m

N

ε′ (BN ⊗ Im) ε

ε′ (AN ⊗ Im) ε
,
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where AN = C ′(ρm)M̃ ′Φ−1(1)M̃C(ρm) and BN = C ′(ρm)M̃ ′M̃C(ρm) with M̃ = IN −
d(d′Φ−1(1)d)−1d′Φ−1(1). We have already shown that, when m = 1,

1

Nσ2
ε′ANε −→ 1 in probability

so that, for general m,

1

Nσ2
ε′ (AN ⊗ Im) ε −→ m in probability.

We also have

L
(

1

N2σ2
ε′ (BN ⊗ Im) ε

)
−→ L

(∫ 1

0

∫ 1

0
K(s, t)dw∼

′(s)dw∼(t)
)
,

where K(s, t) is a positive definite kernel and
{
w∼(t)

}
is the m-dimensional standard

Brownian motion. Since the c.f. of this last limiting distribution is given by (φ2(θ))
m,

we obtain the conclusion.

9.1 The statistic R2 may be rewritten as

R2 =
1

T 2
u′BT u

/
1

T
u′AT u ,

where AT = C ′(ρ)M̃ ′Φ−1(1)M̃C(ρ) and BT = C ′(ρ)M̃ ′M̃C(ρ). We have shown that

1

Tσ2
ε′AT ε −→ 1 in probability, L

(
1

T 2σ2
ε′BT ε

)
−→ L(W2) .

Then u′AT u/T → σ2
S in probability and it follows from (5.161) that

L
(

1

T 2
u′BT u

)
−→ L(σ2

LW2)

so that L(R2) → L(W2/r). The weak convergence result on R6 can be proved simi-

larly.

9.2 The weak convergence results for Models A and C are obvious. As for Models B

and D let us consider

1

R6
+

σ̃2
L − σ̃2

S
T∑

j=1

η̂2
j

/
T 2

=


 1

T

T∑
j=1

(η̂j − η̂j−1)
2 + σ̃2

L − σ̃2
S


/ 1

T 2

T∑
j=1

η̂2
j .
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This converges in distribution to

(
σ2

LX6 + σ2
S + σ2

L − σ2
S

)/
(σ2

LW6) = (X6 + 1)/W6 ,

which yields the conclusion.

9.3 It is easy to deduce from (9.51) that V
(A)
T (θ) = UT/VT , where

VT =
1

T

T∑
j=1

(yj − yj−1)
2 −→ σ2

S in probability ,

L (UT ) = L

− θ2

T 2

T∑
j=2

y2
j−1 +

θ

T

T∑
j=2

(yj − yj−1)
2 − θ

T
y2

T




−→ L
(
−θ2σ2

L

∫ 1

0
Y 2(t)dt− θσ2

LY
2(1) + θσ2

S

)
.

Thus we can establish (9.81) for Model A.

10.1 The LBI test rejects H0 when

ST = −

(
y −Xβ̂

)′ dΩ−1(ρ)

dρ

∣∣∣∣∣
ρ=0

(
y −Xβ̂

)

σ̂2 > c ,

where β̂ = (X ′X)−1X ′y , σ̂2 = (y − Xβ̂)′(y − Xβ̂)/T and Ω(ρ) = IT + ρCC ′. It is

easily seen that the above test is equivalent to the test based on UT .

10.2 Since y′My = (ε+Cξ)′M(ε+Cξ) and ε+Cξ ∼ N(0, σ2
ε(IT + ρCC ′)), we have

L
(

1

T
y′My

)
= L

(
σ2

ε

T
Z ′(IT + ρCC ′)

1
2M(IT + ρCC ′)

1
2Z

)

= L
(
σ2

ε

T
Z ′MZ +

c2σ2
ε

T 3
Z ′MCC ′MZ

)
,

where Z ∼ N(0, IT ). It holds that

1

T
Z ′MZ −→ 1 in probability,

1

T 3
Z ′MCC ′MZ = Op

(
1

T

)
.

Thus (9.88) is established.
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10.3 Let us consider

BT =
1

T
C ′MC =

1

T

[
C ′C − C ′X(X ′X)−1X ′C

]
,

whereX = (e, d). It is seen thatK(s, t) in (9.91) satisfies lim
T→∞

max
j,k

|BT (j, k) −K(j/T,

k/T ) | = 0. Moreover the symmetric and continuous kernel K(s, t) is shown to be pos-

itive definite. Thus (9.90) follows from Theorem 5.13.

10.4 Because of Theorem 5.13 we have only to prove that the FD of K(s, t) is given

by (9.94). The integral equation (5.10) is shown to be equivalent to

f(t) = c1 cos
√
λt+ c2 sin

√
λt+ 6a ,

f(0) = f(1) = 0 , a =
∫ 1

0
(s− s2)f(s)ds .

Then the approach taken in Section 4 of Chapter 5 leads us to obtain the FD of

K(s, t) as in (9.94).

10.5 The LBI test, if it exists, rejects H0 when

RT = −
y′M(C ′)−1 dΣ

−1(α)

dα

∣∣∣∣∣
α=1

C−1My

y′My
< c ,

where Σ−1(α) = C ′(α)C(α). Since

dΣ−1(α)

dα

∣∣∣∣∣
α=1

= −Σ−1(1)
dΣ(α)

dα

∣∣∣∣∣
α=1

Σ−1(1)

= −C ′(IT − ee′)C ,

it is seen that RT = y′M(IT − ee′)My/y′My = 1. Thus we consider the LBIU test

which rejects H0 when

ST = −
y′M(C ′)−1 d

2Σ−1(α)

dα2

∣∣∣∣∣
α=1

C−1My

y′My
> c .

Since it can be shown that

d2Σ−1(α)

dα2

∣∣∣∣∣
α=1

= 2C ′(IT − ee′)2C − 2C ′(CC ′ − ee′)C ,
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it is seen that the above test is equivalent to the test based on VT .

10.6 Note first that L(y′My) = L
(
ε′MC (C ′(α)C(α))−1C ′Mε

)
, where

(S16) (C ′(α)C(α))
−1

= α (C ′C)
−1

+ (1 − α)2IT + α(1 − α)e1e
′
1

=
(
1 − c

T

)
(C ′C)

−1
+
c2

T 2
IT +

c

T

(
1 − c

T

)
e1e

′
1 .

Then we obtain

L
(

1

T
y′My

)
= L

(
1

T
ε′Mε + op(1)

)
,

which establishes (9.99).

10.7 Using (S16) we can deduce that

L
(

1

T 2σ2
ε

y′MCC ′My

)
= L

(
1

T 2
Z ′C ′M

(
IT +

c2

T 2
CC ′

)
MCZ + op(1)

)
.

Thus we can establish the weak convergence result (9.100) from (9.89) and (9.90).

Chapter 10.

2.1 The LM principle yields the LBI test which rejects H0 when

−
y′M̄ ′ d

dα
C ′(α)C(α)

∣∣∣∣∣
α=1

M̄y

y′M̄ ′C ′CM̄y
< c ,

where M̄ = IT − X(X ′C ′CX)−1X ′C ′C. Since dC ′(α)C(α)/ dα|α=1 = C ′ee′C − C ′C

and CM̄ = M̃C with M̃2 = M̃ , the above test implies (10.6).

2.2 Noting that M̃Cy = M̃CC−1(α0)ε and CC−1(α0) = IT + (1 − α0)(C − IT ) we

have

1

T
y′C ′M̃Cy =

1

T
ε′
[
IT +

c

T
(C ′ − IT )

]
M̃
[
IT +

c

T
(C − IT )

]
ε

=
1

T
ε′
[
M̃ +

c

T

{
M̃(C − IT ) + (C ′ − IT )M̃

}

+
c2

T 2
(C ′ − IT )M̃(C − IT )

]
ε .
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Here it holds that plim
(
ε′M̃ε

/
T
)

= σ2, while the other terms converge in probability

to 0. Thus we establish (10.7).

2.3 Let us consider

L
(

1

Tσ2
y′C ′M̃ee′M̃Cy

)
= L

(
1

Tσ2

(
e′M̃CC−1(α0)ε

)2)

= L



 1√

T

T∑
j=1

ajZj




2

→ Aχ2(1) ,

where {Zj} ∼ NID(0, 1) and

A = lim
T→∞

1

T

T∑
j=1

a2
j = lim

T→∞
1

T
e′M̃C (C ′(α0)C(α0))

−1
C ′M̃e

= lim
T→∞

1

T
e′M̃C

[
(C ′C)

−1
+
c

T
e1e

′
1 +

c2

T 2
IT

]
C ′M̃e

The computation of the value A for each model establishes Theorem 10.1.

2.4 It follows from (8.42) that the limiting c.f. of XT = VT1(θ) + θ for c = 0 is given

by

φ(u) =
[(

cos θ
√

2iu− 1 −√
2iu− 1 sin θ

√
2iu− 1

)/
eθ
]− 1

2 .

Thus P (VT1(θ) ≤ x) = P (XT / θ2 ≤ (θ + x)/ θ2) yields (10.11).

2.5 When θ = c, the kernel K(s, t; θ) in (10.10) takes the form :

K(s, t) = c+ c2 − c2 max(s, t) ,

whose FD is found to be

D(λ) = cos c
√
λ−

√
λ sin c

√
λ .

Thus the limiting c.f. of YT = VT1(c)+c is given by (D(2iu))−
1
2 . Since P (VT1(c) ≥ x) =

P (YT/c
2 ≥ (c+ x)/c2), (10.12) is established.
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2.6 Let Plm(j | k) be the (l,m)-th element of P (j | k). Then the Kalman filter algo-

rithm yields

P (j | j − 1) =


 P22(j − 1 | j − 1) + σ2 σ2

σ2 σ2


 ,

P (j | j) =




0 0

0 P22(j | j − 1) − P 2
12(j | j − 1)

P11(j | j − 1)


 .

Thus we obtain

P11(j | j − 1) = 2σ2 − σ4

P11(j − 1 | j − 2)
,

where P11(1 | 0) = V (y1) = 2σ2. We now have P11(j | j − 1) = (j + 1)σ2/j. Putting

β(j | k) = (β1(j | k), β2(j | k))′ we can also derive

β(j | j − 1) =


 −β2(j − 1 | j − 1)

0


 ,

β(j | j) = β(j | j − 1) +




1

P21(j | j − 1)/P11(j | j − 1)


 (yj − β1(j | j − 1))

=




yj

j

j + 1
(yj + β2(j − 1 | j − 1))


 ,

so that

β2(j | j) =
j

j + 1
β2(j − 1 | j − 1) +

j

j + 1
yj

=
1

j + 1
(y1 + 2y2 + · · ·+ jyj) ,

yj − a′β(j | j − 1) = yj + β2(j − 1 | j − 1)

=
1

j
(y1 + 2y2 + · · · + jyj) .
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Therefore we obtain

y′Ω−1y = σ2
T∑

j=1

(yj − a′β(j | j − 1))
2

a′P (j | j − 1)a

=
T∑

j=1

1

j(j + 1)
(y1 + 2y2 + · · ·+ jyj)

2 .

2.7 Noting that B(α)B′(α) = Ω(α) = αΩ + (1 − α)2IT we have

L
(

1

T
η̃′Ω−1η̃

)
= L

(
1

T
ε′MΩ− 1

2

(
αΩ + (1 − α)2IT

)
Ω− 1

2Mε
)

= L
(
α

T
ε′Mε+

c2

T 3
ε′MΩ−1Mε

)
,

whereM = IT−Ω− 1
2X(X ′Ω−1X)−1X ′Ω− 1

2 = M2. It clearly holds that plim (αε′Mε/ T ) =

σ2, while ε′MΩ−1Mε = Op(T
2), which establishes (10.21).

2.8 The case of Model A can be easily proved. For Model B we obtain

AT = Ω−1 − Ω−1ee′Ω−1
/
e′Ω−1e ,

where

Ω−1e =
(
C ′C − 1

T + 1
C ′ee′C

)
e = C ′d− T

2
C ′e ,

e′Ω−1e = e′C ′Ce− 1

T + 1
(e′Ce)2

=
T (T + 1)(T + 2)

12
.

Thus we have

AT (j, k) = min(j, k) − jk

T + 1

−3 {(T + j)(T − j + 1) − T (T − j + 1)} {(T + k)(T − k + 1) − T (T − k + 1)}
T (T + 1)(T + 2)

.

Then it can be checked that AT (j, k)/T has the uniform limit KB(s, t) in the sense of

(10.23). The integral equation (5.10) with K = KB is shown to be equivalent to

f(t) = c1 cos
√
λ t+ c2 sin

√
λ t+ 6a ,

f(0) = f(1) = 0 , a =
∫ 1

0
(t− t2)f(t)dt .
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Then the Fredholm approach yields the FD DB(λ) of KB. The case of Model C can

be similarly proved. As for Model D it is not hard to find the kernel KD(s, t). To

obtain the FD of KD we need to evaluate the determinant of a 4 × 4 matrix, which

we have done by REDUCE, and arrive at DD(λ) in the theorem.

2.9 It follows from (8.15) and (8.18) that the limiting c.f. of XT = VT2(θ) + θ for

c = 0 is given by

φ(u) =

[
sin θ

√
2iu− 1

θ
√

2iu− 1

/
sinh θ

θ

]− 1
2

.

Thus P (VT2(θ) ≤ x) = P (XT/θ
2 ≤ (θ + x)/θ2) yields (10.28).

2.10 When θ = c, it follows from (10.27) that

L (VT2(c)) −→ L
(
c2

∞∑
n=1

1

n2π2
Z2

n − c

)
,

which evidently yields (10.29).

4.1 It follows from (10.26) that, under α = 1 − (θ/T ) and α0 = 1,

P (VT2(θ) ≥ x) = P
(
x

T
y′Ω−1y − y′

(
Ω−1 − Ω−1(α)

)
y ≤ 0

)

= P


 T∑

j=1

((
x

T
− 1
)

+
2 − 2δj

1 + α2 − 2αδj

)
Z2

j ≤ 0


 ,

where δj = cos(jπ/(T + 1)). Then the upper 5% point x can be computed for each α

and T by Imhof’s formula described in (7.92).

4.2 Using (10.28) we first obtain the upper 5% point x for each θ = c. Then the

limiting power envelope can be computed following (10.29) for each combination of c

and x.

4.3 Using (10.28) we first obtain the upper 5% point x for a fixed θ at which the

point optimal test is conducted. It follows from (10.27) and (8.18) that the limiting
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c.f. of XT = V2T (θ) + θ as T → ∞ under α = 1 − (θ/T ) and α0 = 1 − (c/T ) is given

by

φ(u) =

[
sin

√
a+ b√

a+ b

sin
√
a− b√

a− b

/
sinh θ

θ

]− 1
2

,

where

a =
θ2(2iu− 1)

2
, b =

θ
√
θ2(2iu− 1)2 + 8ic2u

2
.

Thus the limiting powers can be computed as

lim
T→∞

P (VT2(θ) ≥ x) = lim
T→∞

P

(
XT

θ2
≥ θ + x

θ2

)

= 1 − 1

π

∫ ∞

0
Re




1 − exp

{
−iu(θ + x)

θ2

}

iu
φ
(
u

θ2

)

 du .

5.1 Since y ∼ N
(
(X̄ ⊗ Im)β, σ2 (C ′(αm)C(αm))−1 ⊗ Im

)
, the LBI test rejects H0

when

−
y′
[(
M̄ ′ d

dα
C ′(α)C(α)

∣∣∣∣∣
α=1

M̄

)
⊗ Im

]
y

y′
[(
M̄ ′C ′CM̄

)
⊗ Im

]
y

< c ,

where M̄ = IN −X̄
(
X̄ ′C ′CX̄

)−1
X̄ ′C ′C. Substituting dC ′(α)C(α)/ dα|α=1 = C ′ee′C

−C ′C we obtain the LBI statistic SN1.

5.2 Since the limiting distribution of XN = VN1(θ)+mθ is the m-fold convolution of

that of VT1(θ) + θ in (10.11), (10.47) follows immediately from (10.11) by noting that

P (VN1 ≤ x) = P (XN/θ
2 ≤ (mθ + x)/θ2).

5.3 The limiting distribution of YN = VN1(c) + cm is the m-fold convolution of

that of VT1(c) + c in (10.12). Thus (10.48) follows from (10.12) by noting that

P (VN1(c) ≥ x) = P (YN/ c2 ≥ (cm+ x)/ c2).
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5.4 Since y ∼ N
((
X̄ ⊗ Im

)
β, σ2Ω(αm) ⊗ Im

)
, the LBIU test rejects H0 when

−
y′
[(
Ñ ′ d

2

dα2
Ω−1(α)

∣∣∣∣∣
α=1

Ñ

)
⊗ Im

]
y

y′
[(
Ñ ′Ω−1Ñ

)
⊗ Im

]
y

> c .

Since d2Ω−1(α)
/
dα2
∣∣∣
α=1

= 2Ω−1 − 2Ω−2, SN2 is shown to be the LBIU statistic.

5.5 The limiting distribution of XN = VN2(θ) +mθ is the m-fold convolution of that

of VT2(θ) + θ in (10.28). Thus (10.54) follows from (10.28).

5.6 The limiting distribution of YN = VN2(c) + cm is the m-fold convolution of that

of VT2(c) + c in (10.29). Thus (10.55) follows from (10.29).

7.1 Since it holds that

L
(
y′My

Tσ2
ε

)
= L

(
1

T
Z ′M(IT + ρDCC ′D)MZ

)

= L
(

1

T
Z ′MZ +

c2

T 2m+3
Z ′MDCC ′DMZ

)
,

where Z ∼ N(0, IT ), we establish (10.69) noting that plim(Z ′MZ/T ) = 1 and Z ′MDC

C ′DMZ = Op(T
2m+2).

7.2 It is easy to deduce that the (j, k)-th element of C ′DMDC is given by

BT (j, k) =
T∑

l=max(j,k)

l2m −
T∑

l=j

l2m
T∑

l=k

l2m

/
T∑

l=1

l2m .

Thus BT (j, k)/T 2m+1 converges uniformly to K(s, t;m), which proves (10.70) because

of Theorem 5.13. The associated FD was earlier obtained in (5.64).

7.3 The (j, k)-th element of C ′MC is given by

BT (j, k) = T + 1 − max(j, k) − 1

T
T∑

l=1

l2m −
(

T∑
l=1

lm
)2

×

(T − k + 1){(T − j + 1)

T∑
l=1

l2m −
T∑

l=j

lm
T∑

l=1

lm}
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+
T∑

l=k

lm{T
T∑

l=j

lm − (T − j + 1)
T∑

l=1

lm}

 .

Then it can be checked that BT (j, k)/T converges uniformly to K(s, t;m). The as-

sociated FD’s for m = 1 and 2 are available in Theorem 10.2. Consider the case of

m = 3. The integral equation (5.10) with K(s, t) replaced by K(s, t; 3) is shown to

be equivalent to

f(t) = c1 cos
√
λ t+ c2 sin

√
λ t+ at2 − 2a/λ ,

f(0) = f(1) = 0, a =
28

3

∫ 1

0
t(1 − t3)f(t)dt .

Then we obtain D(λ; 3) after some algebra. The case of m = 4 can be dealt with

similarly.

7.4 Since it can be shown that plim(y′My/T ) = σ2
ε as T → ∞ under ρ = c2/T 2, we

concentrate on

L
(

1

T 2σ2
ε

y′MCC ′My

)
= L

(
1

T 2
Z ′
(
C ′MC +

c2

T 2
(C ′MC)

2

)
Z

)
,

where Z ∼ N(0, IT ). Evaluating the (j, k)-th element of

C ′MC = C ′C − C ′(e, d, f) ((e, d, f)′(e, d, f))
−1

(e, d, f)′C ,

we obtain the kernel K(s, t). Then the Fredholm approach yields the FD given in the

theorem.

7.5 It follows from (10.80) that the limiting c.f. of VT (θ)/θ2 for c = 0 is given by

φ(u) =
∞∏

n=1


1 − 2iu(

n− 1

2

)2

π2 + θ2



− 1

2

=
∞∏

n=1




1 − 2iu− θ2(

n− 1

2

)2

π2



/
1 +

θ2(
n− 1

2

)2

π2






− 1

2

=
[
cos

√
2iu− θ2

/
cosh θ

]− 1
2 .
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Thus (10.81) follows from P (VT (θ) ≤ x) = P (VT (θ)/θ2 ≤ x/θ2).

7.6 When θ = c, it follows from (10.80) that

L (VT (c)) −→ L


c2

∞∑
n=1

1(
n− 1

2

)2

π2

Z2
n


 .

Then P (VT (c) ≥ x) = P (VT (c)/ c2 ≥ x/ c2) implies (10.82).

7.7 It follows from (10.80) that the limiting c.f. of VT (θ) is given by

φ(u) =
∞∏

n=1


1 −

2iuθ2

((
n− 1

2

)2

π2 + c2
)

(
n− 1

2

)2

π2

((
n− 1

2

)2

π2 + θ2

)



− 1
2

=
∞∏

n=1




1 +
(1 − 2iu) θ2(
n− 1

2

)2

π2

− 2ic2uθ2(
n− 1

2

)4

π4

1 +
θ2(

n− 1

2

)2

π2




− 1
2

=
(
cos

√
a+ b cos

√
a− b

/
cosh θ

)− 1
2 ,

where

a =
θ2

2
(2iu− 1) , b =

θ

2

√
θ2 (2iu− 1)2 + 8ic2u .

Then the limiting powers of the POI test conducted at θ under the 100γ% significance

level can be computed as

lim
T→∞

P

(
VT (θ)

θ2
≥ x

θ2

)
= 1 − 1

π

∫ ∞

0
Re




1 − exp
(
−iux
θ2

)
iu

φ
(
u

θ2

) du ,

where x is the upper 100γ% point of the limiting distribution in (10.81).

Chapter 11.
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2.1 Let us construct the partial sum process :

(S17) YT (t) =
1√
T
yj + T

(
t− j

T

)
1√
T
uj ,

(
j − 1

T
≤ t ≤ j

T

)
.

Then it follows that L (YT ) → L (Aw) and

L

 1

T 2

T∑
j=1

yjy
′
j


 = L


 1

T

T∑
j=1

YT

(
j

T

)
Y ′

T

(
j

T

)

−→ L
(
A
∫ 1

0
w(t)w′(t)dtA′

)
.

The continuous mapping theorem now establishes (11.12) for k = 1. If we construct,

for (j − 1)/T ≤ t ≤ j/T ,

(S18) ỸT (t) =
1√
T

(yj − ȳ) + T
(
t− j

T

)
1√
T
uj ,

we have that L
(
ỸT

)
→ L (Aw̃) and

L

 1

T 2

T∑
j=1

(yj − ȳ) (yj − ȳ)′

 = L


 1

T

T∑
j=1

ỸT

(
j

T

)
Ỹ ′

T

(
j

T

)

−→ L
(
A
∫ 1

0
w̃(t)w̃′(t)dtA′

)
,

where w̃(t) = w(t) −
∫ 1

0
w(s)ds. Then (11.12) also holds for k = 2 because of the

continuous mapping theorem.

2.2 For k = 1 it follows from Theorem 4.4 that

E
(
eθXk

)
= E

[
exp
{
θ
∫ 1

0
w′(t)Hw(t)dt

}]

=
2∏

a=1

E
[
exp
{
θδa

∫ 1

0
w2

a(t)dt
}]

,

where w(t) = (w1(t), w2(t))
′ is the two-dimensional standard Brownian motion. Then

we obtain (11.17) from (4.10). The case of k = 2 can be proved similarly.

2.3 Let νk(n) be the n-th order raw moment of Fk(x) in (11.15). Then, we have,

from (1.39),

(S19) νk(n) =
1

(n− 1)!

∫ ∞

0
θn−1
2

∂nψk (θ1,−θ2)
∂θn

1

∣∣∣∣∣
θ1=0

dθ2 ,
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where

ψ1 (θ1 ,−θ2) =
[
cos

√
a+ b cos

√
a− b

]− 1
2 ,

ψ2 (θ1 ,−θ2) =

[
sin

√
a+ b√

a+ b

sin
√
a− b√

a− b

]− 1
2

,

a = −θ2A′
1A1 + θ1A

′
1A2 , b =

√
a2 + θ2

1 |A |2 .

Using any computerized algebra we can easily obtain partial derivatives of ψk. Then

we compute, for instance,

ν1(1) =
1

2
A′

1A2

∫ ∞

0

sinh
√

2θA′
1A1√

2θA′
1A1

(
cosh

√
2θA′

1A1

)− 3
2

dθ =
A′

1A2

A′
1A1

.

Finally we can obtain µk(n) from νk(n).

2.4 Mercer’s theorem (Theorem 5.2) gives us

(S20) Fk(x) = P

( ∞∑
n=1

1

λkn

(
δ1(x)X

2
n + δ2(x)Y

2
n

)
≥ 0

)
,

where (Xn , Yn)′ ∼ NID(0, I2) , λ1n =
(
n− 1

2

)2

π2 and λ2n = n2π2, while δ1(x) and

δ2(x) are the eigenvalues of the matrix H given in (11.19). Then it can be checked

easily that Fk(x+ µ) = 1 − Fk(−x+ µ).

2.5 It follows from (S20) that

Gk(x) = Fk (σkx+ µ)

= P

( ∞∑
n=1

1

λkn

(
δ1 (σkx+ µ)X2

n + δ2 (σkx+ µ)Y 2
n

)
≥ 0

)
,

where σk =
√
µk(2). Since

δ1 (σkx+ µ) , δ2 (σkx+ µ) =
1

2

[
σkxA

′
1A1 ±

√
(σkxA

′
1A1)

2
+ |A |2

]

=
| det(A) |

2

(√
akx±

√
akx2 + 1

)
,

where ak is defined in Corollary 11.1, (11.22) is seen to hold.
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2.6 We first note that v̂j = y2j − β̂1y1j ; hence

1

T 2

T∑
j=1

v̂2
j =

1

T 2

T∑
j=1

y2
2j − β̂2

1

1

T 2

T∑
j=1

y2
1j .

Since it holds that

L

β̂1 ,

1

T 2

T∑
j=1

y2
1j ,

1

T 2

T∑
j=1

y2
2j ,

1

T 2

T∑
j=1

v̂2
j




−→ L
(
ζ , A′

1W1A1 , A
′
2W1A2 , A

′
2W1A2 − ζ2A′

1W1A1

)
,

this proves (11.23) and (11.24). Moreover

1

T

T∑
j=2

(v̂j − v̂j−1)
2 =
(
β̂1 ,−1

) 1

T

T∑
j=1

uju
′
j

(
β̂1

−1

)
,

which yields (11.25).

3.1 Since Y ′
1 can be expressed as Y ′

1 = Ξ′
1C

′, we have

vec (Y ′
1) = vec (Ξ′

1C
′)

= (C ⊗ Iq) vec (Ξ′
1) .

Noting that vec (Ξ′
1) ∼ N (0 , IT ⊗ Σ11) we obtain (11.33). Moreover it can be shown

that 
 vec (Y ′

1)

Ξ2


 ∼ N


0 ,


 (CC ′) ⊗ Σ11 C ⊗ Σ12

C ′ ⊗ Σ21 IT ⊗ Σ22




 ,

which proves (11.34)

3.2 It is easy to deduce that

1

T 2
Y ′

1P−1Y1 =
1

T 2
Y ′

1Y−1

(
Y ′
−1Y−1

)−1
Y ′
−1Y1

=
1

T 2
Y ′

1 (Y1 − Ξ1)
{

1

T 2
(Y1 − Ξ1)

′ (Y1 − Ξ1)
}−1 1

T 2
(Y1 − Ξ1)

′ Y1

=
1

T 2
Y ′

1Y1 + op(1) ,

1

T 2
Y ′

1M1Y1 =
1

T 2
Y ′

1Y1 − 1

T
Y ′

1Ξ1

(
1

T
Ξ′

1Ξ1

)−1 1

T
Ξ′

1Y1 × 1

T

=
1

T 2
Y ′

1Y1 + op(1) .
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3.3 We can show easily that

L
(

1

T
Y ′

1P−1Ξ2

)
= L

(
1

T
Y ′

1Y−1

(
Y ′
−1Y−1

)−1
Y ′
−1Ξ2

)

= L
(

1

T
Y ′
−1Ξ2 + op(1)

)
−→ L (U1 + U2) ,

L
(

1

T
Y ′

1M1Ξ2

)
= L

(
1

T
Y ′

1Ξ2 − 1

T
Y ′

1Ξ1

(
1

T
Ξ′

1Ξ1

)−1 1

T
Ξ′

1Ξ2

)

−→ L
(
U1 + U2 + Σ12 −

(
Σ

1
2
11

∫ 1

0
w1(t)dw

′
1(t)Σ

1
2
11 + Σ11

)
Σ−1

11 Σ12

)
= L (U2) .

3.4 We have only to show that m1(θ) = φ1(−iθ), where m1(θ) is given below (11.40).

Girsanov’s theorem yields

m1(θ) = exp

{
θ

2
(ab− 2d) − γ

2

}
E
[
exp
{

1

2
(γ − abθ)Z2(1)

}]
,

where γ =
√
−a2θ (2x+ c2θ) and dZ(t) = −γZ(t)dt + dw1(t) with Z(0) = 0. Since

Z(1) ∼ N(0 , (1 − e−2γ)/ (2γ)), we can easily obtain the conclusion.

3.5 We compute the right side of (S19), where XOLS has

(S21) ψ1 (θ1, −θ2) = exp

{
θ1
2

(2d− ab)

}[
cosµ− abθ1

sin µ

µ

]− 1
2

,

µ =
√
a2 (c2θ2

1 − 2θ2) .

Then we obtain, for instance,

E (XOLS) =
∫ ∞

0

∂ψ1 (θ1,−θ2)
∂θ1

∣∣∣∣∣
θ1=0

dθ2

=
Σ12

2

∫ ∞

0

(
cosh a

√
2θ
)− 1

2


1 +

1

cosh a
√

2θ

sinh a
√

2θ

a
√

2θ


 dθ

=
Σ12

2Σ11

[∫ ∞

0

u√
cosh u

du+
∫ ∞

0
(cosh u)−

3
2 sinh u du

]

=
Σ12

2Σ11
(c1 + 2) .

670



We can compute E (X2
OLS) and moments of X2SLS and XML similarly.

3.6 It follows from (11.34) and (11.42) that

Y2

∣∣∣ vec (Y ′
1) ∼ N

(
δe+ Y1β + ∆Y1Σ

−1
11 Σ12, Σ22·1IT

)
.

Since f (vec (Y ′
1) , Y2) = f1 (vec (Y ′

1)) f2 (Y2 | vec (Y ′
1)), the MLE of β is the ordinary

LSE of β obtained from Y2 = δe + Y1β + ∆Y1γ + v2, where γ = Σ−1
11 Σ12 and v2 =

Ξ2 − Ξ1γ. This gives us β̃ML in (11.45).

3.7 Let us consider first

T
(
β̃OLS − β

)
=
(

1

T 2
Y ′

1MY1

)−1 1

T
Y ′

1MΞ2 ,

where it holds that

L
(

1

T 2
Y ′

1MY1 ,
1

T
Y ′

1MΞ2

)

= L

 1

T 2

T∑
j=1

(y1j − ȳ1) (y1j − ȳ1)
′ ,

1

T

T∑
j=1

(y1, j−1 − ȳ1 + ξ1j) ξ2j




−→ L
(
Ṽ , Ũ1 + Ũ2 + Σ12

)
.

Thus it follows that L
(
T
(
β̃OLS − β

))
−→ L

(
Ṽ −1

(
Ũ1 + Ũ2 + Σ12

))
. We consider

next

T
(
β̃2SLS − β

)
=
(

1

T 2
Y ′

1P̃MP̃Y1

)−1 1

T
Y ′

1P̃MΞ2 ,

where Ỹ1 = P̃ Y1. Since (e , Y−1)
′ P̃ = (e , Y−1)

′, we find

1

T 2
Y ′

1P̃MP̃Y1 =
1

T 2
Y ′

1MY1 + op(1) ,

1

T
Y ′

1P̃MΞ2 =
1

T
Y ′
−1Ξ2 − 1

T
Y ′

1ee
′Ξ2 + op(1)

so that L
(
T
(
β̃2SLS − β

))
−→ L

(
Ṽ −1

(
Ũ1 + Ũ2

))
. Finally we consider

T
(
β̃ML − β

)
=
(

1

T 2
Y ′

1M2Y1

)−1 1

T
Y ′

1M2Ξκ ,
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where Ξ = (Ξ1, Ξ2) , κ = (−γ′, 1)′ with γ = Σ−1
11 Σ12 and

1

T 2
Y ′

1M2Y1 =
1

T 2
Y ′

1MY1 + op(1) ,

1

T
Y ′

1M2Ξ =
1

T
Y ′

1Ξ − 1

T
(Y ′

1e , Y
′
1Ξ1)

(
e′e e′Ξ1

Ξ′
1e Ξ′

1Ξ1

)−1 (
e′Ξ
Ξ′

1Ξ

)

=
1

T
Y ′

1Ξ − 1

T 2
Y ′

1ee
′Ξ − 1

T
Y ′

1Ξ1 (Ξ′
1Ξ1)

−1
Ξ′

1Ξ + op(1) .

Since Y ′
1M2Ξκ/ T converges in distribution to[

Σ
1
2
11

∫ 1

0
w1(t)dw

′(t)B′ + (Σ11 ,Σ12) − Σ
1
2
11

∫ 1

0
w1(t)dtw

′(1)B′

−
(
Σ

1
2
11

∫ 1

0
w1(t)dw

′
1(t)Σ

1
2
11 + Σ11

)
Σ−1

11 (Σ11 ,Σ12)
]( −γ

1

)

= Ũ2 ,

where B is defined in (11.35), we can deduce that L
(
T
(
β̃ML − β

))
−→ L

(
Ṽ −1Ũ2

)
.

3.8 Let us compute

m2(θ) = E
[
E
{
eθX2

∣∣∣w1

}]

= E

[
exp

{
θE (X2|w1) +

θ2

2
V (X2|w1)

}]

= exp

{
θ

2
(ab− 2d)

}
E
[
exp
{
c1

∫ 1

0
w̃2

1(t)dt

+c2w
2
1(1) + c3w1(1)

∫ 1

0
w1(t)dt

}]
,

where

c1 = a2θ

(
x+

c2θ

2

)
, c2 = −abθ

2
, c3 = abθ .

Girsanov’s theorem leads us to

m2(θ) = exp

{
θ

2
(ab− 2d) − γ

2

}

×E
[
exp

{
−c1

(∫ 1

0
Z(t)dt

)2

+
(
c2 +

γ

2

)
Z2(1) + c3Z(1)

∫ 1

0
Z(t)dt

}]
,

where dZ(t) = −γZ(t)dt + dw1(t) with γ =
√−2c1 and Z(0) = 0. We obtain

m2(θ) = φ2 (−iθ) after some algebra.
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3.9 We compute the right side of (S19), where YOLS has

(S22) ψ1 (θ1 ,−θ2) = exp

{
θ1
2

(2d− ab)

}[
2a2b2θ2

1

µ4
(cosµ− 1) +

(
1 +

a2b2θ2
1

µ2

)
sin µ

µ

]− 1
2

,

µ =
√
a2 (c2θ2

1 − 2θ2) .

Proceeding in the same way as in the solution to Problem 3.5 we obtain moments of

YOLS , Y2SLS and YML.

4.1 It follows from (11.47) that

T
(
β̂OLS − β

)
=


 1

T 2

T∑
j=1

y1jy
′
1j




−1
1

T

T∑
j=1

y1jg
′(L)εj .

Using the weak convergence results on the auxiliary process {zj} introduced below

(11.47) we can deduce that

L

 1

T 2

T∑
j=1

y1jy
′
1j ,

1

T

T∑
j=1

y1jg
′(L)εj


 −→ L (R , Q1 +Q2 + Λ12) ,

which establishes the theorem.

4.2 We compute the right side of (S19) when ψ1 (θ1 ,−θ2) is given by (S21), where

a, b, c and d are defined in (11.49). We obtain, for instance,

∂ψ1 (θ1 ,−θ2)
∂θ1

∣∣∣∣∣
θ1=0

=

(
cosh a

√
2θ2

)− 1
2

2


2d− ab+

ab

cosh a
√

2θ2

sinh a
√

2θ2

a
√

2θ2


 ,

which yields E (XOLS). We can compute E (X2
OLS) similarly.

4.3 It follows from (11.50) that T
(
β̂FM − β

)
= V −1

T UT , where

UT =
1

T

T∑
j=1

y1j

(
g′(L)εj − Ω̂21Ω̂

−1
11 Φ′

1(L)εj

)
− Λ̂12 + Λ̂11Ω̂

−1
11 Ω̂12 ,

VT =
1

T 2

T∑
j=1

y1jy
′
1j .
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Because of the weak convergence results on the auxiliary process {zj} and Theorem

11.7 we can deduce that

L (UT , VT ) −→ L
(
Q1 +Q2 + Λ12 −

(
Ω

1
2
11

∫ 1

0
w1(t)dw

′
1(t)Ω

1
2
11 + Λ11

)
Ω−1

11 Ω12

− Λ12 + Λ11Ω
−1
11 Ω12 , R

)
= L (Q2 , R) ,

which establishes the theorem.

4.4 Let us consider T
(
β̃OLS − β

)
= Ṽ −1

T Ũ1T and T
(
β̃FM − β

)
= Ṽ −1

T Ũ2T , where

Ũ1T =
1

T

T∑
j=1

(y1j − ȳ1) g
′ (L) εj ,

Ũ2T =
1

T

T∑
j=1

(y1j − ȳ1)
(
g′ (L) εj − Ω̃21Ω̃

−1
11 Φ′

1 (L) εj

)
− Λ̃12 + Λ̃11Ω̃

−1
11 Ω̃12 ,

ṼT =
1

T 2

T∑
j=1

(y1j − ȳ1) (y1j − ȳ1)
′ .

If we construct the auxiliary process :

∆zj =




∆y1j

∆xj


 =




Φ′
1(L)

g′(L)


 εj , z0 = 0 ,

we have that

L

 1

T 2

T∑
j=1

(zj − z̄) (zj − z̄)′

 −→ L

(
D
∫ 1

0
w̃(t)w̃′(t)dtD′

)
,

L

 1

T

T∑
j=1

(zj − z̄) ∆z′j


 −→ L

(
D
∫ 1

0
w̃(t)dw′(t)D′ + Λ

)
.

Then it is easy to deduce that

L
(
Ũ1T , ṼT

)
−→ L

(
Q̃1 + Q̃2 + Λ12 , R̃

)
,

L
(
Ũ2T , ṼT

)
−→ L

(
Q̃1 + Q̃2 + Λ12 −

(
Ω

1
2
11

∫ 1

0
w̃1(t)dw

′
1(t)Ω

1
2
11 + Λ11

)

×Ω−1
11 Ω12 − Λ12 + Λ11Ω

−1
11 Ω12 , R̃

)
= L

(
Q̃2 , R̃

)
.
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Thus the theorem is established.

4.5 We compute the right side of (S19) when ψ1 (θ1 ,−θ2) is given by (S22), where

a, b, c and d are defined in (11.49). We obtain, for instance,

∂ψ1 (θ1 ,−θ2)
∂θ1

∣∣∣∣∣
θ1=0

=
2d− ab

2

√
a
√

2θ2√
sinh a

√
2θ2

so that

E (YOLS) =
2d− ab

2a2

∫ ∞

0

u
3
2√

sinh u
du =

2d− ab

2a2
d1 .

We can compute E (Y 2
OLS) similarly.

6.1 It follows from the text that

L (T (ρ̂− 1)) −→ L




(−X ′
1 , 1)B

∫ 1

0
w(t)dw′(t)B′

( −X1

1

)

(−X ′
1 , 1)B

∫ 1

0
w(t)w′(t)dtB′

( −X1

1

) +R


 .

Since we have

(−X ′
1 , 1)Bw(t) =

(
−
∫ 1

0
(B′

2w1(t) +B3w2(t))w
′
1(t)dtB1

×
(
B1

∫ 1

0
w1(t)w

′
1(t)dtB1

)−1

, 1

) B1w1(t)

B′
2w1(t) +B3w2(t)




= B3Q(t) ,

we can prove (11.62).

6.2 Consider

1

T
Ẑρ = ρ̂− 1 −

(
σ̂2

L − σ̂2
S

)/ 2

T

T∑
j=2

η̂2
j−1


 .

Noting that

η̂j = y2j − β̂ ′y1j = g′ (L) εj −
(
β̂ − β

)′
y1j ,
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we obtain

1

T

T∑
j=2

η̂2
j−1 −→ γ(0) ,

1

T

T∑
j=2

η̂j−1η̂j −→ γ(1)

in probability so that plim ρ̂ = γ(1)/ γ(0) = ρ. Since

η̂j − ρ̂η̂j−1 = g′ (L) εj − ρg′ (L) εj−1 −
(
β̂ − β

)′
(y1, j − ρy1, j−1) ,

we have

σ̂2
S =

1

T

T∑
j=2

(η̂j − ρ̂η̂j−1)
2 −→ E

{
(g′ (L) εj − ρg′ (L) εj−1)

2
}

=
(
γ2(0) − γ2(1)

)/
γ(0) .

The estimator σ̂2
L converges in probability to 2π times the spectrum of {g′ (L) εj−

ρg′ (L) εj−1} evaluated at the origin, that is

plim σ̂2
L = (g′ − ρg′)(g − ρg) = (γ(0) − γ(1))2 g′g

/
γ2(0) .

Therefore it follows that

plim
(

1

T
Ẑρ

)
=

γ(1)

γ(0)
− 1 − 1

2γ(0)

[
(γ(0) − γ(1))2

γ2(0)
g′g − γ2(0) − γ2(1)

γ(0)

]

= −(γ(0) − γ(1))2

2γ2(0)

(
1 +

g′g
γ(0)

)
.

6.3 We can deduce from the arguments leading to (11.63) that

L

 1

T 2

T∑
j=2

η̂2
j−1 , σ̂

2
L


 −→ L

(
B2

3

∫ 1

0
Q2(t)dt , B2

3S
′S
)
,

which proves (11.66) by the continuous mapping theorem. Under H1 we have

1√
T
Ẑt =


 1

σ̂2
L

1

T

T∑
j=2

η̂2
j−1




1
2

1

T
Ẑρ

−→
√√√√ γ3(0)

(γ(0) − γ(1))2 g′g

(
−(γ(0) − γ(1))2

2γ2(0)

)(
1 +

g′g
γ(0)

)

= −γ(0) − γ(1)

2
√
γ(0)g′g

(
1 +

g′g
γ(0)

)
in probability .
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6.4 Let us consider

v̂j = y2j − β̂ ′
FMy1j − Ω̂21Ω̂

−1
11 ∆y1j

=
c

T

ξ2j

1 − L
+ γ (L) ξ2j −

(
β̂FM − β

)′
y1j − Ω̂21Ω̂

−1
11 G (L) ξ1j ,

where

T
(
β̂FM − β

)
=


 1

T 2

T∑
j=1

y1jy
′
1j




−1 
 1

T

T∑
j=1

y1j

×
(
c

T

ξ2j

1 − L
+ γ (L) ξ2j − Ω̂21Ω̂

−1
11 G (L) ξ1j

)
− Λ̂12 + Λ̂11Ω̂

−1
11 Ω̂12

]
.

Defining the auxiliary process {zj} as in the text, we deduce thatL
(
T
(
β̂FM − β

))
−→

L
(
(J ′

1)
−1 Y

)
, where

Y = J3

(∫ 1

0
w1(t)w

′
1(t)dt

)−1 ∫ 1

0
w1(t)dw2(t)

+
c

γ(1)

(∫ 1

0
w1(t)w

′
1(t)dt

)−1 ∫ 1

0
w1(t)w

′(t)dt

(
J2

J3

)
.

Then it follows that

L

 1

T


 T∑

j=1

v̂j




2

 −→ L

(
(J ′

2 , J3)w(1) − Y ′
∫ 1

0
w1(t)dt− J ′

2w1(1)

+
c

γ(1)
(J ′

2 , J3)w(1)

)2

= L
(
J2

3 (Y1 + cY2)
2
)
.

Since plim Ω̂22·1 = Ω22·1 = J2
3 , the theorem is established.

6.5 Under the fixed alternative we have that {v̂j} is I(1) so that
T∑

j=1

v̂j = Op

(
T
√
T
)
.

Since Ω̂22·1 is constructed from the long-run variance of
{
y2j − β̂ ′

FMy1j

}
, it holds that

Ω̂22·1 = Op(T ). Thus ŜT1 = Op(T ).

6.6 The present model may be expressed as

(S23) v = δe+ (κC + IT ) Ξ2 ∼ N
(
δe , σ2Ω(κ)

)
,

677



where e = (1, · · · , 1)′ : T × 1, Ξ2 = (ξ21, · · · , ξ2T )′, and Ω(κ) = (κC + IT ) (κC ′ + IT )

with C being the random walk generating matrix. Let L (κ, δ, σ2) be the log-likelihood

for v. Then we have

L
(
κ, δ, σ2

)
= −T

2
log
(
2πσ2

)
− 1

2
log |Ω(κ) | − 1

2σ2
(v − δe)′ Ω−1(κ) (v − δe) .

It is easy to obtain

∂2L

∂κ2

∣∣∣∣∣
H0

= constant + T
v′MCC ′Mv

v′Mv
,

where M = IT − ee′/T . This gives us the LBIU statistic ST2.

6.7 Consider

ST2 =
1

T 2
v′MCC ′Mv

/
1

T
v′Mv ,

where v is defined in (S23) with κ replaced by c/T . We have

1

T
v′Mv =

1

T
Ξ′

2

(
c

T
C ′ + IT

)
M
(
c

T
C + IT

)
Ξ2

−→ σ2 in probability .

Moreover it follows from Theorem 5.13 that

L
(

1

T 2σ2
v′MCC ′Mv

)
= L

(
1

T 2σ2
Ξ′

2

(
C ′MC +

c2

T 2
(C ′MC)

2

)
Ξ2 + op(1)

)

−→ L
( ∞∑

n=1

(
1

λn
+
c2

λ2
n

)
Z2

n

)
,

where {λn} is a sequence of eigenvalues of the kernel K (s, t) = min (s, t) − st. Since

λn = n2π2 in the present case, (11.75) is established.

6.8 We first note that

ṽj − ¯̃v =
c

T

ξ2j − ξ̄2
1 − L

+ γ (L)
(
ξ2j − ξ̄2

)
−
(
β̃FM − β

)′
(y1j − ȳ1) − Ω̃21Ω̃

−1
11 (∆y1j − ∆ȳ1) ,

where

T
(
β̃FM − β

)
=


 1

T 2

T∑
j=1

(y1j − ȳ1) (y1j − ȳ1)
′



−1 
 1

T

T∑
j=1

(y1j − ȳ1)

×
(
c

T

ξ2j

1 − L
+ γ (L) ξ2j − Ω̃21Ω̃

−1
11 ∆y1j

)
− Λ̃12 + Λ̃11Ω̃

−1
11 Ω̃12

]
.
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We can deduce that L
(
T
(
β̃FM − β

))
−→ L

(
(J ′

1)
−1 Z

)
, where

Z = J3

(∫ 1

0
w̃1(t)w̃

′
1(t)dt

)−1 ∫ 1

0
w̃1(t)dw2(t)

+
c

γ(1)

(∫ 1

0
w̃1(t)w̃

′
1(t)dt

)−1 ∫ 1

0
w̃1(t)w̃

′(t)dt

(
J2

J3

)
.

Defining the partial sum process :

XT (t) =
1√
T

[Tt]∑
j=1

(ṽj − ¯̃v) + (Tt− [Tt])
1√
T

(
ṽ[Tt]+1 − ¯̃v

)
,

we obtain L (XT ) −→ L (X), where

X(t) = (J ′
2, J3) (w(t) − tw(1)) − Z ′

∫ t

0
w̃1(s)ds− J ′

2 (w1(t) − tw1(1))

+
c

γ(1)
(J ′

2, J3)
∫ t

0
w̃(s)ds

= J3 (Z1(t) + cZ2(t)) .

Then it follows that

L
(
S̃T2

)
= L


 1

T

T∑
j=1

X2
T

(
j

T

)/
Ω̃22·1




−→ L
(∫ 1

0
X2(t)dt

/
J2

3

)
= L

(∫ 1

0
(Z1(t) + cZ2(t))

2 dt
)
.

8.1 It follows from (11.97) and (11.98) that

L
(

1

T 2d
Y ′

1Y1 ,
1

T d
Y ′

1Ξ2

)
−→ L (V, U1 + U2) .

Thus L
(
T d
(
β̂OLS − β

))
−→ L (V −1 (U1 + U2)). Since

1

T 2d
Y ′

1P−dY1 =
1

Y 2d
Y ′

1Y1 + op(1) ,
1

T d
Y ′

1P−dΞ2 =
1

Y d
Y ′

1Ξ2 + op(1) ,

we also have L
(
T d
(
β̂2SLS − β

))
−→ L (V −1 (U1 + U2)). Noting that

1

T 2d
Y ′

1MdY1 =
1

T 2d
Y ′

1Y1 + op(1) ,

1

T d
Y ′

1MdΞ2 =
1

T d
Y ′

1Ξ2 − 1

T d
Y ′

1Ξ1

(
1

T
Ξ′

1Ξ1

)−1 1

T
Ξ′

1Ξ2 ,
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we deduce that L
(
T d
(
β̂ML − β

))
−→ L (V −1U2).

8.2 Let us put

1 − L4 =
4∏

k=1

(
1 − 1

θk
L
)
,

where θ1 = 1 , θ2 = −1 , θ3 = i and θ4 = −i. Then it follows from (11.101) that

Φ (L) = A1

(
1 + L+ L2 + L3

)
+ A2

(
1 − L+ L2 − L3

)
+A3

(
1 − L2

)
(1 − iL) + A4

(
1 − L2

)
(1 + iL) +

(
1 − L4

)
Φ̃ (L) ,

where A4 must be the complex conjugate of A3 since the coefficients of Φ (L) are real.

Thus we may put A3 = G + iH and A4 = G − iH with G and H being real, which

leads us to the expansion in (11.102).

8.3 Using (11.101) we can expand α3 (L) as

α3 (L) = γ1 (1 − iL) + γ2 (1 + iL) +
(
1 + L2

)
α̃3 (L)

= α30 + α31L+
(
1 + L2

)
α̃3 (L) .

Then it is seen that α′
3 (i) Φ (i) = 0′ is equivalent to (α30 + α31i)

′ Φ(i) = 0′.

8.4 The fact that L
(
N
(
β̂OLS − β

))
−→ L (V −1 (U1 + U2 +mΣ12)) comes from the

continuous mapping theorem and the remark described above the present theorem.

Since

1

N2
Y ′

1P−mY1 =
1

N2
Y ′

1Y1 + op(1) ,
1

N
Y ′

1P−mΞ2 =
1

N
Y ′
−mΞ2 + op(1) ,

we obtain L
(
N
(
β̂2SLS − β

))
−→ L (V −1 (U1 + U2)). Noting that

1

N2
Y ′

1MmY1 =
1

N2
Y ′

1Y1 + op(1) ,

1

N
Y ′

1MmΞ2 =
1

N
Y ′

1Ξ2 − 1

N
Y ′

1Ξ1

(
1

N
Ξ′

1Ξ1

)−1 1

N
Ξ′

1Ξ2 ,

we deduce that

L
(

1

N2
Y ′

1MmY1 ,
1

N
Y ′

1MmΞ2

)
−→ L (V, U2) .
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Thus we have L
(
N
(
β̂ML − β

))
−→ L (V −1U2).

8.5 Given w∼1 =
{
w∼1(t)

}
the quantity XOLS(m) is normal with

E (XOLS(m) | w∼1

)
= a2x

∫ 1

0
w∼
′
1(t)w∼1(t)dt− ab

2
w∼
′
1(1)w∼1(1) +

m

2
(ab− 2d) ,

V (XOLS(m) | w∼1

)
= a2c2

∫ 1

0
w∼
′
1(t)w∼1(t)dt .

Then we obtain E {exp (iθXOLS(m))} = {φ1(θ)}m, which proves the theorem.
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