Time Series Analysis

Nonstationary and Noninvertible Distribution Theory

Katsuto Tanaka

Chapter 12 Solutions to Problems

This chapter intends to present a complete set of solutions to problems given in
the previous chapters. Most of the problems are concerned with corroborating the
results described in the text. Thus this chapter will help making clear the details of

discussions in the text.
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Chapter 1.
1.1 It follows from (1.3) that

=[(CCY ' =Xy =(2—-NDr_1 — Dr_s

with D; =1 — Xand Dy = (2 — A)(1 — A) — 1. Then we have

1

l—zy o x3—1 5 cos(T+3)w
Ty + Ty = w
To — X1 To — X1 COS b)

Dy =

where x; and x5 are the solutions to #? — (2 — Az +1 = 0. We can put z; = ¥

and 7o = e ™ so that cosw = 1 — /2 and sinw = V4 — A\2/2. The solutions to
1 1 1

D1 = 0 are those to cos (T + 5) w = 0, which yields w = (t — 5) 7T/ (T + 5) and

thus A =2 — 2cosw = 4sin2§.

1.2 We have ¢p(—if) = (Dp(6))"2, where

Dr(6) = |Ir 201 _cc'| = |cor 201 Iy
(7+3 (7+3)
Then it holds that
(a—2)sinTw

Dr(0) = cosTw +

I

2sinw

1 2
where a = 2 — 29/<T+ 5) , cosw = a/2 and sinw = V4 — a2/2. We now obtain

Tw=Ttan" ‘/7 \/_< ! 9+3>+O<i),

2T ' 1272 T3

cosTew = cos VE + L2 sin /25 - <0cosx/_+\/_<1+ >\/_>

. . V20 1
smTw—sm\/%—fcos@—i-O<ﬁ) ,
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-2 -2 V20 1 1
s _ 4z2 (1——)+0(—).
2sinw /4 —a? 2T 2T T3

Substitution of these into Dz (6) yields

V20 1
Dr(0) = cos V20 [1—%@(1—Ttan\/29 +O(ﬁ) :

and thus we arrive at the desired result.

1.3 Defining Y(p) = Ir + pCC" and noting that z = Z_%(po)y ~ N(0, I) under Hy,
we have, from (1.5),

dL(p)

- _ —%tr(z 1(p0)CC') + zz 3(po) CC'S "3 (o)

p=po

1 T
= 3T
where & = (&1, ---,&r) ~ N(0,I7). The LM test for the present problem rejects H

for large values of the above statistic. By the Lyapunov central limit theorem it can

be shown that

1 dL
1 dL(p) . N(0,0?)
vT dp |,
where

1 1 & A2 1 /3 d

02:—lim—27 —/ 17.2
2700 T 7= (1 4+ poA)? 2w Jo (po + 4sin” x)?

po + 2

1
1.4 Putting z = <t - 5) /(2T + 1) we have

AN, 1 o 1 1

2T +1)2 <t_ 1>2W2 T (2T +1)2 (sin2x a ?) ’
2

which is positive and increasing for 0 < < 7/2. Thus, for any § > 0,

& =0




2
1 -2
T 1 T=3 1 .
= — sin T - | —
s | @er+12 | 2T +1 12 ’
e : (r-3) =

which leads us to (1.8).

1.5 Put F(z) = P(W < «) and f(z) = F'(z). Then
/Oooeexf(x)dx = (cosvV—20)"% = (cosh v20)">
_ ﬂevml o2V
_ fz( ) _entd)va

so that, taking the inverse Laplace transform,

n€—b%/(4m) 7 <bn _ \/5 <2n + 1)) ,

=

=

I
= 112
—
N————

8

3

O
_ = —a2/2d
= e a
2( )f .
1
2n + =

- af (3 )e|- 52

2.1 By the definition of €2 we have

DT = |Q — )\IT| = (2 — )\)DT—l — DT_2

with D; = 2 — X and Dy = (2 — A\)? — 1. Proceeding in the same way as in the
solution to Problem 1.1, we obtain Dy = sin(T + 1)w/ sinw with cosw =1 — \/2 and
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sinw = v/4X — A?/2. Thus the solutions to Dy = 0 are those to sin(7 + 1)w = 0,
which yields w = t7/(T + 1) and A = 2 — 2 cosw = 4sin? g

2.2 Put ¢p(—if) = (Dy(6))"z. Then

- 20 20
Dr(0) = |[Ir————Q =0 Q- —""——1T
r(0) T (T +1) i (T+1)2"
B 1 ( T +asinTw)
T+ 1 cos L 2sin w

where a =2 —20/(T + 1)?, cosw = a/2 and sinw = v/4 — a2/2. We now obtain

L V4 04 12 1
Tw = Ttan™* =20 1——+ 1972 —i—O(ﬁ),

T 1 1 1
C;S+:) = 7 cos 20 — ﬁ(cos@— V20sin v20) + O <ﬁ> ,

1 [60+12
SIDTW—SID\/_—QCOS\/_—I——(L\/_QCOS\/_ Qsm\/_)

+O(TJ’

a a 1 3\/%+O(1)_

2T+ 1)sinw  (T+1)Vi—a? 20 812

Substitution of these into Dy (6) yields

Dr(0) = Sn\l/;%_[ +4T2 <1+£Cot\/_>] <%>

and thus we arrive at the conclusion.

2.3 Putting x = tw/(2(T' 4 1)) we can proceed completely in the same way as in the
solution to Problem 1.4 and establish (1.16).

2.4 We have /7% = 25 &, where & ~ NID(0,1) and d; is defined in (1.14). Tt

can be proved, as in the solutlon to Problem 1.4, that

1 T T 2
. 22 t
phm <ﬁ E 51& t E W) =0

t=1 t=1



so that

£(meoe)=c <%i5§g§> —c (i T )

and thus the c.f. ¢(0) of this last random variable is

¢(0) = ﬁ (1— 20 >_§ -1 (1— \/%)_2 ﬁ <1+ \/%)_5
[ sin(2if)7 E sinh(2i0)1 |
o\ (2if)i (2i6) '

2.5 The log-likelihood L(«, o?) for y is

T 1
L(,0%) = —-3 log(2m0®) — T‘zy’qu(@)y,

where ®(«) is the same as Q(«) except the (1,1) element, which is unity. Then it is
easy to obtain

OL(av,0?)
Oa

530/C'C [C7H e —eref] C'Cy

a=1,02=652

1
= y'[C'C — C'ee'Cly

202
T . y'C'ee’Cy
2 y'C'Cy |’

where 6% = y'C’'Cy/T with C defined in (1.3), e; = (1,0,---,0) and e = (1,---,1)".
The LM test rejects Hy for small values of L(«v, 0%) /0| g=1, s2—52, which is equivalent
to rejecting Hy for large values of
y'C'ee’Cy

y'C'Cy
Noting that y ~ N(0,02C~}(C~!)") under Hy, we have that Sp is asymptotically
distributed as x?(1) under Hy.

St =

2.6 The log-likelihood L(a, o?) for y is



where ®(«) is defined in the solution to Problem 2.5. Then we obtain

aL(a’gz) 1 1 v\—1 11 — —1\/ / ! —
s = 5v(C) cre [CTHCTY = ey C'CC Yy
a=1,02=62
1 / /
= T&?y [[T —ee ]Z/
- -y
2 yy |’

where 6% = y'y/T. The LM test rejects Hy for small values of the above quantity,
T 2 T

which is equivalent to rejecting Hy for large values of y'ee’y/y'y = (Z yt> > y2.
t=1

t=1

2.7 The log-likelihood L(«, u, 0?) for y is

Lo, 1,0%) = — 5 log(2m0%) — 5 5y — ) (C') 2 @)C "y — o).

202
The LM test considered here rejects Hy for large values of
O?L(1, 1, 6%) -1, 9?P1(1)
s M — ——ud'M Cl -1 CflM
da? 262" (@) 0a? Y

1 / N\ — ! ! / ! / —
= Sy'M(C)) Heee —ee)C - C'(Iy - ed)’C] C My

! i
- yMCC'My |
y' My

where ji = ¢, 6% = y’My/T and M = Iy — ec¢’/T. Thus the LM test is equivalent to
rejecting Hy for large values of SLy in (1.20).

2.8 Consider first

yMy = (C'y)C'MC(C'y)

where it can be checked that
0 - - .0

C'MC =
Q—l
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so that y’ My = (Ay)Q; (Ay). Similarly, we have
yMCC'My = (C'y)C’MCC'MC(Cty)
= (Ay)'Q.*(Ay),

which establishes (1.21).

3.1 The first component of C'Me is 0 so that

C’Mg;((l) C!k 1>(6_86):<C;(5*0_56*)>7

where C7, e, and e, are the last ("' — 1) x (T'—=1), (T —1) x 1 and (T'—1) x 1

submatrices of C’, € and e, respectively. Noting that

1 1/2
L(e,—¢&e) =L <<IT1 - Te*e;) £*> ,
where &, ~ N(0, I7_1), we have
L(E'MCC'Me) = L((e, — &e,) C.OL(e4 — Eey))
= c(g0t (1 - get) C.8)
= L(E276)

with €2, being the first (7' — 1) x (7" — 1) submatrix of Q. Therefore (1.23) has been
established.

3.2 Put ¢r(0) = a(f) + ib(0), where a(f) and b(f) are real and a(f) = a(—0),
b(f) = —b(—0) because of the property of ¢r(#). Then we have

fr(x) = % /_o:o(a((?) cos 0z + b(0) sin 0x)do
= % /OOO (a(@) cos Ox + b(0) sin Ox)dh = % /OOO Re (e’wz(bT(G)) o .
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3.3 Consider first (1.7) and put

Uir(0) = logpr(—if)

1 0 V20
~ —ilogcosm—l—log [1—ﬁ<1—Ttan\/ﬁ>]

N _% log(1 — g(6)) — —— (1 SV @)

872 3
1 g°()  g°)  ¢'(0) 4
~ ~la(e AU
2 (g( e 877
N PP S A
247 3 " 15 ' 315 ’

where
p _20 40> 860  166*
IO =G -t et

Consider next (1.15) and put

Yor(0) = logdr(—ib)
~ —llogM + log [1 — i (14—@0%@)]

2 V20 812

1 0 V20
~ —=log(l — ~ 1+ Y ot V2

5 og(1 —h(0)) ST ( + 3 cot \/_9>

1 R26)  B36)  hA(0) 9
h §<h(9)+ > T3 Ty ) T
_ 0 (2 A 1607
2477 3 45 945 ’

where
20 4% 863 1664
MO) =31 = 5+ 5 ~ o

Evaluating /fEJT) = d’r(0)/d6? (i =1,2; j =1,2,3,4) we arrive at (1.28).

3.4 As for /fgj ) consider

1 1 & 2
1(0) = —=logcos V2 :——Zlog 1— 0 5
2 2 1) ,
77/—5 ™

042



00 00 2j—10j 0 9]

=25

, 1 !
S B

By the definition of the Bernoulli numbers we have

j 22] 12

]_1' 3] 12

so that
ey 1 1 .
= 2% — 1)B..
X @y e VB

Therefore we obtain

X (- 1)1282(2% 1)
Y

which yields nﬁj ) in (1.29). The expression for /{(Qj )

3.5 It is clear that

1 0 1 0
1 1 5
VT:ﬁy' . y:ﬁg’C’ . Ce,
0 ) 0 )
while
1 & 5
Ur = T ;yt—l(yt — Y1) — TYT
1 (& 2 2, e 2 0
= 57 <t222(yt —y1)” - ;yt +;ytl> — Fr
NI 0 4
= 57 (get—ywryl)—fw
1-25 , 1<,
o YT ap

which leads us to the conclusion.

243

n—l)ﬂ)j'

can be obtained similarly.



3.6 For any «,  and ~ let us consider

=

1 0
nr(0) = |Ir —20<aC’ . C + Bee +~Ir
0 )
= ;7
where
1 0
Dr = |a(CC) ™ +b ) + cepelp
0 )

a=1—-2v0, b=-2af, c=-200.

Since Dy = (2a+b)Dr_1—a*Dr_o with D = a+bd+c and Dy = (2a+b)(a+bd+c)—a?,
it can be shown that

1
Dr = {(l’g - (a+b5—|—c))x1T—|—(a—i—bé—i—c—xl)xﬂ ,

T2 — T

where z; and z are solutions to z? — (2a + b)z + a* = 0. Putting o = z/T?
B =(20—1)/(2T) and v = 1/(2T), and expressing x; and x5 in polar form, we arrive
at (1.33).

3.7 In the solution to Problem 3.6 we have z; = re™ and x5 = re”™, where
0 0 Ox ) 1 0 Ox
Tzl—?, rcoswzl—f—ﬁ, rsinw = 20x 1_T_ﬁ .

Therefore we have

* = (1o5) el 7))
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1
1 A 0 0r\\?
_ R v
0 20x 1
ST (T2) ’
0v/20 1
cosTw = cosV20xr— Qszin\/QHx—i—O (ﬁ) ,

V2 1
sinTw = sinvV20zx + i QTQ:C cosV20x + O <ﬁ> ,

rcosw —d _ TO_%_@_x_G_L&?_Q&@x)) <2ex<1_ﬁ_e_x

= 20x +

7 sin w T2 T T2 T 272
B _0(1 — 20) B 0(0(1 —20) + 2z — 46x) 0 (i)
- 20z 2T/ 20z T2) "

Substituting these into my () in (1.33) we arrive at (1.34).

3.8 Let the random variable on the right side of (1.42) be Yy = Ar/Br. Consider
then P(Yr < x) = P(xBr — Ar > 0), where
T T
x 9 1 1
xBpr — Ar = ﬁtzzzyt_l - T;yt—ﬁt - 5
Comparing with (1.32) and (1.35) it is easily seen that the limiting c.f. ¢(6;x) of this

last random variable is given by

=

o(0;7) = lcos V2ifx + 6 %1

so that

P(01,—02) = ¢(ib1;602/61)

sinh /205 ~3
V20, '
Thus E(Y), where L(Yr) — L(Y'), is given by

/oo a¢(91a _02)
0 601

1 o sinhv/20
- - M(Cosh\@)—%de

2 Jo V20

=1,

= lcosh 20, — 0,

db
61=0

EY)
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where the last equality results from the second by putting (cosh v/26) T = .

3.9 From (1.40) we have p;_5(1) = ps(1) — 2(1 — 2§) so that (1.43) is equivalent to

(S pos(2) — is(2) = 4(1 — 26)(1 — 20 — ps(1)).
Putting

1/15(917—92) = ¢5(i91;92/91)

sinh /20, ] 2
v/ 20, ’

it can be shown from (1.39) that the left side of (S1) is equal to

= ? lcosh 205 — 6,(1 — 20)

/ 02 892 1/}1 é 917 92) - 1/}5(91, _92))|91=O d92
oo sinh /26 3

while, from the solution to Problem 3.8,

(1) = _1/“’ 1 (1_ 1-26 sinh\/2_01>d0
Ho 2 Jo /cosh V20, coshv/260, +/26, !

— (1 —20)
/ \/cosh
1 sinh v/2 _3
= -3 TpSmavey o (cosh\/ 0)"2d6 + (1 — 26).

Substituting this last expression into the right side of (S1) we arrive at the conclusion.

4.1 We have
i0 0 cc\|
¢T(0> = IQT - ﬁ ( C/C 0 )
10 -3
_ Ir —ﬁC C
—ﬁC 'C Ir
92 , 5 _%
= |Ip+ ﬁ(c ) ,
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which yields the result.

4.2 We rewrite Vp as

17
Vi = Zylt Y1t — yl,tfl)

t

=1
T T T
<Z Yie — Yie-1)" + D Y — Zyit_1>
t=1

t=1 t=1

1
T

[\

1 Z ’
2
-y (e
2T S <
Here the first term converges in probability to 1/2, while the second converges in

distribution to £2/2, which establishes the result.

4.3 As for ¢17(0) we can proceed in the same way as in the solution to Problem 4.1.

Put e=(1,---,1): T x 1 and we have

bir(0) = <IT + %((J’ + (J)) (IT — ﬁ((J’ + C))

i0 i0 i0 0
- <<1 + 2T> Ir + 2T€€> <<1 - 2T> Ir = 2T€e>

@\ ! 0 if 0\ ! 0 if
B <1+2T> <1+§+2T><1_2T> (1_5_2T>

which yields (1.54). As for ¢or(f) put a = 6/(27) and consider

N [—=

¢or(0) = (Dr(a)Dr(—a))"2,
where
DT(G) = |IT + CLC, — (IC|
= [(C"Y ' +alp —a(C)'O]
= (1+a)Dr_1(a) —a(l —a)™ .
Noting that D;(a) = 1 we can solve the above difference equation as

Dr(a) =5 ((1+a)" +(1-a)")

[\DlH
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which leads us to (1.55).

4.4 Tt is easy to see that

1 62
60 = togor(-it) =~ o (1- %)
= ()
22 o

92
() = logda(— Zlog( W)
B < §2 (25)! & 1
=L@ @i
_ i 6% 22] j_ 1 Bj’

where the last equality comes from the solution to Problem 3.4. Then the expressions

for cumulants are easily obtained.

4.5 We have
2 —2
-2 e ﬁcc
dir(0;z) = ol
=00 Ir
2if 9 2
= |1y - “”cc w=(CC)

which yields (1.67).

4.6 We first note that
1
LoMC  ——C'MC
Xor =¢ Ti 217
"\ —=—=C0'MC 0
277
where M = Iy — ee’/T. Then we can proceed in the same way as in the solution to

Problem 4.5 to arrive at (1.70).

2 M
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4.7 From (1.39) we have

1 o 1 0;(01, —05)
52wl =G |0 e

dby ,
61=0

where

1/11(91,—92) = ¢1(’i91;92/91)

r 2
= |cosh /0y + /602 + 62 cosh\/92 92+02| ,

1/12(91,—92) = ¢2(’i91;92/91)
sinh /0y + /0% + 603 sinh /0y — /07 + 63
\/02 + /0% + 63 Oy — (/0% + 63

wi(2) = 4/ {cosh\/_ )77 — (cosh v/20) % %}d@

-

NI

Then we have, for instance,

1
du — =

Z/O \/coshu 2

The other moments can be derived similarly. We used computerized algebra REDUCE
to differentiate ¢;(6;, —62).

4.8 We have only to show that Fj(—z) = 1 — Fj(z). Because of the definition of
¢;(0; x) it is easy to see that ¢,(6; —z) = ¢;(—0;x) so that

i(—z) = —0;2))df

L
/ m(6;(6; ))do

5
1
2
1-

1
7r
Fi(x

5.1 It is easy to see that

2 2
Iy — ;9;70'0 0 e
dir(0;z) = i0
i I
¢ 4
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and this last expression can be further factored as in (1.82).

5.2 We have
T 1
—C'MC ——C'M
XQT prmng 5/ T21 2T g’
- ——MC 0 -
2T

where M = Iy — ee’/T. Then we can proceed in the same way as in the solution to

Problem 5.1 to arrive at (1.85).

5.3 In (S2) we have

Gi(61,—0y) — (cosh\/292—9%) ,

sinh /20, — 6? B
Ua(0r, —02) =
\/ 202 — 0%
Then we can arrive at (1.87) after some manipulations. We used computerized algebra

REDUCE to differentiate ¢;(6;, —02).

[SIE

[N

5.4 We have only to show that F;(—z) = 1 — F;(z), which can be easily checked as

in the solution to Problem 4.8.

Chapter 2.
1.1 Suppose that Lim. X,, = X and Lim. X,, =Y. Since

E[(X-Y)] < B[(X,-X))|+2/B[X, - X)2] E[(X, - Y)
+E (X, = V)]

and the right side converges to 0, E[(X —Y)?| = 0. Thus we have P(X =Y) = 1.
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1
1.2 Since F[(X,, — X,)?] = E (X2 —2X,, X, + X?) = 2(1 - m) for m # n,

which does not tend to 0, {X,,} does not converge in the m.s. sense. For any ¢ > 0,
1

we have P(|X,| > ¢) = P(X,, = v/n) = — — 0; hence {X,,} converges in probability
n

to 0.

1.3 Put Z,(t) = aX,(t) + bY,(t) and Z(t) = aX(t) + bY (t). Note that L.im. Z,(t) =

Z(t). For any ¢ x 1 vector ¢ we have
E[(Za(t) = Z@)]] < \/CeB[(Za(t) = Z() (Za(t) — Z(1))]

so that E(Z,(t)) — E(Z(t)) as n — oco. Consider next

XL(OYalt) - XY (1) = (Xat) = X)) (Yalt) - V(1))
FX(O(Yalt) = V(1) + (Xalt) = X(0) Y (2).

Taking expectations leads from the Cauchy-Schwarz inequality to E(X/ (t)Y,(t)) —
EX'O)Y(1)).

1.4 E(Y,()Y,.(t)) — 2 as m = n — oo, while it converges to 1 as m,n(# m) — oo.

Thus {Y,,(t)} does not converge in the m.s. sense.

1.5 From Theorem 2.2 it holds that Y (¢) is m.s. continuous if and only if E(Y’(t +
h1) Y (t + hy)) converges to E(Y'(t)Y(t))
equivalent to the condition that E(Y’(s)Y (t)) is continuous at (,t).

as hi,ho — 0 in any manner, which is

1.6 Since {Y(¢)} is m.s. continuous at every t € [a, b,

Lim. Y(s+hy) =Y(s), Lim. Y(t+hy)=Y(l).
Therefore it follows from Theorem 2.1 that E(Y'(s+ hy)Y (t + he)) — E(Y'(s)Y (t))
as hl, hz — 0.

1.7 Noting that E(X(t)) = V(X(t)) = At, we have, for s < t,
E(X(s)X(t) = E(X(s)E(X(t) - X(s)) + E (X*(s))

= s+ \st
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so that E(X(s)X(t)) = Amin(s,t) + A?st, which is continuous at every (¢,t). Thus
{X(t)} is m.s. continuous at all £. On the other hand it holds that

EN(X(t+h) = X () (X(t+k) = X())]/ (hk)

min(h, k) — min(h, 0) — min(0, k)
=4 hk

+ A2,
which does not converge as h, k — 0. Thus {X(¢)} is nowhere m.s. differentiable.

1.8 It follows from Theorem 2.1 that

EYV(®) = E <1.i.m Yit+h) = Y(t)>

o0 h

— limE (Y(t +h) = Y(t)> vy,

h—0 h

The relation (2.3) can be proved similarly.

1.9 Note first that E(Y ()Y (t + h)) = %cos wh so that
E[(Y(t+h) =Y ()Y (E+ h2) =Y (£)]/(haha)
= [cosw(hy — hy) — coswhy — coswhy + 1] /(2h1hy) — % .

2.1 (a) Ej(w(t+h) —w(t))(w(t+h)—w(t))] =qlh| = 0as h — 0.
(b) E[(w(t +h) —w(t)) (w(t + h) —w(t))]/h* = q/|h| does not converge as h — 0.
(c) Put Aw; = w(t;) —w(t;—1) and At; =t; —t;_;. Then

;

NgE

E

{i(Aw;Awi - thz’)}Q

i=1

Aw! Aw; — (b—a)q>2] - F

1

M=

E [(Angwi — thi)Q} = 2¢) (At;)? <2¢A,(b—a) —0.
=1

1

.
I

2.2 Itisclear that w(0) = 0 and E(w(t)) = E(Aw;) = 0, where Aw; = w(t;)—w(t;_1).

For t;_1 < t; < tp_1 <t we have

E(Aw;Awy) =)

RGE

5 [Sin @y — sin ay, ;1] [sin Gpp — sin @y, k1)1,



1

((=3)7

+ COS(CLm + a'n,k:—l) - Cos(an,i—l - a'n,k;) + Cos(an,i—l + an,k)

5 [cos(ani — ani) — co8(ani + Ank) — €OS(An; — An—1)

[eS)
n=1

+ Cos(an,i—l - an,k—l) - Cos(an,i—l + a'n,k:—l)]jq )

where a,; = (n — 5) mt;. Using the formula given in the problem it can be shown
that E(Aw;Awy,) = 0. Similarly we have E(Aw;Aw}) = (t; — t;_1)I, so that Aw; is
independent N(O, (t; — t;—1)I,). We also have w(t) ~ N(0,tl,). Thus {w(t)} is the

g-dimensional standard Brownian motion.

2.3 For s <t we have

w(s) s s s
w(t) | ~N(0,%), Y=|st t |®I]
w(1) s t 1

with ® being the Kronecker product. Then it holds that E(w(t)|w(1) = 0) = 0 and
Vi) wit) lum =0y = (275 77 e
w(s),w(t) [w(l)=0) =1 - q
so that Cov(w(s),w(t) |w(1l) =0) = (min(s,t) — st) I, .

2.4 Tt is clear that {w(t)} is a Gaussian process with w(0) = w(1) = 0 and E(w(t)) =

0. Moreover, for s < t, we have

E(w(s)w'(t)) = i n217rQ (cosnm(s —t) — cosnm(s+1)) I,
1 , 1 /1 , 1
= [0t (Gl -5
= (s—st)],

3.1 From Theorem 2.2 the integral in (2.7) exists if and only if E(V, (t)V,(t)) con-
verges to a finite function on [a,b] as m,n — oo in any manner, which is equivalent

to the condition that the integral in (2.8) exists and is finite.
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3.2 It follows from the solution to Problem 1.5 that E(Y'(s)Y(¢)) is continuous on
[a,b] X [a,b]. Then it is clear that the double Riemann integral // E(Y'(s)Y (t))dsdt
exists and is finite. Thus {Y'(¢)} is m.s. integrable by Theorem 2.3.

1
3.3 Since F(w(s)w(t)) = min(s,t), it is easy to obtain E(V) = 3 and E(W) =

1 7
G Noting also that E (w?(s)w?(t)) = 2min®(s,t) + st we obtain E(V?) = 5 and
1

E(W?) = 20"

3.4 From Theorem 2.3 we have only to check that the integral (2.8) with f(r,t) and

Y (r) replaced by Ij () and w(r), respectively, exists and is finite. The integral is
3

11 +
/O /0 Tio.y () T (3) E(w' (r)w(s))drds = %
so that V(¢) in (2.10) is well defined. From Theorem 2.4 and the above result we have

that V(¢) ~ N (0,£31,/3) .

3.5 Let us define

and consider

BV Vi) = 3301 = (1 — ) [(w(s:) — w(si 1)) (wlt;) — wit; )]

i=17=1
1
It can be checked that this last quantity converges to ¢ / (1 —1t)*dt = q/3asm, n —
0
oo. Thus V; is well defined.

3.6 We may assume that H is diagonal and thus we have only to show that

A= /O 1 /O 1 /O 1 /O " K (5, 8 (u, 0) B(duw () duw (1) duw (u)dw(v))

exists and is finite when {w(t)} is scalar. We have

3(dt)? s=t=u=v

ds du s=t,u=v, s#u
E(dw(s)dw(t)dw(u)dw(v)) = ¢ dsdt s=u, t=uv, s#t

ds dt s=v,t=u, s#t

0 otherwise
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so that

1
A = 3 / K2(s,8)(d1)? + S K (s, ) K (t, )dsdt +2 S5 K (s, t)dsdt
0 s s

- </01K(3,3)ds>2+2/01/01K2(s,t)dsdt<oo.

3.7 As for (2.22) we evaluate nll_r}r(l)QE(Xmm), where X, ,, is defined in (2.21) with

s; =t; and s, = t;. Putting Aw; = w(s;) —w(s;—1) and As; = s; — s,_1, we have
ZK si, 8 Asitr(H) — E(X).
For (2.23) we consider

B(X2,) =323 33 K(s), $)) K (sh. sf) E[Aw] HAw, AwpHAw]
i=1 j=1 k=11=1
where E| | is equal to

q
Z Hsa E(Awm-AwajAwakAwal) -+ Z Haabe E(AwaiAwajAwbkAwbl)
=1 a#b

+ Z Hgb E(AwaiAwbjAwakAwbl) + Z Hgb E(AwaiAwbjAwbkAwal).
a#b a#b

Therefore we have

q
E(Xpm) = > Hg [3ZK2 (55, 80 (Asi)* + > K (s}, 5) K (s}, 57) AsiAs;
a=1

i#j

+2)  K*(s}, s}) As;As;
i#j

+2Y H bZZK2 s5)AsiAs;

a#b i=1j=1
q m 2
= (Z Haa) <ZK S5y S ASZ)
+222 bZZKz s5)AsiAs;

a=1b=1 i=1j=1

S (im e

a#b 1=1

which converges to £ (X?) given in (2.23).
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3.8 It is easy to see that the left side is equal to

<Z)\// (t)dws(s)duws (¢ ) <§qu </ £)duws (¢ )>2>.

=1
1 1
Since / g(t)dw;(t) (i=1,---,q) ~ NID <0,/ gQ(t)dt>, we have the conclusion.
0 0
3.9 As for (2.27) we have
1
/ @ () Ho(t)dt = / — tw(1)) H[w(t) — tw(1)]dt
0

—tw'(t)Hw(1) — w'(1) Htw(t)
(1)Hw(1)t2]dt,

where

/Olw’(t)Hw(t)dt _ /O1 ( /Ot/otdw’(u)Hdw(v)> dt

= /1 /1[1 — max(s, t)]dw'(s)Hdw(t),

/tw tyHw(1)dt =

(s)Hdw(t),

/O W' (1) Huw(1)i2dt = //dw VHduw(t) .

Substituting these into the right side above we obtain the left side of (2.27). The

relation (2.26) can be proved similarly.

4.1 We prove (2.31) by induction on g. When g = 0, it clearly holds that Fy(t) = w(t).
Suppose that (2.31) holds for g = k — 1. Then we have

Filt) = /Ot Fioa1(s)ds = /Ot (/0 %m(@) ds
= /ot </ut %ds) dw(u) = /Ot (t _k!u)kdw(u) )

which establishes (2.31).
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4.2 From (2.29) and (2.31) we have

/01 F,(t)dt = /Ol[Fg(t) — tF,(1)]dt
— /01 </Ot (t ;!s)gdw(s)> di — %/01 (1 ;!S)gdw(s)

/0 1ﬁg’(t)ﬁg(t)dt = / t)dt — / / F(s)Fy(t)dsdt
_ /0 (// (£ =) t;” dw(u)dw(u))dt

_ / / 1—3 ngw’(s)dw(t}

g + 1)!
L [ - O .

4.3 Since Fy(t) is continuously differentiable, we have

/F JAF!(s) = F,(s)F!(s \—(/F dF’())/
—(/OngdF;s>,

which proves (2.33).

5.1 Put 1 = (1 —a)s;—1 + as; and Aw; = w(s;) — w(s;—1). Then we have

Zw Tic)Aw; =Y w(si—1)Aw; —i—z w(Tim1) — w(si—1))Aw; .
=1

=1 =1

1
Here the first term on the right side converges in m.s. to a(wQ(t) —t), while the second

term can be rewritten as

m m

(S3) Z(w(ﬂ‘—l) - w(Sz‘—l))2 + Z(w(ﬂ‘—l) —w(si—1))(w(si) —w(ri-1)) -

i=1 i=1



Since

NE

o

(w(Ti_l)—w(si_l))Q] = i(n_l Si—1 —az i — Si_1) = at,

i=1 1=1
V [Z(w(n_l) — w(si_l))Q] = ZZ(Ti_l — 5,_1)% < 2a*t max(s; — s5,_1),
i=1 i=1 !

the first term in (S3) converges in m.s. to at, while the second term in (S3) can be

shown to converge in m.s. to 0, which establishes (2.40).

5.2 We have already shown that U(t) is m.s. continuous. As for the martingale
property we first have, for s < t, E(U(t)|U(s)) = U(s) + E(U(t) — U(s)|U(s)).
Noting that

Ult) - Uls) = /:X(u d(u)

= 17.3.}90. ZX(U¢_1)(IU(UZ‘) —w(u;—1)),

where s = 11y < Uy < -+ < Up, = t, we can deduce that
EIX (1) (w(ui) = w(ui-1)) | U(s)]
= BE[E[X (ui-1)(w(us) — w(ui-1)) [U(ui-1)] | U(s)]
= E[X (ui1) Elw(us) — w(ui-1) [U(ui-1)] | U(s)]
—0.

Then it is seen that E(U(t) — U(s)|U(s)) = 0 so that U(t) is a martingale.

5.3 Putting Aw; = w(s;) —w(s;—1) and As; = s; — s;_1 we have

B {0 (- as) }

= E i iX Sz 1 3]71) ((Awl)Q — ASZ) ((Aw])Q — AS]')
i=1j5=1

= QiE (X2 Si—1 ) )) (As)? < Qm?XE (Xz(sl-,l)) maXASZZAsZ

—>zgl i=1
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as m — oo and max As; — 0 so that (2.41) is established. The relation (2.42) can be

proved similarly.

5.4 Because of the definition of y; we have

1 T T
fzyt—lgt = Z — Y1)
t=1 t=1
1 T T
= ToT [Z — Y1) —ZIUEWLZZ/?A
t=1 t=1 t=1
BEREPRNE B
T YrTor & {
1 d 1 )
dl T?lgt) Tt

which converges in distribution to §(w2(1) — 1) by the central limit theorem and the

law of large numbers.

6.1 Note first that the c.f. ¢(0) of the right hand side in (2.46) is given by ¢(6) = (cosh 9)’% .
Thus it suffices to show that the c.f. ¢,,(0) of

1) = iwauﬂ)(wb(m —wptin),  (a#b)

converges to ¢(#) as m — oo, where t; = j/m. It is easy to check that V,(1) has
the same limiting distribution as U,,, where U, is given in (1.48). Thus we have the

conclusion from the arguments there.

6.2 It is easy to obtain

iw(ti_o(w(ti) —w(te ) + i(w(to —wlte)(t)
= w0(0) = S (lh) = w(tin)) (1) — w0

where 0 =ty < t; < -+ < t,, = t. Letting m — oo and A,, = max(t; — t;_1) — 0,
(2.47) is established by the law of large numbers.
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6.3 Premultiplying A on both sides of (2.47) with ¢ = 1 and taking the trace lead
from tr(A) =0 to

/01 w'(s)Adw(s) = %w’(l)Aw(l) :

q
Then we have £(w'(1)Aw(1)/2) = L (Z )\iZZ-2>, where \;’s are the eigenvalues of A/2
and {Z} ~ NID(0,1). )

7.1 To establish (2.55) we use Ito’s theorem putting f(x,t) = 2" with dX (¢) defined
n (2.52). As for (2.56) we put f(x,t) = 2™ with dX(¢) = dw(t) so that p = 0 and
o = 1. To prove (2.57) we put f(z,t) = e® with dX(t) = dw(t), p =0 and o = 1.

7.2 Since the existence and uniqueness of the solution to (2.60) is ensured, we have

only to show that d (X (O)ew(t)’%) = X(t)dw(t), which is almost trivial.

7.3 We have, by Ito’s theorem,

AX(t) — (aeatX(O) + 86 +qaet [ t easdw(s)) dt + vduw(t)
= (aX(t)+ p)dt + ~vdw(t),

which gives (2.61).

7.4 For s <t we have, from (2.63),

Cov(X(s), X(t)) = ea(s”)COV< )+ / ~*dw(u )+ / ~dw(v )
= ea(5+t _'_/ 2audu:|
€—2o¢s
- eolsty) [v(X (O))+T] ,

which establishes (2.64).

7.5 From the definition of X(t) in (2.63) we have
1
| e {X?(o) +2X(0) / ~asdu(s) + / / —a(ut) gy )dw(v)] dt
0
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6201 -

1 1/
- X2(0) + 2X(0) / < / e2atdt> = du(s)
2c 0 s
1
+/ / (/ ( )eQatdt> e~ ) du (w) dw (v)
0 JO max(u,v

e 1 a(2—s) _ s

- = X2(0)+X(0)/1€—dw(s)

0 [0
1 1 ea(27ufv) . 6oz|ufv|
d d .
+/O /0 5 w(u)dw(v)

7.6 As for (2.72) we put Yi(t) = e*w(t) and

vy = [ "% du(s)

so that dYi(t) = e (aw(t)dt + dw(t)) and dY3(t) = e *dw(t). Then (2.71) yields
(2.72). As for (2.73) we put Yi(t) = w(t) while Y5
dYy(t) = dw(t) and dYs(t) = e~ *dw(t). Define g(y,t

Y2 Y3 L+ 192
gy = g, Gyy = g.
Y1 14+ y192 Y3

Then (2.70) yields

e
t) is the same as above. Thus

= exp(y192) so that g; = 0 and

1
dg = {YQle +YidYs + 5 (Y22 +2(1+Y1Yp)e ™ + Yfe_%‘t) dt} q,

which leads us to (2.73).

Chapter 3.

1.1 Since p(z,y) is a metric, we have

\p(z,y) — p(@,9)| < p(x,2) + p(y, 7)

which can be proved by the triangle inequalities :

p(z,y) < p(x, %) +p(Z,9) + p(7,y),  p(E,9) < p(E,2) + plx,y) + py,7) -

Then it is clear that p(z,y) is a continuous function of z and y.

261



1.2 Let {z,} be a fundamental sequence in C, that is, p(z, z,) — 0 as m, n — oo.
Because of the definition of p and completeness of the real line, {x,(t)} converges
uniformly in ¢ so that the limit z(¢) lies in C' and p(x,,x) — 0. Thus C is complete.
Separability follows from the Weierstrass approximation theorem which ensures that
any = in C can be uniformly approximated by a polynomial with real coefficients,
which, in turn, can be approximated by a polynomial with coefficients of rational

numbers.

4.1 We have only to show that Elexp{ifh(X,)}] — Elexp{ifh(X)}], where
Elexp{ifh(X,)}] = E{cos0h(X,)} + iE{sin0h(X,)}.

Since f1(X,) = cos0h(X,) and f5(X,) = sinOh(X,) are both bounded and contin-
uous, it must hold that E(f1(X,)) — E(f1(X)) and E(f2(X,)) — E(f2(X)), from

which the conclusion follows.

4.2 Suppose that p(x,y) < € so that y(t) —e < z(t) < y(t) +¢ for all t € [0,1]. Then
it follows that |supz(t) — supy(t)| < e. To show that hy(z) is continuous we first
have, by the triangle inequality,

p(r,0) < p(z,y) + p(y,0), p(y,0) < py, z) + p(x,0)

so that |p(z,0) — p(y,0)| < p(x,y), which means that

sup [z(t)] — sup [y(t)]| < sup |(t) —y(1)].
0<t<1 0<t<1 0<t<1
Thus hs(x) is shown to be continuous. The function hg(z) is the mapping which

carries x of C' to the point (hi(z), hao(x)) of R?; so it is certainly continuous since

hi(z) and h(x) are both continuous.

4.3 Note that P(p(X,,c) <e) = P(X, € N(c,¢)), where N(c,¢) is the open sphere
with center ¢ and radius . By the portmanteau theorem (Billingsley (1968, p.24))
L(X,) — L(c) implies that P(X,, € N(c,e)) — P(c € N(c,¢)), which is certainly

unity.
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4.4 Given any € > 0 there exists some ¢ > 0 such that | X,, —¢| < ¢ implies |h(X,,) —

h(c)| < e. Therefore we have
P([n(Xn) = he)] = ) < P(|X, = ¢ 2 9)

so that, by assumption, h(X,) — h(c) in probability.

4.5 Let x be a continuity point of P(X < z). Then it holds that

PY,<z) = PY,<z X,-Y,<e)+PY,<z X,—-Y, >¢)
< PXp,<z+e)+P(X,-Y,>¢)

so that lim sup P(Y,, < z) < P(X <z +¢). We also have

PX,<x—¢) = PX,<z—¢, Y, <)+ PX,<zxz—¢Y,>1)
< PlY,<x)+P(X,-Y,<—¢)

so that lim inf P(Y, < x) > P(X < x —¢). Since ¢ is arbitrary, we have L(V;) —
L(X).

4.6 Noting that

i

* _ legl
P <o) = 7 (F=0)

v

(3.11) is seen to hold.

4.7 For any fixed ¢ > 0 we have, for any € > 0,
P(X,Y,| >¢) = P (\XnYn\ Se, Y] < %) e (|XnYn\ > e, V] > %)

< P(X,|>c)+P (\Yn| > f) .
&
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Thus lim sup P(|X,,Y,| > ¢) < P(]X| > ¢). Thus it is seen that XY, — 0 in proba-
bility by choosing ¢ large (Rao (1973, p.122)).

T

4.8 Put Xp(t) = X¢(t) = Y _Xr(j/T)/T. Then L(Xr) — L(w) by Corollary 3.2,
j=1

where w is the demeaned Brownian motion. We have

<2 sup |Xp(t)
0<t<1

which converges in probability to 0. Thus the second relation in (3.13) is established
by the continuous mapping theorem. Assuming that {¢;} ~ NID(0,1), we have

! S Uy / 1 1
£<ﬁ;(yj—y)2) = ﬁ(ﬁyMy)=£<ﬁeCMCa>

= L (%5’MC’C'M6) =L (1}2 ET: (ET:(& — 8)) )
- C (T1221 (z]:l(gi—s)) ) ;

where M = Iy — ee’ /T with e = (1,

;1) and C is defined in (1.3). Put Xp(t) =
Xr(t) —tXp(1). Then £(X7) — L(w) by Corollary 3.1, where w = {w(t) — tw(1)}.
We now obtain

%Jz: (;(&—5)) —/01 X2(t)dt

> 7 (3 () - x30)

¢ el 1
<2 sup | Xp(t max —= + —|Xr(1 ,
> 0§t1§>1| 7(t)] <1§jg T T| 7(1)]
which converges in probability to 0. Thus the last relation in (3.13) is established by

the continuous mapping theorem.
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4.9 Tt follows from (3.8) that

T
~9 2
- oy —(p— 1)y,
& T 1];2 yj1— (p—1)y;-1)
T T
2 2 2
= 1 Zgj_Q _1 Zyj 15]+(p 1) Zyj—l
Jj=2 j=2 =2

Since p— 1= 0,(T~') and

T T

Zyj 15 = O,(T), 2%2;1 = Op(TQ) )
it is seen that 62 — o2 in probability.

5.1 There exists m such that [|a;| < 1 for all [ > m. Thus we have

S Paj = Poj+ > Paj
=0

NE

=0 l=m+1
m o0

< D P+ Y o] <.
=0 l=m+1

5.2 Put a(L) =Y L', where L is the lag operator. Then (L) = o — (a — (L)),
1=0
where

a—a(l) = gak@—Lk) kf:akZLl
= (1—L)i i akLl:(l—L)ZdlLl

1=0 k=l+1

which yields (3.20). Here the interchange of the order of summation is justified because

of the assumption (3.19).

5.3 We first note that

o0 o 0o o k-1
dolal < D0 D e[ =D0 >0 |
=0 =0 k=l+1 k=11=0

k=1
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This last quantity is finite because of (3.19). Thus Z &; < oo and {&;} is well defined
1=0

o
in the m.s. sense so that E(&;) = 0 and E(£;€j44) = 02 _ by -
1=0

P
5.4 Suppose that a(L) = Y eyL'. Then a(L) = a(1) — (a(1) — a(L)), where
1=0

P

a(l)—a(L) = ;ak(l—Lk>: (1-L ;O"“ZU
= (1—L)pz_: zpj apL'.

=0 k=l+1

Thus we obtain

2005] 1 =a(l 25153 1

p
where (3, = Z o .

k=I+1

5.5 If max |Z | > 9, then there exists j such that |Z;| > 6. Thus ZZQ (12| > 90)

7j=1

> 737 > 0%, On the other hand, if Z Z:1(|Zj| > &) > 6%, there must exist j such that
=1
|Z;| > 0. Thus max |Z;] > 4.
1<j<n

5.6 Using Yr(t) defined in (3.17) we have

d L [ (i 2
= =177
and
T (i) — Yﬁ(t)‘ < 2 sup |Yr(t)| max M
T T o<i<1 1<G<T /T

This last quantity converges in probability to 0 because of (3.27) and (3.28) together
with sup |Yr(t)] = Op(1). Thus (3.30) follows from Theorem 3.7 with ¢ = 1 and
the continuous mapping theorem. The weak convergence in (3.31) can be established

similarly by following the same lines as in the solution to Problem 4.8.
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6.1 Putting a; = s7/s7, we can express &,(t) as &,(t) = abu(a;_1) + B&(az), where
a=(aj—t)/(a; —aj_1) > 0 and f = 1 — a. This means that &,(¢) is on the line
joining (a;_1, &(aj—1)) and (aj, &,(a;)).

6.2 When {¢;} is i.1.d.(0, 0?), we have s2 = no? and (3.34) follows from the weak law
of large numbers. On the other hand, (3.35) reduces to E[e3(|e1]| > v/nod)] — 0 for
every 0, which clearly holds because E(g?) < .

6.3 We first note that

g2 = 5? I(lej| < dsy) + €?[(‘€j| > 0s,) < 6% + €§I(|5j\ > 0sp)

so that

1
2
X~ < 0+ 5—2 1mja>%E {5 I(lej| > 55‘”)}

< 52+S_ZE{5 [‘€J‘>58n)},

n_]l

which implies (3.36) since 0 is arbitrary and the Lindeberg condition is imposed.
6.4 The problem is completely the same as in Problem 5.5 by putting ¢; = Z; s,,.

6.5 The relation (3.42) holds since

[e.9]

E[|X| I(|X]| > d)] = /0 P(IX|I(|X]| > 6) > «)dx
= 06P | X| I(|X]| > 6) > x)dx
+ [TPUXII(X] > 0) > a)d
— 6P (|X] > 9) +/ (1X| > z) dz.

Then the right side of (3.42) is dominated by cE [p*I(|n| > )] so that (3.41) holds.

6.6 For a given v > 0 and sufficiently large 6 > 0 we have

sw B () = sw [B[21(>0)] + 5[5 (5 <0)]

< v+49,
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which yields the conclusion.

6.7 To show that (3.34) holds with ¢; replaced by ¢, = jn;/n, we use the method
of truncation (see, for example, Roussas (1973, p.146)). Define, for any 6 > 0,

€ (g5, < on),
Y} =
0 (5371 5”) )
0 (g5, < on),
E?n (&?n > n),
so that €3, = Yj 4 Z;. Then it holds that
1 n
P = > (e?n - E(efn)) > 3y
n j=1
1 n n n
< Pl { (Y= EW)|+ |2 Zi | + |2 (B(Y) — B (e%))‘} > ?w]

1 n
+P (— > (B - BE)| > 7) .
n |j=1
Here the first term is bounded by
1 & 1 o . ,
2sd ZV(Y]) = 2t ZE [5jnl(5jn < 5n)}
n j=1 n j=1
on_ < 2 2
< st ;E [gjnl(gjn < (5n)}

nlc? 6
s S for some ¢; > 0.
VSn v

The second term is bounded by

nP(Z, #0)

nP (5fm > 5n)

IN

%E {5?1”[(6,21” > 5n)}

< 6 for n sufficiently large.
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As for the third term we have

1 & 1 &
n o= n j=
2
< 2o

for sufficiently large n and some ¢y > 0. Putting 6 = 7 we now establish (3.34) with

e; replaced by €j,. We next consider

_22”: B[22, (el > 65.)] < —QZ (72 I(Inj| > 05,)]
- [ I(jm] > ds,)] ,

which clearly converges to 0 for every § > 0 so that (3.35) holds with ¢; replaced by

Ejn-

7.1 Using the BN decomposition u; = ag; + &;_1 — &; in (3.20) and substituting this
into (3.45) it is easy to establish (3.49).

7.2 The inequality easily follows from the definition of R,(t) in (3.51) and 0 <

(ts? — s? 1)/(s? - s?_l) <1.

7.3 From the definition of {£,} in (3.53) with {¢;} being a martingale difference it is

easy to derive

[e.9]
=Y B3

=0

Moreover we have sup FE(e j) < cE(n?) so that (3.55) is established.
j

7.4 We have, for any § > 0,

E(21(] > 6)) <E (55 (%)71(\€jl > 5)) < 5—1715 (I&1*)

so that the result follows.
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7.5 It can be proved easily that strong uniform integrability of {¢;} with a bounding

variable n(E(|n|**") < oo) implies sup E(|¢;|*t7) < oo. Then it follows from Holder’s
J
inequality that

9 Bl < Xla 7 (1G] Jeji])

S S )

sup E(|£;]7) < supE le;19) (Z|oa|)
J

1
+-=1, q>1>
q

T
o
N
==

Q=

IN

so that

Putting ¢ = 2 + v we obtain the conclusion.

7.6 Putting p = ¢ =2 in (54) we obtain

~?§ ups <Z|al|> = |X].

Thus we have

2

LS B> 0)] < B [x1 (x> 0)] (2)
n j=1

which converges to 0 because E(|X|) < co by assumption and s2 is the same order as

n.
8.1 Note that (1 — L)y](d) =¢g;/(1- L)1 = yj(.d Y which yields y(d) = y](‘i) + y](d Y
By back substitution this produces yj(d) = y%dil) + e+ y](d b,

8.2 It is easy to establish the first inequality, which is bounded by

£ (0)-wo

1
< = max |5]| + — sup ‘erl)(t)‘ :

- \/_ n 0<t<1

1
‘Y(l )| ds + NG max |&;]
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8.3 It is sufficient to show that the quantities on the right side of (3.63) converge
in probability to 0. The first term does because of (3.11) (see Problem 4.6), while

sup |V, (t)| = 0,(1) because L( sup |V, (t)]) — L(o sup |w(t)|). Thus the second
0<t<1 0<t<1 0<t<1
term also converges in probability to 0.

8.4 It is obvious that the first inequality holds. Since

k _ _ & )
y] —W—EE&‘Z, (k ES),

it holds that \yj(k)| <n* nax le;| , which establishes the second inequality.
SIS

8.5 Using the BN decomposition we obtain
u .

; 1
(S5) g = i-07 1-I0¢ [

ag; — (1 — L){::j]

€5 £ _
. i j _ @ D)

(1—L)y (1—L)*+! J i

j “j
() L L (a1
YV, () = a_1 y[nt}"‘(nt_[nt]) a—1 Ymt)+1
n- 2 n"2
1 d 1 d—1
= |y el + (= ) — aflgl | + R0,
where
1 d—1 d—2
Ba® = —p g+ (= ) 2o
< 2 ]+ — 4
< Jm el o e 1]

Since sup |R,(t)| converges in probability to 0 (see (3.27)), Theorem 3.10 follows

0<t<1
from the result for the case u; = €; and the continuous mapping theorem.

8.6 We have only to show that the right side of (3.72) converges in probability to
0. Since £< sup |YT(d)(t)|> — L (\04|a sup \Fdl(t)|> so that sup \YT(d)(t)| = 0,(1)
0<t<1 0<t<1 0<t<1
and
1

d—1 1
- max ‘y(- )‘ < — max |y,
Td-3 1<5<T 1"/ VT 1<i<T
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we obtain the conclusion noting that max. lu;|/VT converges in probability to 0
J

because of strict and second-order statioﬁa;ity of {u;}.

9.1 Abel’s transformation corresponds to the partial integration formula and can be

proved easily. Putting a; = p/~* and b; = S;, we obtain

aj+1bj - Cl,lb() = Pn Sj,
(i1 —ai)bi = (1—pp)pl " 7'S;,

which establishes (3.78).

9.2 Consider |hy(z;7) — hi(y;7)| for z, y € C, which is bounded by (2 4 el?)p(x, y)

so that h is a continuous mapping defined on C.

9.3 The partial integration formula yields

/t P dw(s) = e’w(t) — ﬁ/t ePw(s)ds,
0 0

which leads us to the conclusion.

9.4 We need to prove that the right side of (3.84) converges in probability to 0

uniformly in j as n — oo. Consider

exp {[nt] log (1 — g)} _ bt

where log <1 — é) = _B + O(n~?). Then it holds that
n n

A]n S sup
0<t<1

Y

A < e exp(O(n™) — 1] — 0

with ¢ being a positive constant. We can show similarly that C,, — 0 in probability,

while it is almost obvious that Bj, — 0 and D}, — 0 in probability.

9.5 We have

\Vr — h(X7)| =




< 2 sup [Xp(t)| —= max |y; —y; 1

0<t<1 \/_ 1<5<T

< 2 sup |Xp(t)] 8l sup | Xr(t)]

0<t<1 T o<i<1

+ \/— e max, ‘ &l|
which converges in probability to 0. Then L£(Vr/o?) — L(h(X)) since L(Xr/o) —
L(X) and L(h(Xr/0)) — L(A(X)).

9.6 The stochastic process {X,,(¢)} in the theorem can be rewritten as in (3.86) with
X (0) replaced by aX (0), where Y,,(¢) is now defined, using the BN decomposition, as

[n1]

V() = Zuj nt = [n])—= vt

= OéZn( )+Rn( ).
Here Z,(t) is given by the right side of (3.82), while R, (¢) is the remainder term
defined by (3.25). We also have
Yy = O[IEJ+Zp] 521 )a

Ty = <1—§> .%'];1—'—6]', .%'OI\/EO'X(O)

Then X, (t) = aU,(t) + M, (t), where
Us(t) = ploX(0)+p' 20 ( 1) pr 2z < )

j—l)ZL‘j Tj-1

t —

+n( n N
) —1

- ) L)

n

j—1

+n <t — ‘77) — (Z P E L — &) — ijﬁ—l(@_l — @)) .

Using the fact that sup |R,(t)| — 0 in probability, we can show that sup |M,,(t)] — 0
0<t<1 0<t<1

in probability. Thus £(X,, /o) — L(aX) by the continuous mapping theorem since
L(U,/o) — L(X).
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10.1 Define

Then we note that
1 & 1 &
/ / ! /
ﬁz:ly]HHyj:tr HHWZ:I‘%‘% s
J= J=
which converges in distribution to h(H Z%INU). This establishes (3.94).

10.2 We first note that

o0 5 SN oo k—1
DA < >0 >0 Al =" ll4
=0 =0 k=l+1 k=1 1=0
= Zk:HAkH < 0.
k=1

Thus > A A} converges and {£;} is well defined in the m.s. sense so that E(¢;) =0
1=0
and

> ALy, (k=0),

. 1=0
E(g; 5j+k) =

Z Al_kAg (k’ < 0) .
=0

10.3 The inequality follows from the triangle inequality and the Cauchy-Schwarz

inequality.
10.4 Using the relation
aa’ — b’ = (a—b)(a—b) +bla—b) + (a— b,
it is easy to obtain that, for x fixed,
1h(z) = h(y)l < | pg(x,y) + 2pq(2,y) sup [lz(t)]]| x q
0<t<1
so that h is a continuous mapping defined on CY.
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10.5 The first inequality is obvious, while the second comes from the fact that

iy L |
Vir (i) = Yir )] < 147! ma .

T

The right side above converges in probability to 0 if Y wju;I(uju; > T4§)/T converges
j=1

in probability to 0 for any ¢ > 0, which follows from second-order stationarity of {u;}

and the Markov inequality.

10.6 Define xg-d) =¢g;/(1— L)d with x(fl()d,l) = x(,d()d,Q) =...= x(()d) = 0 and put, for
d>2,
@ L) L @
Xt = T Lt + (nt W])m Tlnt)41

n(J I @
- - ;X;ﬁ 8 (5) + (nt = [nt) — afig

where

1
Xn 26] nt])\/ﬁg[nt}Jrl .

Using the BN decomposition we have yj =u;/(1-L)% = Axg-d) —Z](-d_l) with z(d V=

&5/(1 = L) so that Y (1) = AX{(1) + Ra(t), where

1 _
|Rin(t)] < — T ‘z[(gﬂl)—l—(nt— [nt]) z
2

n

1 1
—= dnax [|&] + —= max ||&]].

\/n 0<j<n n+/n 0<j<n
It is seen that p, (VY| AX@) — 0 in probability. Define now
Ganlt) = /0 X9 (s)ds,
where £(G1,) — L(F}). Since it can be shown that p(X? | G;,) — 0 in probability,
it holds that £L(Y,?)) — L(AF}).

(d—2)
a1 |

10.7 Suppose that the theorem holds for d = k — 1 (> 3). Using the notations in the
solution to Problem 10.6, we have Y, (¢) = AX®) (¢)+ R, (¢) with p,(Y,® | AXH)) —
0 in probability and

1
IXSP(t) = Grorn(B)I] < 7 max [le| oS X2l
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which converges in probability to 0. Since £(XV) — L(F,_5) and L(Gy_1,) —
L(F},_1) by assumption, we can conclude that £(X*) — L(F,_;) and thus £(Y,*)) —
L(AF;_1).

10.8 The first inequality is obvious. The second inequality can be obtained by using
the relation aa’ — b0’ = (a — b)(a — b)' + b(a — b) + (a — ).

10.9 Note that, for (j —1)/T <t < j/T,

d 1 J—1\N 1 @
v (t) = e 1y§)1+T< = )Td Y,

so that dY, (t)/dt = y\* /743 = (48 — i) /7?3 . Thus the left side of (3.110)

is equal to

j d d—1 d d
ZT:/% 2 (it i t(yﬁ)—yﬁfl)’
= i—1 T'dfl T Tdf% Tdf%
_ @y (d) (d)
- T2d 1 Zy ( —Yj- 1) + 2T2d 1 Zy] (y] — Y- 1)

_ _ /!
_ U}d) + 2T2d71 Zjly](d 1) (yj(d 1)) .
j=

10.10 It holds that

é 0 (0 =) (=) (0]
- =[S 0 8 ) = S ) + S, )

Jj=1

so that

T
(d) @y _ L @ @Y 1 (d-1) (, (d-1))’
UT + (UT ) - T2d—1 Yr (yT ) - T2d—1 Zlyj (yj )
=
1
— YO0 (v?1) +0 (—)
7 ( )( 7 ( )) +0Up T
We now have (3.111) because of (3.108).

276



11.1 Noting that dXp(t)/dt = VT (x; —x;_1) for (j —1)/T <t < j/T, we have

/XT (H)dXr(t)

T
1
= —Z (5 —j-1) + —2(95'—37'—1)27
T = J J— 2T = J J
which yields the right side of (3.113).

11.2 Noting that ¢; = x; — z;_1 + Bx;_1/T we have

(S6) AN e = m Y (e — )+ SR
Tj:1 J J Tj:1 J J J T2 = J—1

where

c(%jéxj_l( ~z) Tﬁzij 22 >—>c(/01 (t)dX(t),B/OlXQ(t)dt>.

It follows from the continuous mapping theorem that

c (%jz:jllegj> . (/OlX(t)dX(t) +ﬁ/01 X*(0)it)
- (/OlX(t)dw(t)> .

11.3 Note that

1z 1., 5 1 3 ?
72Tz —wi) = om(er —w) = 5n ) | —FEa
j=1 1

where

27T



It follows from the results in Section 9 that Ry — 0 in probability and
1 1
L (? T3 T xé) — L (aQXQ(l) ) 042X2(0)) :

1 T o0
T Z uj2 — Z oF in probability.
j=1 1=0

Thus Theorem 3.15 follows.

11.4 Since (S6) holds with ¢; replaced by u; and

1 1 00 1
— L (aﬂ/ X(t)dX(t) + 3 <a2 — Za?) : oz2ﬁ/ X2(t)dt> ,
0 P 0
(3.117) follows from the continuous mapping theorem.

11.5 Since it holds that

(3.120) follows from (3.119), the weak law of large numbers and the continuous map-

ping theorem.

11.6 The first equality is obvious and the remainder term in the second equality is

1 ror ) . T , . T /
7=1 j=1 Jj=1
1 & r Lo s
— T AZZj_lgjfl - AZ(ZJ - 6j)gj - Azgjg_] + €0 Zuj
| =1 j=1 i=1 =1
1 r T
= = A(208) — zrép) + &0 > 1))
L ]:1

which is evidently o,(1).
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11.7 Define v; = (¢}, ;)" and w; = (&;_,, uj)’. Then {v;} and {w;} are strictly

stationary with zero means and finite second moments. It now follows from Theorem

2 of Hannan (1970, p.203) that

1z , '
ngj i T E(Z‘:jg]) lgj <Z Ak;gj k) ] (a.s.)
j=1
= A= (A—-A4,),
1 L ©, '
fzgj—l U — E(gj_luj) =EB lZAlgj 1-1 <Z Amg] m) ] (as)
j=1 =0 m=0
= Z/Nll Z Z Ak) l+1
1=0 1=0 \k=l+1

11.8 We have only to show that
Z Z A O] = 2 (0% Z 0% .
k=11=0 1=0
Since the right side is equal to

[ olue e}
Zoézoékz Zz@l@kﬂa

<k k=11=0

we have the conclusion.

Chapter 4.
1.1 It is easy to obtain

ln(a) o — 2 & 2
ln(ﬁ) [ — Y- 1) — sz:lyjll )

where it holds by the result of Section 3.11 and the continuous mapping theorem that

( Zy] 1Y — Y- 1) nizn: JQ ) _>£(/01y(t)dy(t)’/Olyz(t)dt) .

Thus we establish (4.7) using again the continuous mapping theorem.
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1.2 The expressions up to the second last line are a consequence of Theorem 4.1 and

the Tto calculus d (Y?2(t)) = 2Y (t)dY (t) + dt. Since
1
V(1) = ke P + eiﬁ/ ePdw(s) ~ N(u, 0?),
0

where 1 = ke ? and o2 = (1 — e 2%)/(2/3), we have

N

(67

expl ;ﬁ<’i2+1_#ﬁawﬂ’

E (6951) = [1 — (B — 04)02]
which yields the last expression in (4.8).

1
1.3 Putting X =Y (1) and Y = / Y (t)dt we have that (X,Y) ~ N(u,X), where
0

ke P )
( ) 5
1—e 28 1 /1 3 28
v o 203 (2 \ 2 2
- 1 /(1 e 28 1 3 e~ 28
N I yC T el 49 P
7 <2 e’ + 5 ) iz (6 5 + 2e 5 )

Therefore we obtain
-, 2| _ —1 | -1
E |exp TX —0Y? 3| = |1, — XA 2 exp a,uE {(I = XA — L}ul,
where A = diag(f —a, —260). We can arrive at the last expression in (4.11) after some

manipulations.

1.4 Using Theorem 4.1 we have
1
E [exp {9 | twin - tw(l))zdt}]
0

—F [exp { (g + g) Y?2(1) — 20Y (1) /01 tY (t)dt — gH :

where § = v/—260. Putting

X=Y(1)=¢" /01 ePdw(s),

_ [ _ s b (1L sy
Y—/OtY(t)dt—/O{ﬁ—I—ﬁz <B+62>6 B }dw(s),
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we obtain

1 1 1 1\ o
COV(X7Y):2—ﬁ2_2—ﬁ3+<2—52+2—ﬁ3>6 s

I N SRR SR S R
V(Y)_352 2ﬁ3+2ﬁ5 <253+54+2ﬁ5>6 ,

from which we can arrive at the result after some algebra.

1.5 We obtain

1 6_26 1 — 6_2ﬂ
VYO) =50 V()= 5o+
V</Oly(t)dt> :%[wr%_%Jr (%_é>e—ﬂ+ (%_%)6_%] 7
e P 1
Cov(y (0), (1)) = S Cov (Y0), [ Y(0yt) = ﬁg _e ).

cov (Y (1), /01 Y (t)at) = % E + (% _ 1) ey (% - %) eﬂ |

Noting that the above three random variables are normally distributed with means 0,

some manipulations yield (4.14) and (4.15).

1.6 We can proceed in the same way as in the solution to Problem 1.2. A different

definition of 3 gives a different final expression.

1.7 Since Elexp(61U + 6251)] = Elexp{0(xS; — U)}] with 6 = —6, and x = —0, /6,
the joint m.g.f. of U and S is derived from (4.17) replacing 0, = and (§ by —6,, —05/6;
and v/a? — 26,, respectively.

1.8 Replacing # in (4.17) by X (0) and noting that E [exp {6X2(0)}] = (1 — 6/a) "2,
we obtain, from (4.17),

E [exp{0(z51 —U)}| = E[E [exp{0(zS51 —U)} [ X(0)]]
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' 0
a+0 0<a+§+x> sinh 3
= exp< 5 ) 11— (9)

9 0
a+0 <a+§—|—x> sinh 3
- en(232) b -

where ¢(f) = cosh 8 + (« + 0) sinh 3/8. This gives us (4.19).

1.9 Noting that

1 T

T Zyj—l(yj - yj—l)
T(ﬁ_l): j:11 )

_22%2'71
j=1
1 T T ) 2
L7 wml —vm). T—Z] —>£(/ /X i) |
J: :

we can establish (4.20) by the continuous mapping theorem.
1.10 By the conditional argument leading to (4.24) we have

E [exp {i0(zS; — V)}] = E [exp{ (9:1: + ﬁ) 51}]

and thus, replacing 6 by i (0z + (i6?)/2) in (4.14), we obtain (4.25). Note that

cosh v/—0 = cos V0 and sinh /—6/+/—6 = sin \/5/\/5

1.11 Noting that

1 T

— S e
Tj:1 J=4]

T(B—-p)= 17T7
ﬁ;y%j
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1L 1 X 1 1
c (szu@j, ﬁZy%j) _.r < / X (t)dws(t) / Xf(t)dt) ,
ot ot 0 0

we can establish (4.26) by the continuous mapping theorem.

2.1 Since dY,(t)/dt = BY,(t) + F,—1(t) and d9 ' F,_1(t)/dt*~! = w(t), (4.33) follows
by differentiation.

2.2 Noting that (1 —L)(1 — (1+ (8/T))L)y; = (1 — (1 + (8/T)L)z; = ¢; we obtain

= exp

—a T ( ) OZQ T )
I E Zic1lzi — 21 _|_ - E 2.71 ,
T = J J J 2T2 = 7

where z; = (1 + (6/T))z;—1 + ;. Therefore (4.39) holds by the continuous mapping
theorem. Since z; = (1 — L)%;, {Z(t)} must satisty Z(t) = d9Y,(t)/dte.

2.3 The expressions up to the third equality are a consequence of Theorem 4.2. Since
dYi(t) = (BYi1(t) + w(t))dt, we have

[ T —

/01 <d};1t(t)>2dt = /01 (BY1(t) +w(t))* dt
= & [ Y0+ 25 [ Vi) @) - 5vi(ode)
+ /01 w?(t)dt
= [ viwa i)+ [t
which yields the last expression in (4.41).
2.4 The first equality is a consequence of Theorem 4.1. Since
X = X(1)=¢ /01 e Pdw(s),
y = / Lt X (Dt = - / (e Pt — B du(1)
0 6 —Jo
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we obtain (X,Y) ~ N(0, X), where

e —1 1 [efl—-e?) eP—¢
YXiu = —— ) Yo = - ’
2y B— 2y B+
1 1—e 2 Qe Ple P —¢er e 2B(e2r — 1
Yo = 5 [ + ( ) + ( )1 .
B—") 20 B+ 2y

Then
_1 G+
my(0) = |I; — 2AX| "2 exp — )
where Aj; = (=8 —7)/2, Aip = Ay = —3%€#/2 and Ay = 0. Some manipulations

yield the last expression in (4.42).

2.5 The derivation is almost the same as in the solution to Problem 2.4. We arrive

at

E [exp {0 (zS(Fy) —U)}| = |, — 2BX |_% exp <@> ,

where By = (=8 —7)/2, Bay = —0e*/2, By = By = —(3%¢°/2, while ¥ is defined
in the solution to Problem 2.4. The last expression in (4.44) is obtained after some

calculations.
2.6 Noting that
1 T
T3 Zyjfl(yj - yj*l)
_ Jj=1

1 T
2
= Zy‘—l
T4 et J

T(5- 1)

)

1 I 1 T 1 1
L (ﬁ Zlyj—l(yj —Yj-1), T Zlyjz_l) — L </0 Fi(t)dFy(t), /0 Ff(t)dt> ;
= =
we can establish (4.46) by the continuous mapping theorem.
2.7 Noting that
1 T
5 D _Y1j€2;
T2 ]2:1 J=4]

2/ _
T(ﬁ_ﬁ)_ 1 T ,
ﬁ;ylj

Y
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1
(TQ Zy1J52J ' T4 Zylj) — L </ 1(t)dwa(t) /0 Ff(t)dt> 5
we can establish (4.50) by the continuous mapping theorem.

3.1 Since it holds that

c ( /O 1 w’(t)Hw(t)dt) .y ( /0 1 w’(t)Aw(t)dt) ,

where A is the diagonal matrix with the eigenvalues of H on diagonals, we have (4.58)

because of (4.10) and the independence property of components of {w(t)}.

3.2 We have, from the matrix version of Ito’s theorem,

!/

/01 X(t)dX'(t) + (/le(t)dX’(t)) = X()X'(1) -1,

Premultiplying A and taking the trace yield the conclusion.

3.3 It follows from (4.54) that

X(1) ~N (o, %A‘l(e“ - L,))

so that

1
1 2 1
I, §(€2A -1, : exp {5 tr (A)}

= I+
— H[%{exp w/—29)\j)—l—l}eXp(—\/—Q@)\j)]

1

q
= H (cosh y/—26), )77,

E(€951)

=

.

.
—_

which gives (4.58).
3.4 The eigenvalues of H are 1/2 and —1/2, which yields (4.61) because of (4.58).

3.5 When G is symmetric, it follows from (4.59) that S3 = [w/(1)Gw(1) — tr (G)]/2.
Since w(1) ~ N(0, I,), we have

q
E(e"%3) :eXp{—Qtr } H (1—6X)) =
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where \;’s are the eigenvalues of G.

3.6 Noting that

Sy | {wn(®)} ~ N (o, /01 wf(t)dt) |

we obtain, from (4.58),

o R

B = Elexp{

= (cosf) 2.

/0 1 w%(t)dtH

[un

3.7 Using the relation that

E (wy(s)dws(t)) = { ?lt 2 ;i,

we obtain

/01 /01w1(t)dw1(8)E(wz(s)dwg(t)) _ /0{ / du (s } it

1

= | @) —wi@)w (D,

from which (4.65) follows.

3.8 Define dX (t) = —pfX(t)dt + dw,(t) with X (0) = 0. Then we need to compute
E() = BB Hm)]

_ [ex { 1(75)—%@01(1))2&}]
lex {92“” 2(1) — %2X(1)/01X(t)dt— gH ,

where = i6 and (X,Y) ~ N(0,X) with

Il
&S

1
X =X(1) :e’ﬁ/o e dw (s),

1 e B r1 .
Y:/O X(t)dtzf 0 (6'3—6’3)dw1(3)7
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V(X)—l_eiw C (XY)—ﬁ(*ﬂ—2)+i
- 2ﬁ 9 ov 9 - 2/32 € 2&2 9
e P 1 3

V = —(— -8 4 i -
Since E(e%%) = |I — QAZ\*%efg, where
0 +46 6°
8 4
A= :
6)2
-7 0

o\ !
we obtain E(e?%) = <cos 5) after some algebra.

Chapter 5.
1.1 Since

X(t)=e" /Ot P dw(s),

we have

/O1 X3 (t)ydt =

/1 QBt{/ 0 Blu+v) duw(w)dw (v )}d
[ { [ —zm} 09 g () ()

SSe —Bls—t| _ o—B(2—s—1) p J
% w(s)dw(t) .

1.2 Putting w;(t) = w(t) we have, from (4.65)

VS [ {w(t)}]

_ /01 w?(t)dt — w(1) /01 w(t)dt + in(l)

- i/ol /01 [4(1 — max(s, 1)) — 21 — s + 1 — £) + 1] dw(s)dw(t)

_ /Ol/oli[1—2|s—t|]dw(s)dw(t).
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1.3 From the expression given above (5.7), we have

S5 = Sg(Dw?() -+ [

) =5 | (d 0w+ 90)

where
L 11
[ 0w = [ [ 150) - glmax(s, )] du(s)du()
11
= gu?() = [ [ glmax(s, ) duw(s)du(t).

0 Jo

Thus we can arrive at the right side of (5.7).

1.4 Note first that

1

T2

where M = Iy —ee’/T with e = (1,---,1)" and C is defined in (1.3). Defining

Srs = — ' CMC'e,

y; = Yj—1 +€; with yo = 0, the FCLT and the continuous mapping theorem yield
1 Yall 1 d —\2
c (ﬁg 0M05> = £l Zl(yj — )
]:
1 1 2
— L </ w?(t)dt — </ w(t)dt) ) :
0 0
Thus £(S75) also has the same limiting distribution as above.

2.1 Since a;1(7T) is the coefficient of X in the expansion of Dp(\) = |Ip — AKp /T,
(5.14) clearly holds. As for (5.15) we use the formula:

where D;p(\) is the determinant of I — AKp /T with the j-th column replaced by its
derivative with respect to A. Evaluating at A = 0 leads to (5.15).

2.2 Defining

57 G)= [ gls)ds,  (G0)=0),



we have
1 1
/ / [1— max(s, )] g(s)g(t)dsdt
0

_/ [/ ds—t/ ds—/t (s)ds] g(t)dt
:/0 (/t G(s)ds) g(t)dt:/o G*(t)dt > 0.

The other cases can be proved similarly.

2.3 It follows from (5.21) that

/01 K(t,t)dt = / 2 i; Ai

We also have

[ [ s = 3> AmlAn (f fm(s)fn(s)ds)2

3.1 Let us consider

SNZ/Ol/OlKN(s,t)dw(s)dw() Kn(s,t) :i::)\i

Then Mercer’s theorem ensures that lNlm Sy = S, where S is defined in (5.24).
Moreover we have
1 N 1 N 1 1 2
se=[ | 35 hals Jdw()duw(t) = 3+ { [ fadwn} |
n=1 "N

which leads us to the conclusion.

3.2 Following the second definition of D()) in (5.26), we have
9(t1)

py = S EI P Gt dn -,
n=0 (tn>

=1 —A/O g*(t)dt
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3.3 We have only to show that (5.30) implies (5.10). We have

/01[1—max(s,t)]f(s)ds _ —§ 01[1—max(s,t)]f”(s)ds
= S [rw - - [ s
= SH0),

which implies (5.10).

3.4 The integral equation (5.10) with K(s,?) = min(s,t) — st is equivalent to f(t) =
c1cos VAL 4 cysiny/At with £(0) = f(1) = 0. Thus X (# 0) is an eigenvalue if and
only if sinv/A = 0, from which we obtain D()\) = sin v/A/v/A as the FD of K so that
(5.34) results.

3.5 Defining G(t) as in (S7) we obtain

/01 /01 K(s,t)g(s)g(t)dsdt = i/l(G(l) —2G(#))2dt > 0.

0

3.6 We show that (5.36) implies (5.10). We obtain

/01 K(s,t)f(s)ds = ;—;/01[1 —2|s—t|] f'(s)ds
= Sl -2 [ o
+ /t s— 1) f"(s)dSH

1
= Xf(t)

3.7 The integral equation (5.10) with K (s, t) given in (5.39) yields f(t) = ¢; cos v/ A t+
cosin VAt 4¢3, where £(0) = f(1), f'(0) = f/(1) and

f(0) =\ [% + % /01(752 —t)f(t)dt
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Then we have M(A)e = 0, where ¢ = (¢, ¢9, ¢3)" and
1 —cos VA —sinv/A 0
sin v\ 1 —cos vV 0

2sin v\ 2 cos vV 2
cos V) — —1 sinvV A+ —— 2 = -2
VA VA VA

- ()

Thus the eigenvalues are given by A\, = 4n?r? (n = 1,2,---). Since rank(M(\,)) =1

(M) =

1 1
for each \,, the multiplicity of each eigenvalue is two. In fact / K(t,t)dt = 12’ while
0

> 1
> 1/ <4n27r2) = o0 Then we obtain the FD of K as in (5.40).
n=1

3.8 We show that (5.42) implies (5.10). We obtain

/01 K(s,t)f(s)ds = —% 01[1 —max(s,t) +b] f"(s)ds

— —%[bf’(l)Jrf(l)—f(t)],

where f(1) = —bf’(1) since
£(1) = Ab/o1 f(s)ds = —b/ol F"(s)ds = —bf'(1).

3.9 When b = 0, it is clear that the zeros of h(z) are all simple. Suppose that b # 0. If
the zeros of h(z) are not simple, it holds that h(z) = h'(z) = 0, that is, cos z—bz sin z =
0 and bzcosz + (b + 1)sinz = 0. Then it follows that b + 1 + b*2* = 0 so that
z = 4v/—b—1/b and sin*(v/—b — 1/b) = —1/b, from which we have contradiction. In
fact sin?(v/—b — 1/b) < —1/b for any real b.

3.10 The zeros of h(z) satisfy tanz = 1/(bz), where z is real or purely imaginary.
Suppose first that b is positive. Then no purely imaginary number z = iz satisfies
taniz = 1/(biz) < tanhax = —1/(bz), as can be seen from the graphs of tanh z and
—1/(bx) with b > 0. When b is negative, the graphs of tanhz and —1/(bx) cross at

two points +a, say, which yields the conclusion.
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4.1 Putting I(t) = ¢™ and L(¢ / I?(s)ds, we consider

/01 /01 {/mlax(s’t) l2(u)du} g(s)g(t)dsdt
_ /01 [L(1)G(1) —LOG() — /tl L(s)g(s)ds} g(t)dt
= L()GH(1) -2 [ LG9t

where G(t) is defined in (S7). Here we have

/01 L)G(t)g(t)dt = % [L(l)G2(1) —/01 G2(t)z2(t)dt] ,

which implies that the kernel appearing in (5.45) is positive definite.

4.2 It is easy to derive (5.47) from (5.10). Suppose that (5.47) holds. Then, using

the two boundary conditions and noting that

(“’i—@) FAf(E) =0,

1

A IOEE (f"(t) - 2Tmf,(t)) ’

we have

v 11 = (max(s, )2+ f(s)ds

_ _/01 <]:§i>> ds +t2m+1/0 (f/( ) ds+/ (sf"(s) — 2mf'(s)) ds
=y e ) <) - em o () - )
=0C2m+1)f(t).

4.3 It is easy to see that f'(t) takes the form:

VA ) 2m + 1

f'(t) =¢ (2(m ) T+ t*™ [ 1+t x {polynomials in ¢} ]
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so that f/(t)/t*™ — 0 as t — 0 implies the first row of M (). Since

= () e (22) <o,

m—+1

we also have the second row of M ().

4.4 Using (5.48) and (5.49) we obtain the general solution to (5.56) as
m V=2 m | m VvV =2\
f(t) =tz {Clt]y < n t%> + CQJ,,, ( mn ¢>} s

t 2
m+1 m+1
where v = —m/(m + 1). Then f'(t) takes the form:

V_2m \ T ! o
f/(t) = C (m T‘H—[ 1 +t X {polynomlals m t}]
N f ———
( m+1 )

so that f/(t)/t™ 1 — 0 as t — 0 implies

v =2 m AT m
2(m+1) F(2m+1)
m+1
Since it holds that, when ¢y = 0,
vV =2\m 7 <\/ —2)\m>
- 5  Yv+1 |\ T 1 )

2 m—+1

CQIO.

f(1)=—c

the other condition f’(1) = mf(1) yields, after some algebra, the FD Dy()\) as in

(5.57), where we have used the relation described in the problem.

4.5 By the definition of the Bessel function we have

e < Am )2
- 1 2m+12  \2(m+1)?
D) = T\ vy T 11 t T are+2)

Am F
Am > (2(m—|—1)2>

21/(m+1)2+kz::2k:!(l/+k—1)(l/+k—2)---y’

= 1+

A
where v = —m/(m + 1). Then it is seen that Dy(\) reduces to 1 — B when m = 0.
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4.6 It can be shown that the integral equation (5.10) with K = Kj is equivalent to
R'(t) + M*h(t) =0,  h(0)=h(1)=0,

where h(t) =t ™ f(t). The general solution is given by
\/X m+1 \/X m+1
h(t) == \/E{Clj,/ (mt + CQJ_V m7—|—1t s

where v = 1/(2(m + 1)). The boundary condition h(0) = 0 implies ¢; = 0 and the
other condition h(1) = 0 yields, when ¢; = 0, J,(v/A/(m 4 1))c; = 0. Then we can
obtain the FD D3(\) of K3 as in (5.60) so that the c.f. of Us is given by (Ds(2i)) 2.

4.7 The integral equation (5.10) with the kernel appearing on the right side of (5.62)

is equivalent to

h”(t) _l_

2m +2 KW (t) A

2m
I () = 0
2m+1 ¢ +(2m—|—1)2 () ’

with the boundary conditions h(1) = 0 and t"/C™*Vn(t) — 0 as t — 0, where
h(t) = f(t)/t"/™+D) The general solution is

h(t) =t 7@ ey, VA teod VA s ,
m+1 m+1

where v = 1/(2(m + 1)). Then the boundary condition t/®m+Uh(t) — 0 as t — 0
implies ¢, = 0 so that we obtain the same FD D3(A) from h(1) = 0.

4.8 Consider the integral equation (5.10) with K = K4. We obtain
1 1
P2 = A [ / F(s)ds — / G2 f(s)ds] ,
t 0
from which it follows that
" 2m ! 2m
£~ 2 )+ ) =0, f(0)= f(1) =0,

The general solution is given by

F(t) = % {clJy (ﬂtm“) Tt (mﬂtmﬂ} ,

m—+1
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where v = (2m+1)/(2(m+1)). The boundary condition f(0) = 0 implies ¢, = 0 and
thus we obtain the FD D4()) as in (5.64) from f(1) = 0. Thus the c.f. of U, is given
by (D4(2i0))"2.

4.9 From the boundary conditions f(0) = f(1) = 0 and the first condition in (5.76)
we obtain M (A)e = 0, where ¢ = (a4, ¢1, ¢3) and

0 1 0

M) = 4—5 (1 — §> cos VA sin VA

4 A ;
90
= M33(N) M3y (M)
with Ms3(A\) and M34(A) defined in (5.78). Making use of REDUCE we obtain
45
MW = = [35VA(A — 12X + 36) cos VA

+ (5% — 147)% + 840X — 1260) sin VA | |

which yields the FD Dj(\) in (5.79).

4.10 We are led to consider f”(t) + Af(t) = —4\ay cos 2wt with the boundary condi-
tions f(0) = f(1) = 0, where

1
a; = / sin® wsf(s)ds .
0
When )\ # 472, the general solution is given by

cos 27t

) 4 a
f(t) = c1cos VAL + cosin VAL + 1 _1>\

and we have M(\)e = 0, where ¢ = (ay, ¢1, ¢2)" and

4\
— 1
472 — )\ 0
4\
M(\) = PR cos VA sin v/ ,
—47?
FECREEY hi(A) ha(A)
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212 sin v\ ~ 27%(1 — cos V)
VAAr2 — ) ha(}) = V(A2 — \)

Therefore we obtain

hl()‘> =

4V

1— .
X (1 —cos V)

[M(N)| =

— 472
W)\ sin\/X—i—

A2 _
When \ = 472, the general solution is given by

f(t) = ¢1 cos 2wt + co sin 27t — 4maqt sin 27t

and the three conditions yield N¢ = 0 with [N] = 0 so that A = 472 is found to be
an eigenvalue of multiplicity 1. Then we can obtain the FD D;()\) as in (5.85). Note
that D,(472) = 0.
4.11 We are led to consider
() + Af(t) = —4Xay cos 2wt + 2Xag sin 27t
with the boundary conditions f(0) = f(1) =0 and
1 1
a; = / sin® s f(s)ds, as :/ sin 27s f(s)ds.
0 0
When A # 472, the general solution is given by
4/\0,1 2)\(12

17\ cos 2wt — m sin 27t

f(t) = c1cos VAt + cysin VAL +

and we have M(\)c = 0, where ¢ = (ay, as, ¢1, ¢3) and

4N

PR 0 1 0
47;); 3 0 cos VA sin v\
MO\ =
% 0 hi(\) ho(A)
0 % ghm) —ghl()\)
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with hy(A) and hy(A) defined in the solution to Problem 4.10. Therefore we obtain

|M(A)\:( 4 )2 [sin\/X—i- VA (1-cos V)| .

472 — )\ 472 — )\

When \ = 472, the general solution is given by
f(t) = c1 cos 2wt + ¢ sin 27t — 4maqt sin 27t — 2mwagt cos 27t .

The four conditions above yield N¢ = 0, where ¢ = (ay, as, ¢1, ¢3) and

0 0 1 0

0 —2r 1 0
T
N = 1 T 1 E |N|:_Z'
1 4 1
3 1
_ _ 0 _
T 1 2

Thus A = 47% cannot be an eigenvalue. Then we obtain the FD Dg()) as in (5.87).
Note that Dg(4m?) # 0.

5.1 Noting that Z,, ~ N(0, 1) we have

E leXp {;—i (22 + afa(0)Z,) H

Sy BTN

_ (1 = QALQ)_ exp { <m29)2 An(ff (E)%@)} ’

which yields (5.102).

5.2 Using the second relation in (5.98) and Mercer’s theorem we have

= f2(0) LIS RO &R0
ZA(An—me) - @[ZAH—%H_;)\—”]

n=1"'n n=1

1
= — ;1 210) — K
which proves the theorem.
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5.3 That (5.104) implies (5.105) is easily established. Suppose that (5.105) holds.
Using the two boundary conditions in (5.105) and noting that

t

)\ 1 2
(#) FAR(D) =0, Emh(t) = — (W) - W)
we can show that

v [t = (max(s, )21 h(s)ds = 71— 1+ (2m + V().

5.4 We have only to derive the resolvent I'(s,t; \) of K(s,t) = (max(s,t))™/2 evalu-
ated at the origin. Putting h(t) = I'(0,¢; \) we consider
t
ht) = K(O,t)+>\/ h(s)K (s, )ds
0

( :
S B 1
= St +/\[§t /Oh(s)ds+§/t s h(s)ds},

which is equivalent to

" m —1 / )‘_m m—1 _ : h/(t) @ / _
h"(t) — ; h'(t) — 5 t" " h(t) =0, P—r}oltml 5 h'(1) = mh(1)
The general solution is given by
hit) =t% dend, [ 220 ) 4, [ 220 L
m+1 m+1
where v = —m/(m + 1). From the two boundary conditions we can determine ¢; and

co uniquely. Then

0(0,0;0) = h(0) =

)

V=2\m
10(—v+1) m+1 V=2 m
2 T(v+1) ( —2)\m> 2(m+1)
JI/—l
m+1

so that (5.111) is established by Theorem 5.8 and (5.57).
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5.5 It is easy to deduce that

/01 q(O)r(t)dt = /01 i \/C;_n £alt) <m(t) -3 CTmm fm(t)> dt

5.6 We first obtain

it 20\ "2 i0c2
o] (-2) ol

< s 210 ~3 > 40c? 1
0S5 _ o n . 2
E (e ) = (1 —)\n> exp{ > 950 + 20/0 r (t)dt}
1

so that

n=1 n=1"m
00 2 2
— (D(2i0))"? ’ ' T
(D)) e {0 [0 > (-2 - 2
_1 Loy 2 S Ci
= i ten (i [ mien -2 S

5.7 The integral equation (5.117) with K (s,t) = Cov(w(s) — sw(1l),w(t) — tw(1)) =
min(s,t) — st and m(s) = a + bs is equivalent to h”(t) + Ah(t) = —a — bt with
h(0) = h(1) = 0, where the general solution is given by h(t) = ¢; cos v/ A t+cy sin VA t—
(a + bt)/A. From the boundary conditions we have

cot\/X.

a o a+b
A 2_)\sin\/X

a
A

Then
% | m2(t) + Mh(E)m(t)}dt

[ammmsmﬁﬁ—;(

VAcos vV Asin VA +COS\/X+1>] ,

1
cos VI +1 cosvA—1
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which yields the c.f. given in (5.123).

5.8 The integral equation (5.117) with K = Kg is equivalent to

—Qi(l — cos 2mt) + 2Acz sin 27t
m

R"(t) + Ah(t) =
and
1
c3 = / h(s)sin2msds .
0

The general solution is

a a cos2rt
h(t) = At i At — —
(t) c1cos VAt + cysin VA 2)\7r+27r)\—47r2
From the above conditions we have
2ra _c1(1 —cos V)

cl = Cy =

)\(47T2 — )\) ’ sin \/X

and thus

2 472

) A N 47N 1 —cosvVA
=a
4(471’2 — )\) (47T2 — )\)2 sin \/X ’

which yields (5.125).

1 2(1 — 27t)?
é/ {a (1 — cos 27t) 4 /\h(t)Qi(l — c0527rt)} dt
; T

5.9 Let us define
N o1
Sv=3 + (22 + afa(0)2,2) +bZ* = W AW,
n=1""N

where W = (Z1,--+,Zn, Z)" and

A h . 1 1
A - (h/ b)a A_dlag<>\_1>"'>m>>
y o (afi0)  afv(0))

2N 7T 2N ’
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Since
FE (GZHSN) = |IN+1 — 22€A|_%

— [l — 200A] {1 — 2000 + 462/ (I, — 2i60)"'h}] >

) [ﬁ (1_%”% [1_2¢be+a292§3%1

n=1 n=1 "1

=

and Sy converges in probability to S as N — oo, (5.128) is established.

5.10 Using the definition of m(t) = q(t) + r(t) with ¢(¢) defined below (5.112) we

have

S, = /Ol{i fult) Zn+(q(t)+r(t))Z}2dt
_ /Ol{i‘f;%?(Zn+an)2}dt+Zz/lr2(t)dt

127 /01 r(t) <i {;@ Z, + q(t)z> dt

1 1
= Y (Gata2)?+ 22/ r2(1)dt
0

n=1 "1

where use has been made of the facts that

/01 fm(t)fn(t)dt = Omn » /01 T(t)q(t) —0,
/01 ’I“(t>fn(t)dt = /Ol(m(t) — Q(t)>fn(t)dt —-0.

5.11 Defining
N 1 1
Sy =31 (Zn+ ) + 22/ ri(t)dt = WAW,
n=1 "7 0

where W = (Z1,--+,Zn, Z) and

A h 1 1
A = A = di .
<h/ ,y>7 1ag()\17 7)\N)7
ho— (C—l C—N)/ —/1r2(t)dt+§:i
B A "Av/ 7= 0 n=1 n’



we obtain

FE <€iGSN) = |IN+1 — 22€A|_%
N 229 % N C2 7%
= 1—-— 1—2i0y + 40>y —— "
T(-5)] [z sty
Noting that, as N — oo,
00 2 1
7_>/ dt+Z—":/ 2(t)dt,
A 0
we have
1
2 )
) — (D(2i6)) 1—29/ O il yp——
E (¢) = (D(2i ! * nZlAn(An—Qw)
Since

o= [ [ i st

we can establish Theorem 5.11 using the second relation for the resolvent in (5.98).
6.1 Since log(1 — (3/T)) = —3/T + O(T~?), we have
510 - K (F)| = [ 1= wios (1 2) e {1511}
= e 1i -1} ew{ls - klor)

which evidently goes to 0 uniformly for all j, k as T' — oo.

6.2 Putting dr(j,k) = Br(j, k) — K(j/T,k/T) and o7 = max |dr(j, k)| we have

Ry = = ZdT j, 6]€k
]k 1
= —Zdeje + = Zdw, )€k
J j;ék
= Ql—’_QQa

where

2T(T — 1
sl <o, B < T Ve <o
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Thus we have E(|Rr|) < (1 ++/2)d7 — 0 so that the conclusion follows from

Markov’s inequality.

6.3 We consider, putting s = j/T and t = k/T,

p\jfk| _ p2T7j7k+2 e Bls—tl _ o—B(2—s—1)
(- /%) 20
p|jfk\ B €7ﬁ|sft\ N p2Tfjfk+2 B ie—ﬁ(Q—s—t)
SlTa=m 2w | Tlra=s '

The quantities on the right side can be shown to converge to 0 uniformly for all j, k&

as T' — oo, as in the solution to Problem 6.1.

6.4 Put Br = Q'/T = (Br(j,k))) and consider the absolute difference of the
(j, k)-th element of Q~2/T? and K(5)(j/T, k/T'), which is

‘% éBT(j, D) Br(i,k) - /01 K <%u) K (u %) du
lz:/j {BT(j, DBr(l k) — K <%u> K (u %) } du
< lzT;/j {BT(j, - K (%,u)}BT(Z, k)

4K (%u) {BT(Z, k) — K <u %)}

This last quantity is shown to converge to 0 uniformly for all j, k as 7' — oco. Then

du .

we consider, in stead of Spy,

1 & j k j k
o= = K|l = K L2 ,
St4 T 1[ <T,T>+7 @) <T,T>]€j€k

which yields the first expression in (5.150). The distributional equivalence of the first

and second expressions is obvious.

6.5 We have only to establish (5.152), which is easily proved from (5.151) and the
definition of the FD given in (5.25).
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6.6 We can show easily that

R —lzT: Br(j, k) — K J K e He
T—Tj’k:1 T\J; 7o) (S

converges in probability to 0. Thus we consider

k(b £k B (B onck £ ()

n=1

which converges in distribution to Y_Z,HZ,/\,, where {Z,} ~ NID(0,I;). Then
n=1

Mercer’s theorem establishes (5.154).

6.7 Noting that

(// (s, £)du'( Hdw()) _ E(i/\lZ’HZ>

n=1

_ (Z )\iZ,’lAZn> ,
n=1 """

where A = diag(dy, - - -, d,), we obtain, as the c.f. of this last distribution,

e’} q S _% q 1
1T { <1 — 2;539) } H D(2i6;6))"= .
n=1 \j L

=1 =

6.8 Put By =C'(p)C(p)/N = (Bn(j, k) )). Then we have

where & = (€(j-1)ym+1, "+ &m) © m x 1. Thus (5.157) follows from (5.148) and
(5.154).

6.9 Putting dr(j,k) = Br(j, k) — K(j/T,k/T) and o7 = max |dr(j, k)| we have

o0

Ryp = Z (Ql(lam) + QZ(la m) ) ’
l,m=0
where
min(T—1,T—m)

(a771e7%% . .
Qu(lm)==2" 3 dr(i 1 j+m)e,

j=max(1-1l,1—m)
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T-l T-m

S>> dr(G+ 1 k4 m)ejey.

j=1-lk=1-m
itk

716 7%

QQ(l’m) T

Then we can establish that

E(|Q1]) < cidr|o||aml,

E(@Q3) < ca(orlauf|aml)?,

for some positive constants ¢; and cy. Therefore, by Schwarz’s and Markov’s inequal-

ities, we see that, for every x > 0,

2
c1+ /¢ >

Pl > 2) < /%6 (5
=0

6.10 We consider
T .
7k

[e'S) 1 T Pk
= Z oqosz Z K(% T) Ej—1€k—m
) Jrk=

where

) M 1 & ik
VT,M: ZalamfzK T T Ej—1E€k—m

1,m=0 4 k=1

and Ry is the remainder term. There exists a sequence {ay, } such that E( |Ry | ) <

ay for all T and ap; — 0 as M — oo. We further deduce that, for M fixed,

c%M—w«D@// wm(mﬂ,

which yields (5.161).

Chapter 6.
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3.1 It is easy to deduce that, for z > 0,

o Va+t2 1 1
P(X2 — Y2 S l’) = / {/ —682/2618} FeitQ/th
— 00 m

Va2 A/ 27
_ o 1 —t2/2
_ /_ {1-20(-Va +t2)}me dt
= 1——/ vV + 2)e 2t
V2T ’ )

3.2 Lévy’s inversion formula (6.1) yields

1 —e i sin @z — (1 — cos fz)

Re [T@(e)] ~ Re [ . 5(60)

— % [Re{¢3(0)} sin 0z + Im{p3(0)} (1 — cosbx)]

and we obtain the second equality in (6.21) by transforming 6 into 6 = u*.

3.3 Consider

[e.e]

SED = (DN (Ve — Viver + Vs — -+ )
k=0
= (DA -F+F*—--)Vy
%N
= ()N "
(=1) 1+ F
Since
1 x© 1 gk 1
= - -1 k
14+ Zk‘ (1+x) :1(3: )
_ .- k
- Z 2k+1 ’

we can establish the last equahty in (6.26).

4.1 Defining an auxiliary process dX (t) = =X (t)dt+dw(t) with X (0) = 0, we have
- 1 1
Elexp{0(zVs — U} = E |exp {93: wA(t)dt — 0 / w(t)dw(t)}]
i 0
- . ”
= F exp{@x X2(t) dt—@/ } w(X)]
0

dpx
= F |exp {?XQ(UH exp <¥> :
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where 3 = v/—20z. Since X (1) ~ N(0, (1 —e~2%)/(23)), it holds that

E lexp {%X%)H B2 _ ll (8- 9)(2;— e‘”)] 3 T

NI

= <coshﬁ+%sinhﬁ>_ ,

which yields (6.40).

4.2 Noting that Im[¢g(0; )] = 0 we obtain

lim Im lM] = Im llim {M X UH
u—0 u u—0 u?
= Im [7&9

u—0

X lim u]
0=0
— 0’

where 0¢g(0; x)/00|9—o is given in the solution to Problem 4.3.

4.3 Proceeding in the same way as in the solution to Problem 4.2, we have

.1 g Opg(6; x)
i s )] = T | 25052 ot
0gs(0;) i0/2 41 i 1,.,0 _ 0222
0z
o125 ...
(=5
A = COS\/QZ'H:E—I—Z’QL %ij

Therefore 0¢g(0; x)/00]9=¢ = iz/2 so that (6.43) holds.

where

4.4 Noting that F5(0) = P(Ss < 0) = P(w?(1) < 1), we obtain Fg(0) = 1-2®(—1) =
1 —2x0.15866 = 0.68268.

4.5 We have only to show that
(S8) Im [cos(—éﬂ)% cosh(—02)ﬂ =0.
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Since —0% = 6? exp{i(2n + 1)7} for n = 0, £1,42, - -, we have
cos(—@Q)% = cos(x +iy)
= coszcoshy — ¢sinxsinhy,
cosh(—GQ)% = cosh(z + 1y)
= coshxcosy + isinhxsiny,

where x = v/0 cos{(2n+ 1) /4} and y = V@sin{(2n+ 1)7/4}. Thus y =z or y = —x
and it can be easily checked that (S8) holds.

4.6 We show that F;(—z) = 1 — Fy(z) for any x. Since g7(6; —x) = g;(—0;x), we

have
1 1 o1
Fr(—x) = 5 ;/0 alm[%( )|do
1 1 ool
= 3~ ;/0 ] Im[¢7(0; 2)]do
Chapter 7.

1.1 Putting z; = 1 in (7.2) with u; = ¢; we have y; = py;—1 + (1 — p)3 + ;. Thus
a = (1—p)B must be 0 when p = 1. Putting z; = (1,7) and § = (81, B2)" in (7.2) with
u; = ¢; leads us to y; = py,;—1+ 1 (1 —p) + Pop+jG2(1 — p) +¢; so that v = (1 — p)Fa
must be 0 when p = 1.

1.2 The LSE p is given by

T T
> (i1 = 7-1)(Y; — ) > (Y1 = ¥-1)e;
p="= = = +1,
Zyj 1= Y1 Zy?—l_(T_l)ggl
T
where §_; = Zyj—l/( —1) and gy = Zy] . Since y; =aj+e1+ - +¢j,
j=2
we have
| 1 Z 9 a? | 1 5 o?
1im = — . = — m= — -
gﬂoo 3 = yJ,1 3 ’ gg’oo Tnyl 4 )



Thus we obtain Tv/T(p — 1) — N(0,120%/a?).
1.3 The first equality is obvious. Consider

T T

Z —fj-1) = Z j

=2 =2 j=2 j=2
T

—fj—1)* + 0y — A7,
j:2

which yields Ur in (7.12).

1.4 Consider first
g 7-1 |
_E ZUJ —wa-kzl > (1—7>%‘a

[ee) oo 2

which converges to Z v; =2 f(0) = o? <Z 041) = Ui- Since E(U?) =%
j=—o00

we have 0% = 7.

2.1 It is easy to see that
T

Z _77j 1

2
<__77j 1 + U/])

? +0,(1) — 0% in probability.

2

’ﬂl'— ’ﬂl

We also have that

2
n 1 2
?1 — 027 = T (\/T,oaLZ + ul) — 031 7

2 1
= (P - 1)oiZ* + —=popZus + —u

2
\/T Tla

which evidently converges in probability to 0.
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2.2 Defining a continuous function on C':
1 1
hw) = (5020 = 2*0) — o3, [ a*(0)at).
0

we can deduce that h(Yr) — (Uir, Vir) — 0 in probability. Since L(Yr) — L(oLY),

we can establish (7.29) by the continuous mapping theorem.

2.3 It is easy to see that

where

which establishes (7.34).

2.4 Since 1; — -1 = 1 — -1, (7.39) holds because of (7.27). Noting that 7, =
T

m—n=VTporY(0)+u —fandf =3 Yr(j/T)/VT, we can also establish (7.40).

J=1

2.5 It follows from (7.23) and (7.24) that

N [ yode - |

/01 Y2(t)dt — (/Oly(t)dt)

_ /0 e “dw(t) —w(l)/o e_c:dt +ol)

1 1
/ e 2dt — (/ eCtdt)
0 0
1 1 1 1 2
/ e “dw(t) — w(l)/ e “dt ~ N <0,/ e 2t — (/ e_Ctdt) ) ,
0 0 0 0

! 1 2 inhec — 2coshe + 2
/ o2t g (/ e_Ctdt> _ csinn ¢ coshec +
0 0

c2ec

Yo+ (1)

2

where
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This leads us to the conclusion.

2.6 Fuller’s estimator p gives

1z T
T (y] 1—§71)yj fz M- 1__* Tj
T(p—1) = —= = =2
T_Zy] 1__7 277] 1__7
—1). Since

T
where y_1 = > y;—1/(T—1) and 71 = Y _n;_1/
j=2 J=2
1

T (77]'71 —0)(n; —n)

— [T

T(p—1) =

T
Zn] 1_7

it can be checked easily that the limiting distribution of 7'(p — 1) is the same as that

of T(p— 1) given in (7.41).

2.7 It holds that
L 3 1)) —
Ny —MNj—1 =15 —j—1— (ﬁ +0 (—4)) kz_:lkﬁk,
T
where Y kny, = O (TQ\/_ ) Then it is seen that (7.49) holds because of (7.27). Since

k=1
ﬁ2 T 2
! \/_paLY 0) +uy — Zk‘nk /Z k:2>
k=1

= UI%YQ(O) + 0p(1),

(7.50) can also be established.
v 4 w(t) so that, as || — oo,

2.8 Since ¢ =0 and Y (0) = v, we have Y (t) =

Us _ %((1—3/0175@#)2—1) +op(1):—g+op(1),
1—3(/01tdt>2+0p(1):i—kop(l).
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Thus Us/V3 converges in probability to —3/2 as | v | — oc.

2.9 The LSE p in the present case gives

T
1 T jz kykfl
T(ﬁ_ 1) = TZ Yj—1 — k:;
Jj=2 Z k2
k=2
T 2
1 T j Z kykfl
x (y; yjl)/ =22 | Ui L2 :
Jj=2 Z k2
k=2

where y; = py;—1 + €. Then the FCLT and the continuous mapping theorem yield
1 1 1
/ Y ()Y (1) — 3 / 1Y (t)dt / tdy (t)
0 0 0

/O1 (Y(t) _ 315/01 sY(s)ds)2 di

LT(j—1) — L

where dY (t) = —cY (t)dt + dw(t).

2.10 It can be checked that

o 12 1 72 L
77j_77j1:77j_77j1+( +O( ))( an—TZm>

T
where Z e = Op (T\/T) and »_ kny, = O, (TQ\/T). Thus we obtain (7.55) because
k=1

of (7. 27) We also have
12

o= KT—B—T:)Z??H( €2>§:knk]+%(ﬁ)

k=1

= VTo,Y(0 —%XT: XT: ki + 0p(VT)

so that (7.56) holds.
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2.11 The normal equations for the LSE’s @, b and —¢ in the model (7.59) are :

1 % / Yty . /O LAy ()
% % /O L (t)dt bo| = /0 “tay (t)
/01 Y (t)dt /01 tY (t)dt /01 Y2(t)dt - /1 Y (t)dY (t)

0
Solving for —¢ we obtain —¢ = U, /V, with Y and r replaced by Y and 1, respectively,

in the definitions of U, and V.

3.1 We have only to show that W can be expressed as in (7.62). Since

1 T
Wr = —me 1(7)5 + 75-1)
Jj=2
1 T T ) T )
= “or Z(% +77]—1) —Z}W‘Z}q )
j: j:Q J:Q

3.2 Suppose that T is even so that N = T'/2 is an integer. Then we have, using

(7.65),
1 N

N
:?jzlg% §2] 1 TZ

7j=1

c
<_f£2j—1 + U2j> ;

which is clearly O,(1/+/T). The case of T odd can also be proved similarly.

3.3 In the present case —T'(p + 1) = Wr/Xr, where

ol ) ) T .
Wr = o |0 = 0 = (m—0)%=> (n+mn-1— 27))2]
i=2
1 | 2 2 d 2
= = \"r—m- Z(Uj +mj—1)7 | +op(1),
2T =
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Here we have used the fact that 7 = O,(1/v/T). Then we can deduce (7.67) as in
Model A.

3.4 Suppose that T is even so that N = T/2 is an integer. Then (7.65) leads us to

N

T
ke = D (25&; — (25 — 1)&5-1)
k=1

=1
90 N N N
= 7 D J&ii1 +2) g+ > &aja,
=1 =1 =1
which is O,(Tv/T). The case of T odd can be dealt with similarly.

3.5 We have —T'(p+ 1) = Wr/ Xy, where

T 2 T 2
1 T Z ki Z kny,
PR | PR = S R
2T
>k >k
k=1 k=1
T 2
(27 = 1) > ki
=3+ - T
Jj=2 Z L2
k=1
1 2 4 2
= == D+ ni-)?| +op(1),
2T o
T 2
T JZ knk
Xr = T_ Z ; + 0p(1)
k=1

- 22”] +0p(1).
j=1

T T

Here use has been made of the facts that > k* = T7%/3 + O(T?) and >_ kny = O,(TVT).
k=1 k=1

We can now deduce (7.67) as in Model A.
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3.6 The present case is a mixture of Model B and Model C. We can prove (7.67)

T T
using the facts that 7 = O,(1/VT), Yk =T%/3+0(T%) and Y _ kny = O,(TVT).
k=1 k=1

4.1 Recalling the definitions of U; and V5, in Theorem 7.2 and using (7.73), we have
dpy
mgl(Ql, 02) =F exp{QlU(Z) + QQV(Z) W(Z) s
z
where

U(2) = S(@(0) =7 =1~ (20) =) [ 2@+ 50 -7),

V(Z) = KZ%M%(KZ@&),

Z,l/j—)z/(Z) = exp{%(22(l)—72—1)+ﬁ ;C /01Z2(t)dt}'

Putting § = v/¢? — 205 yields the last expression in (7.75).

4.2 Noting that W, ~ N(vk, ) we consider
(w — k) Q H (w — vry) — W' Ayw — 2vhjw
= (w—79)(%" = A)(w—79) = Vg' (U = A)g + 7w ks
where g = (7' — A)~' ('K, + hy). Then (7.75) leads us to the first equality in
1 !
(7.76). The second equality can be obtained by substituting a = 3 + 6; — ¢ and
I = A)g = (U w+ ) Q7 — A)TH R+ )
(/‘il + thl)/(Bl - AlQl)_lQl_l(/'il + thl)
= (/‘il —+ thl)/(Qfl -+ Al(Bl — QlAl)il)(/il —+ thl)
= K Ry 20k + by
"‘(/"il —+ thl)/Al(Bl — QlAl)il(/'i[ -+ thl) s

where we have used the matrix identity (B; — 4;)~ = B, + Ai(B; — Q0 A;) ~14,.

4.3 Substituting h; = 0 and A; = a into the last expression in (7.76), we have

mu (61, 65) = exp E {c — by + 7 <—a L )H (1~ an)}_% |

1—0,91
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where a = 3+ 6, — ¢, k1 = e P and

1—e 28
20
= e " |cosh B+ (c —6))

1—a = 1—(B+6,—c)

sinh (3
B

Then we can arrive at (7.77) easily.

4.4 The first equality is obvious, while the second equality comes from (7.75). This
leads us to the last equality in (7.76) with ? replaced by Z?(0). Then, noting that
E[exp{bZ2(0)}] = (1 — b/c)"2, we have the second last equality, which has the

interpretation as given on the right side of the last equality.

5.1 For the case of [ =1 we consider the limiting distribution of

1 (U1 >:\/§(U1+07’V1)'

— | +cr v

V2e \ Vi

For this purpose we have, from (7.82),

C C
mio (\/;(91, \/;C'I"(gl + 602)

[N

2 Cho c
1 - 2¢* — 591 - 2\/;@"91 — 2cB, sinh v
= exp {— (c — 57"91) } coshv +

2

where

I (02 - 2\/§cr91 - 2092) ’
C r262 1
= c—\/grel—ﬁg—Tl—f-O(%).

Then we can deduce that

c c 67 r?
mi2 (\/;(91, \/;C'f’(gl + 602) — exXp [512 +

2c v

2]
2 J

which implies that the limiting distribution is N (0, r?).
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5.2 Consider

myp (—4dce® 0y, 4c*e* 0, | v = 0) = exp {% (c + 467”62691)} Hl_% ,
where

H, = coshv + (c + 4662691) sinyh Y , v =1/c? —8c?e*b,.
Since

L (@ seern) " =~ (144020, 4 0 ()

v c

we obtain H; = (1 — 20, — 26,) e“+0 (e¢). Thus it holds that my; — (1 — 26, — 292)7%

which leads us to the conclusion.

5.3 Let us consider

— rced
My (ce“0y, ey + 2c2e* 0y | v = 0) = exp {L;el} A3 ,

where
A A 1A A Ay A
A = <—;——72)sinhz/+<C—4+—§+—82>coshu+—4——2
v v v v v v

= (* —2c%e0; — 46262692)% = —c+ O(ce),

v
4

C—4 = 1+ 4e°0; + 8e*0y + 12e*07 + O(e™),

v

CS c 2c 35 2cpn2 3c
5= —(1 + 5e°0; + 10e 02—1—76 07 + O(e™)),

6 C7 C8
— = 1"‘0(6), ﬁ:_1+0(€)’ E:]."‘O(e),

Ay = & — el —8c(* — 3¢ — 3)el; + O(ce™),
Ay = 24c°e0) + O(cPe),
Az = —8c%f; + O(c’e*), Ay = O(c%e).

We then have

—1
A = H? (1 + 5e°01 + 10”0, + %e%ef + O(e?"f))

DO | —

617



X (05 — ’ef) — 8c*(c® — 3¢ — 3)eH) + 0(64626))

1
T
+ {1 + 4efy + 8e*0y + 126207 + O ()

+Cl—6(1 + O(e9)) (—8056691 + 0(05626))

+ %(1 + O(e)) (24056‘391 + O(C5€QC)>} (e” + ey)} O (€_C>

— (=6, — ief)ec 10 (6—)

C

(14 0(e)) (24056601 + O(c5e2c)>} (e —e™)

C

so that my — (1 — 6, — 62/4)"2. This last m.g.f. is that of (XY/2, X2/2), where

(X,Y) ~ N(0, ). Thus we obtain the required result.

5.4 Consider

-

may (636269, el |y = 0) = exp {% (c — 7”636269)} Hy?,

where

3 2

Hy = ;{1 —e*0 (02+3c+3>}sinhu+ %coshz/

3 2¢c 2
—3c’e 9{0 +3c+3—20(c+1)}< S

v = \/02 (1 —2c%e?¢0) .
Since we have
1 —1)k
_ (=D (1 + ke + O (04646)) L (k=1,2,--1),

vk ck

1
H3266{1+§9+0(—>}.
2 c

Thus mg — (14 360/ 2)_%, which is the required result.

we obtain

5.5 Consider

1 Gv? _1
msq <c2e206’ : 036260) = exp {5 <c —rce® 0 + %) } H;*
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where

sinh v

U3

G = >0 l{205 — (02 +3c+ 3) (046260 -3+ 203) + 304} <

inh
-3 {205 — %0 + 3¢ — 2¢° — 3¢°e%°0 — 3646269} Y

o
+3 {2c5 — Be*f 4+ 5¢* — 265 — (c+1) (3646269 6t 403)}
S e (3 -2 )]

Hy = {026209 (02 +3c+ 3) — 03} <_Sinh y) 2

+ = cosh v
v

V3

sinhv  coshv
V5 VA ’

—3c2e*0 {02 +3c+3 —2¢(c+ 1)} ( —

— = <02 — 20362'30)_g
(—1)* 2% 2 de
= (1—|—kce 9+O(ce)), (k=1,2,--+).

ck

Then we obtain

G:ec{30+0<%>}, ngec{lJrO(%)},

so that mz; — exp (3726/2).

5.6 Let us consider

ma1 (V—ce0y, c/—cel; + ce*6s)

c—ry/—celdy e (60?7 — 20,) 1
= — Al H,?
P [ 2 2H, 2
where
sinhvy 2
A = e —ﬁ(coshz/—l),
v = (& —2cy/—cel — 2662692)% =—c+ O(v—ce),
c e€ €2C 3620 630
- = -1 0y — —0,+ —0>+0
v +\/—c e 2 2c 1 (cV—c)’
H, — —ce*0? + *\/—cel; — 032—1— 2cy/—cef) + 2ce*0, sinh v N 0_22 cosh v
—v v v
2(—ce*0? + /—ce‘l, —4202 —cetly — 2c%e*0,) (coshv — 1)
v
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Since

2 260 62(:

— = 1- 0, +0 | —

v? v/ —c 1 < c )’
- g 0(S
v v/ —c ! c )’
4 4€C 62(:

— = 1- 0, +0 | —

1/4 /_—C 1 + ( c )

we obtain Hy = e + O(e¢/c) and
ec

1
Ae*A = —Qec +0 (—) .

C

Then we have mo; — exp{72(6? — 260,)/4}, as in the case of [ = 1.

6.1 We have only to identify the matrices A4; and B; given below (7.92). Consider
the case of [ = 1. Putting y = (yo,%1, - -,yr) with yo = €9/+/1 —p? and ¢ =

(€0,€1, -+, er) we have

1 T
T(p1—p) = To? > yj—lgj/
j=1

1 X,
T252 Zyj—l )
J

1

where
r /

T 1 Q IT ,Q O
Yoyjag = 5 |V e+¢ yl .
j=1 0o o Ir 0

T It Q

Yyia =y y.

j=1 O 0

Noting that

Cn 0
Yy= (pT/m oI I)E’
we obtain P(T(p; — p) < x) = P(¢'(zBy — Ay)e/a? > 0), which yields (7.92). The
case of [ = 2 can be proved similarly.
6.2 Noting that 1/y/T — p2 = VT /v/2c + O(1/V/T), we may put yo = go/v/1 — p2 =
VToZ + Ry, where Z ~ N(0,1/(2¢)) and Ry = O,(1/v/T). Then it is evident that
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L(T(p — 1)) — L(U/V;), where U, and V, are defined in Section 2 with Y (0) ~ N
(0,1/(2¢)) and r = 1. Since T'(p; — p) = T(py — 1) + ¢, we have that P(T(p, — p) <
x) — P(2V, — U, > 0), which yields (7.95).

7.1 As for Model D we have
Yj=Bo+ifr+1;=((L7)®Ln)d+1;

so that y = ((e,d) ® I,,,)3 + n. Since
M= pm o1+ Uy = pl U+ P Uy P+ U

it is easy to see that n = (C(pm) ® L) u

7.2 Because of the definition of p,, we have

where

N / N o N . .
= _Z(QJ 77] 1) ( nj 1) ZZ’;E ZZ/; 11
j=2 j=2
A A N A A / A A
= ivin =3 (=) (B -7m)

=1

Since Ty = (e'y @ In)7j = (e’y ® L) (MC(py) ® Iy)u, we arrive at the last expres-

sion for Uy. The expressions for Vi can be verified easily.

7.3 Since 3 =4+ (d'd)""(d' ® I,,)n and Y; = Bj+n;, we first have

~

N
fj=Y;— 3B =n;—j(dd)d @ Ly =n; — j(dd)" Z

so that



N
where Yk M= O,(T*V/T). Then the weak law of large numbers ensures that

k=1
1 X 1 Y
o > > > !
— > (=) (=) = = (15— 1-1) (15— 1j-1) + 0,(1)
N L\ T U T N &\ T L T
j=1 j=1
1 N
= Ui+ op(l)
7j=1
— ma® ) af

N
|
o

in probability.

7.4 In the present case we have M = Iy and
T 1
Ky = 2Ky — Ky = NO'(Pm)C(Pm) - §Cl(ﬂm) en enClpm).

It can be shown after some algebra (Nabeya and Tanaka (1990a)) that

s (1. 4) .

where K (s,t) = {x(e‘cls_t‘ - 6_0(2_8_t))/0 - G_C(Q_S_t)} /2. Since

1 N
2V — Uy = — Z Kn(j, k) u’up +
N 4=, ~ o~
]’:

mO.Q 00
2 Za? + 017(1)7
=0

(7.107) follows from the arguments in Section 6 of Chapter 5.

75 Put F(z) = P < / L () w(t)dt < :c) and f(z) = dF(x) / dz. Then

~

m
2

/OOO e P f(x)de = (cosh \/%) B

= 2% VO (1 + 6_2\/%)_

m
2

m

. T | e krg)vae

so that, taking the inverse Laplace transform,

0 = £(TF) e (- i),
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o(m+1)/2 oo
VT /bk/\/ﬂ
m

2

. 2% +
ol 2
o\ k vz

7.6 Noting that ¥y =0 and ¥ =Yjatej=e1+--+¢g;we obtain

T
Z Yj-1Y; =
j=2

which yields (7.114).
7.7 Note first that

N

/ /
> jemerY;
j=1

3
L

YG-1ym+k Y(i—1)ym+k+1

i1
Bl
g

3
L

N
YG—1)ym+k Y(i—1)m+k+1 T Z YG-1m Y@Gi-1)m+1

-

j=1 k=1 j=1
N m—1 N
/ / /! /

DD Yierehn Y+ 3 Vi emer Y,
j=1 k=1 j=1
N m—1 N

/ / / / /
> Y] <Z k€1 T €m€1> Yi— D giemery;,
j=1 k=1 j=1

N
= D _clemei(g1t - +gy)
j=1

N
= Z€jm(51 +émt1 + -+ €(j_1)m+1)
j=1

I
M =

E(m+m2+---+m)),

<.
Il
-

where §; = €, and 1; = €(j_1ym+1. Since {¢;} and {n;} are i.i.d. (0, 0?) sequences and

are independent of each other, it follows from the weak convergence result in Chapter

N
3 that Z € ;eme'lyj / N converges to a nondegenerate distribution. Therefore (7.115)

Jj=1

holds.
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7.8 Let us put yg = 0 and suppose first that 0 <[ < m. Then

T N—-1m-—1 m—I
Z Yi—1Yy; = Z Z YG—1)ym+k Y(G—1)m+k+1 + Z Y(N-1)ym+k Y(N-1)m+k+1
j=l+1 j=1 k=0 k=0
N-1
= D YiHiY;+ Ry
=1
N-1
= miH(N—j,N—k?)€;Hl€k+RN,
k=1 T
where Ry /T? converges in probability to 0. Thus (7.117) holds because of the same
reasoning as in (7.116). When [ > m, we may put [ =im+n (i = 1,2,---; n =
0,1,---,m —1). Since
i—1
Yj = Yj—im + Z Ej—km s
k=0
we have
1 T 1 T 1 T i1
e > Uiy = T2 D Yj-imon Yjmim + T2 > D YiiEjkm
j=I+1 g=l+1 J=l+1k=0
1 T
= T2 Y Yinyj +op(1)
Jj=n+1

so that (7.117) holds for general .

7.9 Defining d X (u) = =Xy (u)du 4+ dw(u) with X,,(0) = 0, Girsanov’s theorem
gives

E [eXp {% /OM Zor(u)dZas (w) + % /OM Z?M(u)duH

. 5 — C 91 ﬁ — C 91 2

= exp{M( 5 Yi E |exp 5 +2M Xy (M),
where 3 = /¢ — 20, /M? and X (M) ~ N(0, (1 —e=2M)/(23)). Then this m.g.f. is
shown to be identical with that given in (7.121). Thus (7.123) is established.

7.10 It follows from Problem 7.9 and (7.121) that

E [eXp { \/&M (/OM Za(w)dZar(u) + c/OM Zﬁ(u)du) + 9—]\; /OM Z?W(u)duH

M — VM inh ]2
= exp{CQJ} [COShI/—f- (CM— \/Mﬁl)sm V‘| s

14
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where

v = (*M?*— QCM\/_91—2M92%
= CM_\/Mel———— (\/—_>
_'_

Then the above m.g.f. converges to exp{(037/2 + 6)/(2¢c)}, which implies (7.126).

Similarly we can show that

0

E [exp {% /OM Zn(w)dZ p(u) + % " ZJQ\/[(u)duH

which implies (7.125).

7.11 It follows from (7.121) and (7.124) that

E [eXp {ceCMel ( /0 Y (W) dZar () + ¢ /0 " Z@(u)du> 4 2ce2My, /0 " ijw(u)duH

1
sinhv| 2
v

Y

= exp {% (1 - eCMel)} [coshz/ +cM (1 - eCMel)

where

=

= (02]\/[2 — 22 M?eMp, — 462M2€2CM(92)7

R =

1 C C 3 C C
= 3 <1+6M91+2€2M9 2+ 5¢ 2M9§+O(63M)>.

Then we have

sinh v e

1
coshv +cM(1 — M) M -0, - ZH%)jLO(ezCM),

so that the above m.g.f. converges to (1 — 65 — 62/4)~2, which is the joint m.g.f. of

(XY/2,X2/2), where (X,Y) ~ N(0, I5). Thus (7.127) is established.

8.1 Putting ¢; = 0 for j < 0 we have

5]‘ 1 eiG efiG
- - = - — - g
(1—e?L)(1—e L) 2isin® |1 —e?L 1—e L]’

Yy; =
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0

¢ iG-1e i(j—2)0 i0
= m{e(] 1)81+€(] 2)€2+"'+€ 6j71+8ji|
—1i6
¢ —i(j=1)0 —i(j—2)0 —if)
_Qisine {e (G-1) €1+ e (5-2) Eot---Fe 5]‘_14—6]}
1 o ‘
- 81110 Zsksm j=k+1)0= sin 6 [ X;sin(j +1)0 — ¥ cos(j + 1)0].

8.2 It follows from (7.129) and (7.132) that

T
Z Yi—1Yj
j=2

1 T . . .
sinZ 0 Z(Xj—1 sin j0 —Y;_, cos j0)
j=2

X (Xjsin(j + 1)0 — Y; cos(j + 1)0)

2 sin? 6’
_(XJfIXJ — Yj1Y;) cos(2j 4 1)0

T
= Z i1X; + Y, 1Y) cos 0+ (X;1Y; — X;Y;_1)sind

2Tcos@ T J J
= ———> 7 Z T?
4sin? 0 Z <T) g <T) 0T,

which implies (7.133), where we have used X; = X; 1 +¢jcosjf and YV; = Y, 4 +

g;jsin j6. Consider next

T 1 T
Zyj—l £ e~ Z(Xj 18in j8 — Y;_; cos jO)e,
j=2 J=2
1 T
= 5 2 (XY = Vi) =YX, = X)),

<
[|
N

which leads us to (7.134). Finally we have

T 1 T
> yjog; — > [ X_o(sin jO cos § — cos j6 sin 6)
= sin) 1=
—Y;_5(cos jf cosf + sin jOsin b)) | €,
T
= Z COS H{X],QA)/; — }/],QAX]}
sin6 =

—sin Q{XJ’,QAX]' + Y},QAY}} ] s
which yields (7.135).
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9.1 Putting u; = ¢;/4(L) it follows that, for any k& > 0,

wiop w1 — (L= L) (w1 + -+ uypp)

YTt (- Dy
o Y-r Uit Uk
(1—-L)? (1— L)t

Then it can be verified that
1

T 1 T
/ J—
T2d 52 Z Yir¥j = T2d 52 Z

Jj=p+1 J=p+1

2
Ui—1
<7(1 - L)d> ee’ +0,(1),
which establishes (7.140).

9.2 When d = 1, it holds that

from which we have 6; = ¢1 + ¢2, dg41 = —Pg+1 and 0y = —p + 1 (K =2,---,q).
Solving for ¢;’s we obtain (7.142). When d = 2, it holds that

1 1 1
-1 -2 0
1 - .
§=M¢p= . ®,
.1
0 -2
1

from which we have 01 = ¢1 + @2 + ¢3, 02 = —P2 — 203 + G4, Igr1 = Pgr1 — 20442,
5q+2 = ¢q+2 and 5k = (bk — 2¢k+1 —+ ¢k+2 (k = 3, Tty q), which yleldS (7143)

9.3 Since {A*y; 1} ~ I(d — k) and it holds that

1 T
W E Akyj_lAdyj_m —0 in probability
Jj=p+1

627



for k = 0,1,---,d —1 and m = 1,---,q, the off-block diagonal elements in the
limiting distribution reduce to 0. Since {u;_;} is second-order stationary with i.i.d.

innovations, we have, by the weak law of large numbers,
1 T
T > ujqujy — T in probability.
Jj=p+1
Finally the FCLT and the continuous mapping theorem gives the joint weak conver-

gence :

T
£ (GTl Z zjfl g;lGT1> — E (OéQO'QF) ,

J=p+1

where G = diag (T?,---,T) : d x d. Thus we obtain the conclusion.

9.4 In view of (7.145) we have only to show that MyQ, ¥ ;_; = Zj-1. It is easy to see
that

Yj-1 -1

MIQI : = Mli

Yi—p €j—d

9.5 We first have
(MG M0 =0) = (Gp' My Y Y, 1Y MG "G My Y Y auy
J J
= (Gr' >z 2 Gr) Gr Yo m iy,
j j
where

'Z;:j—l = (yj—17ij—1a""Ad_lyj_l),

— i1 wi
(1—L) (1—L)" "1-1L
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with u; =¢; /B(L). It is evident that

R )]

We show that, for k =2,---,d,

(S9) (Tkz _Yimt ) — L (onUQ /0 1 Fk_l(t)dw(t)) .

Let us consider the case of k£ = 2. Using the BN decomposition we have

;ﬁl% = Z(ZZ%) Uj

J =1 m=1

= Zji: Z (am + Em1 — Em) U;

jllml

= 22 €J—|—Oéz 6] ! S 1_éj)

+&o Z(J’ —Du; = i—JL u;

- 22 ]12 ]+O(T\/_)

where we have used the fact that

-1 - - . 6] 1 - €j €j -
Zm(%‘—l—%) = Z _%:<(1—L)2_1—L> &j

J J
_ 50 & —
Coa-rn2”

— 0,(TVT).

Thus (S9) is established for k = 2. The case of k > 3 can also be proved by induction.

1 —TL)2 :

Then we obtain (7.150) by the FCLT and the continuous mapping theorem.
9.6 Since

A 1
I Y,

1T2
7o 2 Vi
1 T

IW{ 2

\

1T
T—Z]
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and Z —y;1)% = 0,(T** ), (7.151) follows from the FCLT and the continuous

mappmg theorem.

9.7 It follows from Theorem 4.2 that
E (€9Y2) = F lexp {995 /01 F2(t)dt — gFf(l)H
_E [exp {995 /1 X2(1)dt — gXQ(l) - 5/01 d)éit)d (‘ﬁf”)
LB (aX
() )

where dX(t)/dt = X (t) +w(t) and

X(t) =€ /Ot e Pw(s)ds .

Noting that

vaxX(h)  (dX()
[ () -

/01 (%)2@ - /01 (BX(t) + w(t))* dt
= 3 /01X2(t)dt+2ﬁ/01X(t) (dX(t) —ﬁX(t)dt)—Ir/Ol w?
= [ X0+ 5x°0) + [ w0yt

{(BX(1) +w(1))’ -1},

l\')ll—

S

we obtain the first equality in (7.152), where 5 = (20x)%. Applying Girsanov’s the-
orem again we arrive at the second equality, where v = ¢3. The last equality is

obvious.

Chapter 8.

1.1 Since we have E(y;) = o, E(y;) = (14 a®)o? and E(y;y;-1) = —ao? for
j > 2, a can be uniquely determined as o = —E(y;y;-1)/ E(y}), which may take any
value. Note that, in the stationary case, we have E(y7) = (1+ a?)o® for j > 1 and
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E(ypyr_1) = —ao? for k > 2 so that the parameter vectors (o, 0?) and (1/a, a?0?)

give the same model.

1.2 Tt is easy to see that y ~ N(0,0*®()), where ®(a) = Qa) — a’ee] =
C7Ha)(C7Ha))" with C(a) defined in (8.36). Since | C'(a)| = 1 so that log| ®(a) | =

0, we arrive at (8.4).

1.3 Let us put Q(a) = (1 + o?)Ir — 2aB. Then we have

1
Dy =|B— My |=—=ADp_y — ZDTJ,
with D; = =\ and Dy = A\* — 1/4, from which we obtain
in(T +1)0
T:M,COSQ:—/\,SiHQ:\/l—)ﬁ, 0<f<m.
27 sin 0

Thus Dy = 0 yields 0 = jn/ (T +1) (j =1,---,T) so that the eigenvalues of B are
given by cos(jm/ (T + 1)). Therefore the eigenvalues of Q(a) are given by 1 + a? —
2acos(jm /(T + 1)), (j=1,---,T).

1.4 Tt is easy to obtain Dy = |Q(a)| = (1 + a?)Dr_y — &*Dy_5 with Dy = 1 + o?
and Dy = 1+ a® + a*. Then, if |a| # 1, we derive Dy = (1 — aQ(T“))/(l —a?).
When |a| =1, we have Dy =T + 1.
2.1 Putting d;7 = cos(jm/ (T + 1)) and noting that y ~ N(0,5%Q(a)), we deduce
]. 2 1 1
c (Ty’Ql(l)y) - ( z’m(ao)szl(mm(ao)z)

—r 2 X (1 — 040)2 -+ 20(0(1 — (sz) 22
j=1 2(1 - 5jT) ’

|9

Q

=l

040'2 T
- z( - lef+op(1)),
=

which gives (8.12), where {Z;} ~ NID(0,1). We also deduce

9 2(T+1)
T 2(T+1) L - (1 B _>
1 Z(xzj - 1 1—« B T
S = —— =
T+15 T+1 1-« 29+0(%)
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1—e 2 sinh 6
N — )

20 Oe?

2.2 Let us consider
Kr T
Yr=Y AnZi+ Y AnZ},
j=1 j=Kr+1
where Kr is a sequence of integers such that K7 — oo, K7/T — 0 and K% /T — oo
as T — oo, while
44 (T2 — CT) S?T
AT?$% (0 + 4 (T - 0T) s37)

AjT -

For j =1,---, Ky it holds that
2 2 22 -4 -2 22 Kr 2
AT+ 1) sip=J4"1"+] O(T ):jﬂ' 1+0 (T) )

We also have

T
P ( Z AjTZJZ > 5) <

J=Kr+1

M= M= M=

Then we can deduce that

) TL27T2 +02

(e (Z 2 (n? + 07) Zg) |

n:ln s

Since the second and third terms of Sr; in (8.14) converge in probability to 6 and 0,
respectively, we establish (8.15).

2.3 We have only to show that

(S10) L (%y' (Q_l(oz) - Q_l(l)) y> — L (/01 /01 Ki(s,t;0)dw(s)dw(t) + 0> ,
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where K; = —2K,;. Noting that y = —aggee; + CH(ap)e = D(ap)e*, where e, =
(1,0,---,0) : Tx 1, D(a) = (—er, C7 1 (ap)), €* = (g9,€) and C(«) is defined
in (8.36), consider

1 / - — 1 * / / — — *
= () -7 '(1)y = —5¢"'D'(en) (27" (@) = Q7'(1)) D(ao)e
1 / 9 !

where Z = ¢/o ~ N(0, I7) and

/

Br — T[(Cl(ao)) (7 () = 27(1)) Cl((xo)}—QIT,

L9, -1 -1
Ry = T—(ﬂaogoe'l (Q (a) —Q (1)) e
2

5 00%0¢] (27 (@) — Q71 (1)) ¢ Hap)e .
Using the fact that

C'(a)dad.,Cla)
1+dd,

Q' (a) =C"(a)C(a) —

where d, = (a,a?,---,aT)’, it can be checked that Ry — 0 in probability. Then
Theorem 5.12 establishes (S10) after some algebra.

2.4 Let us consider

E leXp {zu <X1 0) + % log SmeM) H

B ﬁ _1 P (nPr’ + ) 2 B 1°_°[ 1+ 22 A
o n?m2(n?m? + 62) s 6>
o - I+ ——
n°m
_ 1
L a(u) + b(u) {— a(u) — b(u) 2
ﬁ 22 22
! L+ 22

which leads us to (8.18).
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2.5 We first have

ry—1, A2a) 4
dora) 7 V) S0 WL (o)
da 2 y QO a)y 2 da )~

Noting that dQ(«)/da|a=1 = Q1) and dQ(«a)/da |a=—1 = —Q(—1) we obtain the

conclusion.

2.6 When [ = 1, we have

T
dQ_l(a) ia% 1
dhri(0) 1 v da y+ ! ;
o 2 yQ Y a T I
Yy ( )y ZQQZ
=0
We first have
1 &Koo 1 d &,
— Zza = —= = ch ’
T2 = 2172 do
1 2T+ 1)1 —a?)a? T 4 2a(1 — o2 THD)
o277 (1—a?2)?
1— (20 +1)e
—
462 ’

which yields, using (8.13),

T
; 1—(20+1)e 2  0ef
— — X =
T i 462 sinh @
i=0
1 1
_ §<1+5—cothe>.

Putting §; = cos(jn/(T'+ 1)) and s; = sin(jn/2(1 + 1)) we consider

1 ,dQ Y «) _ 1 Z (1+ a3 — 2a0;) (20 — 26;) 72
To2? " da Y T ot (14 a2 —2ad;)? J
XT: (¢ +4(T? — cT)s?) (4T%s2 — 207T)
T j=1 (02 4+ 4(T2 — HT)sf)2 ’
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(02 +4(T? — cT)s ) , 1 T
62 4 A(T? — eT)
o )

-1

T 2
TiH (92 + 4(T2 — QT)sj)
which is shown to converge in distribution to
> 20(n?m? + %)

2 R T R

n=1

72 —1.

Since y'Q_l(oz)y/T — ¢ in probability, we have proved (8.21) for [ = 1. The case of

[ = 2 can be proved similarly.

2.7 Since the c.f. of Z ZQ/ 7?) is given by ((sin 22’9)/ V 22’9)71/2, we immedi-
ately obtain (8.26) due to Theorem 5.13.

2.8 The first and second derivatives of

00 n2n2 + 92
log sinh 6 = log 6 1 —
0g sin og —|—nz::l og( 20 )

with respect to 0 are :

1 e 20
thd = = _
0 0+nz::1n27r2—|—02’
1 G 2 e 462
2
—cosech“ 0 = 5 + ;::1 NONCR) T — nZ::l —(n27r2 )

Thus we obtain

0 63 9 .1 1
;m = ZCOSQCh 0+ZCOth9—2—0,

which yields (8.30).
2.9 It is easy to deduce

- 10

n=1

SIS

20t 4 )]
(n2n? + 22)2
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NI

11

sinh « {Sin Ve(®) +d(9) siny/c(6) - d(@)] -
z \e@)+d@)  \/e(@) —d(0)

3.1 Let Gj be the (j, k)-th element of (C(1)C~(ap))'C(1)C~*(ap). Then we have

=

(S11) Gjj = 1+(1—ap)*(T—j), Gjr=1—ap+(1—a)*(T—k), (j<k).
Thus it holds that
1 & T 2
— > Gejer = Z{1+— — }6 +22{ +—T k)}ajak ,
Tj,kzl =1 i<k

which clearly converges in probability to o2.

3.2 Let Hj; be the (j, k)-th element of (C’(a)C‘l(ao))/C’(a)C’_l(ao). Then we have

1 — 2(T=3)
' af—i _ 2Tk
(S13) Hj, = (@ — ag)a" 771 + (a — ag)? T U<h).
Thus, using (S11), we obtain
c? o (c—0)?21—a¥T9)

Br(j,5) = T(Hj—Gy) = 7T =5+ a2
Br(j, k) = T(Hjr—Gji)

2

= —c— %(T — k) + (c =)ot
(c— )2 akd — 23~k .

If we replace Br(j,j) by Br(j,j)—0, then we can find the uniform limit of the modified
Br(j, k) as —2K5(s, t;0) with K5 defined in (8.40). It follows from Theorem 5.12 that

L(Sr2) — L (—2 /01 /01 Ky (s, t;0)dw(s)dw(t) + 9) :

_|_
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which yields (8.38).

3.3 We consider the integral equation :

£ = A [ Kol t:0)7(5)ds
— %0 {cosh 0(1 —1t) /Ot e‘e(l_s)f(s)ds + 70070 /tl cosh (1 — s) f(s)ds| ,

which is shown to be equivalent to

ro-e(1-3) =0 ro=60.  ro-o

Suppose first that X\ # 2. Then the general solution is

f(t) = cre + ce™, AzQ\/l—%.

The two boundary conditions yield M (\)c = 0, where ¢ = (¢1, ¢2)" and

A—0 —A—-0
M()\) = )
Aet —Ae 4
Since | M(\) | = 2A(0 cosh A+ Asinh A), the candidate for the FD is given as in (8.42).
When A = 2, we have f”(t) = 0 with f’(0) = 6f(0) and f/'(1) = 0. This implies that

0 = 0, which is a contradiction. Checking the second condition in Theorem 5.5, we

can conclude that (8.42) is the FD of Ky(s,t;6) in (8.41).

3.4 Let us consider

LdH(@)_
dhro(6) 1 d I 1
e P _ 1 da
e 2 da 8V (@)y 2 ydYa)y’

where H(a) = (C(a)C(ap)) C(a)C~ (ap). Tt can be shown as in (8.37) that
y @ '(a)y/T — o in probability. Let the (j, k)-th element of dH(a)/da be Fj.
Using (S12) and (S13) we obtain

oo <2(a — ap) n 20(a — a0)2> (1 _ a2(T—j))

1 1 — a2 (1 —a?)?
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(01:202) (—=2(T — j)) a?T=%"1

Fj = (a+(a—a)(k—j—1)a*~7™

2(a — ap 2a(a — ap)? _; 20T —j—
+< (1—a2)+ (1(_Q2>2)><&k o)
(o — ap)?

1—a?

((k = f)a*= — (2T — j — k)a* 751 | (< k).

Then it holds that

1 ,dH(«) B 1 ,[(dH(«a) r
£<ﬁs o 5) = £<T026< o +1Ir|e ngss

1
. ( | [ a6 t0)du(s)dute) - 1) ,
0 Jo
where J(s,t;0) = 20K5(s,t;6)/00. Thus (8.44) is established for [ = 1.

3.5 Consider the integral equation :
2
—)\/{ —I—c——s+t)+%(1—s)(1—t)}f(s)ds,
which is equivalent to f(t) = a + bt with
!
f(0) = 5/(1+20—|—c2—cs—c2s)f(s)ds:a,
0
!
f(1 = 5/(1+c—cs)f(s)d3:a+b.
0
Then A(# 0) is an eigenvalue if and only if
1 3¢ ¢ 1 ¢
Sl I I I
A<2+4+4> A<4+3+12>
1 ¢ 1 ¢
AMz+-)—1 AM-+—)—1
<2+4) <4+12>

A
= 1_6(62+3C+3)’

(M) | =

1
which is the FD of dX5(0)/d6 |g—o + 5 Thus (8.48) is established.

3.6 Let us consider the integral equation :

1
—)\/ 6K23t0 f(S)dS’

O0=—x
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which is equivalent to f”(¢) — (22% + A\x) f”(t) + z* f(t) = 0 with f'(1) = f”(1) =0
and
f(1) = %/01(1 + 2 — x5)e™ ) f(s)ds
f70) = —zf"(0) + (z° + Xx) f'(0) + (2* + \z®) £(0) .

The general solution is given by
f(t) = cre™ 4 coe™ + e3Pt + ey Pl
where

AQ:g()\+2x+\/>\2+4)\x) , BZ:g(A+2x—\/)\2+4)\x) .

We then have M (A)e = 0, where ¢ = (c¢1,¢9,¢3,¢4) and M(N) is a 4 x 4 matrix
constructed from the four boundary conditions given above. Evaluating | M(\) | by

REDUCE we obtain (8.50).

4.1 Noting that y ~ N (0, 0%(Qmo) ® I,n)) and | Q) @ L, | = | Q) |™ we ob-
tain easily the log-likelihood for ay,, and o2, from which (8.57) results by concentrating

o2 out.

4.2 Noting that

m
2

2i0(n?m? + ¢?)

[exp{wz 7z }] g[ s

(8.63) can be easily established because of (8.33).

4.3 Let us consider

1

2B~ efN)®]m}Z_ — Z A2 2.,

]kl

where {Z;} ~ NID(0,I,,). The weak convergence of this quantity for m = 1 has
already been established in (8.38). Noting that Z'Z/N — m in probability, (8.65)
follows from (5.154).
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4.4 Tt follows from (5.155) that

(Y L OKs(s,t; 0
E[exp{z@/o/oizge )

where D(A) is the FD of 0Ks(s,t;6)/00|,_,- We have already obtained D()\) =
1 — A(c® + 3¢+ 3) /6, which establishes (8.68).

~

dw' (o) }| = (Die) F.

6=0

4.5 Suppose that ¢ = 0. Then it holds that

dw'(s)dw(t),

~

de2 / /1 8K2 S t; 0

where 0K5(s,t;0)/00 is defined by (8.46) with ¢ = 0. Then we obtain

deg(e) m _9
E<T> = ——(1-e?*) <o,

V<_E?_ = 15570 (7)
Thus the consistency proof for m = 1 can be used in the present case.
4.6 Note first that

e fuo [ [ AL

where D(A) is the FD of 0Ky(s,t;6)/00|,__,. Then (8.71) can be established be-
cause of (8.50).

~ ~

dw’(s)dw(t)H = (D(2i0)) = ,

o=—

4.7 Tt is easy to obtain

5000) i’i a1
=0 = n27r2 nimrt 6|

do?
Thus (8.77) follows from (8.25) and (8.26). We can prove (8.78) similarly.

5.1 Let us put

1 1
T y QO 1)y = T WAru+ Ry,
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where Ay = (0—1(a0))’ [C'(1)C(1) — C"(1)ee'C(1) /(T + 1)] €~ H(ap) and

1 / /! 1 ! /
By = cabulel [0(1)0( )—T—HC’(l)eeC(l)] e

2 ! ! l / -1
— T Q0Uoc) {C (M) — T——i—lc (1)ee C(l)} C™(ao)u

adu? 20U

T Tl _T(T+1);((T_j)(1_040)+1)uj

= 0,(1).

By the weak law of large numbers it holds that

1
T(T+1)

- S 0-2) )

— 0 in probability .

o (C7Han)) C'(1)ee' C(1)C (ag)u

Thus, using (S11), we have

1, 1 &
Ty'ﬁ "My = T > Girujug + 0p(1)
jk=1
1 T 2
= — 14+ =(T—-7
7 ;( +T2( ]))U
+22< +—T k:))uuk + 0,(1)
= T T2 J p
14,
= —ZU—FO(l),
Tj,lf P

which yields (8.81).

5.2 The first equality can be proved by noting that y = —agupe; + C~!(ag)u. Since

w'u/T — 0> ¢ in probability, (8.82) follows from (8.17) and (5.161).
1=0

5.3 It is easy to establish (8.87) by using (S11) and the weak law of large numbers.
We can also prove (8.88) using (8.38) and (5.161).
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6.1 It follows from (8.57) that
Elr() | _ (y Q1) ® L)y 1) m(N* — N)
pum— ; - - .
=1

da? vy (D)@ Ly)y 2
Then it holds that
p <d2lT1 (Oé)

do?

which leads us to (8.91).

6

6.2 Noting that ®~1(1) = C'C and d®(a)/da|,_, = (C'C)™" — ere} with C = C(1)
and e; = (1,0,---,0)" : N x 1, we obtain, from (8.64),

> 0) =P(('"(Ay ® I,)e > 0) ,
where B
Ay = (C7Yag) [C'C ((C'C)F = erel) C'C| € an)
= (0O Yap)) CC Y ag) — (COH(an)) e CC(ay)
with e = (1,---,1)" : N x 1. Then (8.92) follows from (S11) and the fact that the j-th

component of (CC’l((xo))/e is given by (N — 7)(1 — ap) + 1.

7.1 The first two equalities are obvious. Let us consider

T 1
1 AT N
jzl( s jT)<1+P/\jT ) !

ey CAT
j=1 4T28?T ((92 + 4T28?T)

2
70

1
where s;r = sin ((j — 5) 7r/ (2T + 1)) Using the same arguments as in the solution
to Problem 2.2 we can establish (8.100).

7.2 We first obtain

0 ((n— %)27r2+02>

dYi(6 > 9 =
():Z 2Zn_z

2 1
a6 n=1 ((n — %) w4 02> n=1 <n — 5) % + 0
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which yields

00 2 2
E<d5;19(9)> = —Z b(6" — <) 5 <0 for 6> c,

2

V(d}ﬁ(@)) ) i202<<n;>2ﬁ2+024>

do

IA
K

_ 1 20\ _ (L
= Q—H(tanhe—esech 9)—0(9)'

Then, using the same reasoning as before, we can ensure the existence of the local

maximum & such that # = O,(T™1).

7.3 We first obtain

E |exp i@i Z—g :(cos 22’9)7

1 2
n=1 <7’L _ _) 7T2
2

Then (8.104) follows from Theorem 5.13.

[N

7.4 It is easy to deduce that

wo) = T1[1-

(<n_;>%2+x2)2

3

[N

3
Il
—




SIS

— coshz [cos a(f) + b(0) cos/a() — b(6) } _

7.5 Noting that Ay ~ N(0,0%(Q + polr_1)) we have

1, L
c(EAy«Q+mfgl—QlyM>

£

-1 , 1 1 ,
= L (; (po +4sz) <p+4S§T - 4S?T> Zj)
.y (—02Tzl C o 2) ,
o AT2s2, (02 4+ 4T2s%,)
where s;p = sin (jm/ (27)). Using the same arguments as in the solution to Problem

2.2 we can establish (8.109).

7.6 Let us consider | Q + pIr_1 | = (p+ 2)T ' Dy, where Dy = Dy — a®?Dy_5 with
a=—1/(p+2). When p # 0, we have Dy = cyz] ' + cozd ', where D; = 1, Dy =

1 —a? and

2 2
Y EE 2V 2 T W YA
2(p+2) p+2 T T2
92— 2
e _ P2V ED 1_Q+O(L),
2(p+2) p+2 T T2
. p2+4p+2+(p+2)\/p2+4p_Z(lJrO(i))
! 2(p + 2)Vp? + 4p Y T))"
. —p2—4,0—2+(p+2)\/p2+4,0__Z(l_'_o(i))
? 2(p+2)Vp> +4p 20 T))

Then (8.110) is established by noting that | Q| = T.

Chapter 9.
2.1 The (j, k)-th element ®;,(p) of ®(p) is given for j < k by

j_l . .
Din(p) =Y pFIte
i—0

Therefore we obtain, for j < k,

P, i1 L
(814) d C_]Zk(p) — Z (k’ . j + 22) pk—j+21—1
p =0
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so that d®;k(p)/ dp|,_, = jk —j = jk — min(j, k). This yields (9.12).

2.2 Under Hy it holds that Sp1/T = X/(X +Y'), where
2
X = =AY (1)
= e = ey Ex ~
TU2yT \/To' — J X ’

y — 2§Tj<gj—%§jgi> ~ AT =1).

The conclusion follows from X and Y being independent.

2.3 It is easy to obtain Q,®(1)Qy = Ir_1 and Q2Q, = (C~1(1)) C~(1) —ey€}, where
T

ep = (1,0,--+,0) : T x 1. Thus y'Q2Q4y = (y; — y;—1)° and y'Q2Qdd'Q2Qhy =
i=2

(yr —)*.

2.4 Under Hy it holds that Spo/T = X/ (X 4+Y), where

1 - oY
X = m(w—yl) —(\/ﬁaZQ) ~ )

Y = %i(gj——z:»q) ~xA(T —2).

The conclusion follows from the independence of X and Y.

2.5 It follows from (S14) that, for j <k,

7‘123;’;(”) - jz_::(k: — 20 (k—j+2i—1)
= k-3 + 25T
which yields (9.18).
2.6 It can be shown that
(@2(1)Q5) @ = (~Tr1, 0) 4 1(0,-,0,d)

where d = (1,---,T — 1)’. This yields the last expression for Srs .
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2.7 Let us put Z = (Qg@(l)Qg)’%ng/a so that
1 2(QUe(1)Qy) 7

T YAV '
Since Z ~ N(0, Ir_y) under Hy, Z'Z/T converges in probability to unity. Noting that
the (j, k)-th element of (Q5®(1)Q3) " is min(j, k) —jk/T', we can establish (9.23) from
Theorem 5.12.

STB

2.8 It can be shown after some algebra that

0 —1 0
(Q1®(1)Q4)~'Q; = :
0 -1 0
T—2 1
- : T :
T_ 1 O T_ 1 O . ?
1 T—-2

which yields the last expression for Sty.

2.9 Let us put Z = (Q,®(1)Q4) 2Q,y /o so that
1 2(Q2(1)Qu) ' Z

T YAVA '
Noting that the (j, k)-th element of (Q®(1)Q4)~" is min(j, k) — jk/(T — 1), we can
deduce that the limiting null distribution of S74 is the same as that of Srs given in
(9.23).

ST4

3.1 It can be easily checked that Lemma 9.1 holds if () is replaced by X G, where G is
a p x p nonsingular matrix and P’X = 0. Then (9.34) follows from (9.36) by putting
P =H, A=%(6) and Q = XG. Noting that H(H'S(0)H) "H = M'S""(0o)M =
M'S(6y) = B(6y) M we can also prove (9.35).

3.2 The first equality comes from the fact that d®~'(p)/dp = —®~(p)d®(p)/dpP~(p).
Since dq)’l(p)/d,o‘ = ®1(1) — epel, we have
p

7 (@7H(1) — erer) i
et (1)7 ’
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which yields the second equality.

3.3 We first have 7j; = ef, My, where it holds that X'®~1(1)M = 0. Thus 7j; reduces
to 0 if er belongs to the column space of ®1(1)X or if ®(1)er = d belongs to the

column space of X.

3.4 As for Model C we have

Iy —d(do ' (1)d) d'cbl(1)] y

1 1
= <IT — fde’T> y=y— zyrd,

n =

which gives Sz in (9.22). For Model D we have

[fT e () mea) (5 )e0

1
Iy — H(Tee’1 — de} — eelp + dely)
1

= Yy—he— ﬁ(yT_yl)(d_e)a

Rt}
Il

Y

which gives Spy4 in (9.26).

5.1 We have already proved (9.46) in Section 2 of Chapter 7. As for (9.47) it can be
shown that 7; = O,(1) for all models. For j > 2 we have

M = Nj=1 Models A, B,
1
M —Mj = W T T Model C,
1
nj —Mj-1— ﬁ(ﬁT — M), Model D.

Noting that n; — n;_1 = —cn;_1/T +¢; and np = O,(V/T), we can establish (9.47).

5.2 Let us first consider
1

» 1 T c\2T—j—k
T2 = T 2 (1 - T) IR
]’ =
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which converges in distribution to

/ / @) () (t) ~ T (1),

Counsider next

1 L ~ =\2 d \2
T252 zjl (77] - 77) = T252 Z (77] - 77)
J:

where

(S15)  Ya(t) = \F”“*T< T1>m\/1_27§1’ (%«x%)

Since L(Yr) — L(Y) by the FCLT, the weak convergence result on Rj follows from

the continuous mapping theorem.

5.3 Let us define dZ(t) = —yZ(t)dt +dw(t) with Z(0) = 0. Then Girsanov’s theorem

E[exp{0/01Y2(t)dtH — E{exp{V;C(ZQ(l)—l)H

sinh fy] -

yields

SIS

= /2 lcoshv +c

where 7 = v/¢? — 26. This gives us the expression for f5(«). The expression for f3(«)

can be proved similarly.

5.4 Tt is easy to see that 2¢/(1 — e ?¢) — oo as ¢ — oo so that 3;(a) — 1. In Section
5 of Chapter 7 we have proved that, as ¢ — oo,

2

0/01Y2(t)dt_>%, C/O1 (Y(t)—/olY(s)ds> dt—>%,

/01 y(t)dY(t)/ <C/01 Y2(t)dt> L

in probability. The above facts imply that Gix(a) — 1 as ¢ — oo for k= 2,---,6.
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5.5 Noting that 7; = n; — 7 we have
1 L, 17 N 1 (k)
TQJQXEnj:TZ;(YT(f)_f;YT T )
j= j= =

st (5 (8)) oo

where Yr(t) is defined in (S15). Then the weak convergence result on Rg follows from

the FCLT and the continuous mapping theorem.
5.6 Defining dZ(t) = —vZ(t)dt + dw(t) with Z(0) = 0 we consider
1 2 1 1 2
E [exp {Hx + 0x </ Y(t)dt) - 0/ <Y(t) —/ Y(s)ds) dtH
0 0 0
Ox 7—C 2 ! ?
= & F |exp L (22(1) — 1) + 0w+ 1) (/ Z(t)dt) ,
0

where v = /2 + 260. This leads us to the expressions for ¢;(0;z) and ().

5.7 Noting that 7; = n; — jnr/T we have

1 T ~ =\2 ]- T j _ T+1 2
TQO-Q;(nj_n) = T2U2jz:1{77j_fnT_<n_ 5T 77T>}
1 & j 1 & k
- = A R r
T._l{ T(T) T2 T(T)
j= k=1

where Yr(t) is defined in (S15). Then the weak convergence result on Rj is easily
established.

5.8 Defining dZ(t) = —vZ(t)dt + dw(t) with Z(0) = 0 we consider

E [eXp {9/01 (v - /01 Y (s)ds — (1 - %) Y(1))2dtH
_ [exp {% (z2(1) - 1) -0 (/01 Z(t)dt)Z
—202(1) /01 <t _ %) Z(t)dt + %Z?(DH ,
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where v = v/¢? — 26. This yields ¢3(—if) after some algebra.

5.9 Noting that

67 1 & 125 1
A= s A/ (=L ) = , 1
nj 77j+<T )szlm <T )TQ;]UJ+OP( )
we have

4 L 6 &
fh:_lenj—f_ﬁzljn]—’_OP(l))

j= j=
M — TMj—1 = N — Nj—1 + 0p(1), (j>2)

The weak convergence result on Rg follows from the above relations.
5.10  We consider

E [eXp {995 + b (4 /O1 Y (£)dt — 6/01 tY(t)dt)2 - MH

= p [exp {7 ; < (22(1) — 1) +40(4z + 1) </01 Z(t)dt)

2

+1200+1) ( 1 tZ(t)dt)2 ~ 126010 +1) | " Z0)dt / 1 tZ(t)dtH ,

where dZ(t) = —yZ(t)dt + dw(t) with Z(0) = 0 and v = /¢4 260. This yields

%%y (—if; x) after some algebra; hence we obtain the expression for Gg(a).

6.1 Let f(v|p) be the density of the maximal invariant v = H'y/\/y’"HH'y, where
f(v|p) is defined as in (9.10). Then the Neyman-Pearson lemma ensures that the test
which rejects Hy for large values of f(v|1 — (6/T))/f(v|1) is MPI. By using Lemma
9.1, this is seen to be equivalent to rejecting H, when VT(M)(H) in (9.51) takes large

values.

6.2 The weak convergence result on VT(A)(H) is proved in the text. Consider V,\* (9)
in (9.51), where ﬁj(p) =mn; —m and
o= - :
e P (e

X [(1—p+p2)771+(1—,0)2(772+"'+77T—1)+(1—P)TIT}
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with p =1—(0/T). Then it is easy to deduce that £ (VT(B)(Q)) — L (V(B)(c, 0)) =
L (V(A)(c, 0)) For Model C we have ﬁj(-o) =10 — j77T/T so that the denominator of

VT(C)(Q) divided by T converges in probability to 2. Since

T

S0y o] N o
7 y; — i = n; 5T+O(1)j21(1+(1 p)J) (nj — pnj-1)

J
= 1, — —=Ar,
77] T T
the numerator of VT(C)(H) is

T

> (77] Mj—1— TﬁT) zz: ( 77] 1 + (1 - p)ﬁj(£)1)2

j=1

1, 2
= —— +—A — A2 —f|—=nr— A
T77T \/T ThT T <\/T77T T)
——Z< %m) +0+0,(1).

The joint weak convergence and the fact that
£ian) — £ (F(@+ 0y +e [ o))

lead us to deduce that £ (VT(C) (9)) — L (V(C)(c, 0)) For Model D it can be checked
that

0 - 1
) =i = =0 = o (i = m)
~(1 1 1
77J( ) —77]( )1 = nj_nj—l—ﬁAT‘f‘Op (f) :

Thus it holds that £ (V”(0)) — £ (VP(c,0)) = £ (V©(c,0)).

6.3 For Models A and B we easily obtain, by Girsanov’s theorem,

E {exp {u (c— VA (e, c))/CQH = F [exp {U /01 Y2(t)dt + %Yz(l)H

= Kcosu— %Tinp)/ec}i )
E [exp {u (c - V(A)(O,c))/CQH = F [exp {u/o w?(t)dt + %w%l)}}

1
2

|7 -
= COSV — —Ssmv
C
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We can compute F [exp {u (c — Ve, c))/ CQH and F {eXp {u (c — Vo, c))/ CQH

similarly, which establishes the theorem.

6.4 For Models C and D we obtain, by Girsanov’s theorem,

Eexp{u (0 -V 9(c,0))/6}]
- B leXp {u (/01 Y2(t)dt + 9;—513/2(1)
—2(0; Yy /01 1Y (£)dt — %2 (/01 tY(t)dt)2>H
— oxp <%> E [eXp { (5 S - u(ei;g 1>> Z*(1) — “792 (/01 tZ(t)dt)2
—wzu)/ol tZ(t)dtH ,

where dZ(t) = —Z(t)dt +dw(t) with Z(0) = 0 and 5 = /¢ — 2u. We can arrive, af-
ter some algebra, at ¢(©)(—iu; ¢, #). We can compute E {eXp {u (9 — VA (e, 9))/92”

similarly, which establishes the theorem.

7.1 Let us consider T (p(6) — 1) = Ur/Vp, where
T
Ur = =5 | ym1 (s — yj-1) — 0y
7j=2
1
= 3 (Y (1) = 1) = 6YZ(1) + 0,(1),
1 O 2
Vp = T2,2 Z:yjfl_'_(syT

_ _Zyg( )+op(1)

with Y7 (t) defined in (S15). Then we can establish the first equality in (9.59). The

second equality can also be proved by using Girsanov’s theorem.

7.2 Let us put x; = (y;_1, yj2) and G = (Gy, Gy), where G; = (1, —p)" and
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Ga = (1, 0). Then G'x; = (gj_1, y;—1)" and

pr—p 1
— (EZL‘jZL’;) EZL’]' 6]'
P2
26?71 28]',1 yj,1 a 28]',1 €j
= G
Sejyi Sy YYj-1€;

Thus we obtain VT (p1 — p) = A/B, where
A 1 9 1 1
- \7 D Y- T > Ej-1Yi-1 T D Ej-1E]
1 1 1
+ (f > &1 T Zsj_lyj_l) JT > Yj-1€;
2 2
poc 1
= 1_p2ﬁzgj_1€j+0p(1),
1 5 1 9 1 2
B = T Zgjqf Zyjq —\7 Zgjflyjfl
o p?

- 1_p2+0p(1).

Then we can deduce that T (p, — p) — N (0,1) so that

P(\/T(ﬁl—l)ﬁx):P(ﬁ(ﬁ1—0)§x+ﬁ(1—p))%CID(:C—F\/T(l—p)).

8.1 The LBI test rejects Hy when

< ( dq)il(pm>

|\ ——— ®1In | 7
dpm pm=1 )
Sr = —

7 (07 (1) ® 1) i
Since d®~'(p)/dp|,_, = ®7'(1) — enely with ey = (0,---,0,1)" : N x 1, the above

test is seen to be equivalent to the one given in Theorem 9.17.

<c.

8.2 Let us put

m

~2 o
E :anerj = ayan,
J=1
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where ay = (efy ® I,,) (M@Im)y = (e?VM(X)[m)y with ey = (0,---,0,1) : N x 1.
Since X'®1(1)M = 0, ay reduces to 0 if ey belongs to the column space of ®~1(1)X
or if ®(1)ey = d belongs to the column space of X.

8.3 The LBIU test rejects Hy when

> (pm s
7 (% & [m) n
pm pm=1
ST = — = = ~ > C.
7 (71 (1) @ L) i

Since d*®~'(p)/dp?|,_; = 2(Iy — enely) and 7' (enely @ I,,))) = 0, the above test is

seen to be equivalent to the one given in Theorem 9.18.

8.4 Since it can be shown that
i o= {JT —([d®1,) (de )de 1) (Fe (1) Imﬂ y
1
= (r-y@eL) )y

1
= - = d® I, )
y—xd@In) YN

we can obtain the rejection region (9.71) from Theorem 9.18.

8.5 Putting X = (e, d) we can show that

I (XeL)(Xe ' (WX e L) (Xo'1)e Imﬂ y
1 / /
7 (A=) ey — ) ® L]y

= y_(e®]m)g1—ﬁ((d—e)®fm) (gN_g1> )

Al
Il

= {IT—6€,1®]W—

which yields the rejection region (9.72).

8.6 We first note that Rco may be rewritten as

Reo =
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where Ay = C'(p)M'® (1) MC(p,,) and By = C"(py)M'MC(p,,) with M = Iy —
d(d'®1(1)d)"'d'®"'(1). We have already shown that, when m = 1,

1
No?

in probability

so that, for general m,

1
No?

e (Ay®1I,)e —m in probability.

We also have

,c(NiQ "(By © I,n) )—>£(// (s, t)dw'( )dzNu(t)),

where K (s,t) is a positive definite kernel and {7;9(75)} is the m-dimensional standard
Brownian motion. Since the c.f. of this last limiting distribution is given by (¢2(0))™,

we obtain the conclusion.

9.1 The statistic Ry may be rewritten as
1 1
Ry, = ﬁu'BT u/ TU’AT’U,

where Ay = C"(p)M'®~1(1)MC(p) and By = C'(p)M'MC(p). We have shown that

1
To? gAre — 1 in probability, L (T202

Then ' A7 u/T — o% in probability and it follows from (5.161) that

¢’ Br 6) — L(W).

!
c (ﬁ ' Br u) s L(02 W)

so that L(Ry) — L(W3/r). The weak convergence result on Rg can be proved simi-

larly.

9.2 The weak convergence results for Models A and C are obvious. As for Models B

and D let us consider
1 o1 -5 [1E 2.
RG + / - T ]z::l (77 77] 1
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This converges in distribution to
(U%XG +og+or— U?q)/ (0L Ws) = (Xo + 1)/ W,

which yields the conclusion.

9.3 It is easy to deduce from (9.51) that VT(A) (0) = Ur/Vr, where

T
Vi = = Z (y; — yjfl)Q — J% in probability ,

92 T 0 T 2 0 )
cen = £(-B Tt A e~
— L (—Hzai/ Y2(t)dt — 002 Y?(1) + Oo ) :

0

Thus we can establish (9.81) for Model A.

10.1 The LBI test rejects Hy when

~ /del ~
p-x) 552 =)
ST:— 6‘2 L >c,

where § = (X'X)"'X'y,62 = (y — XB)'(y — XB3)/T and Q(p) = Iy + pCC’. Tt is

easily seen that the above test is equivalent to the test based on Ur.

10.2 Since y'My = (e + C&)'M (e + C¢) and € + C¢ ~ N(0, o2(Ir + pCC")), we have
c (%y’]\/[y) _ ¢ (%‘?Z’(IT - pCOYI M (I + pcc’)%z>
o2 252
= L (TEZ/MZ—}— E 5Z]WC'C MZ)
where Z ~ N(0, I7). It holds that

1 1 1
TZ/MZ — 1 in probability, ﬁZ '"MCC'MZ = 0O, (T)

Thus (9.88) is established.
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10.3 Let us consider
o 1 ! _ 1 4 i I —1 v/
Br = C'MC = c'C-C'x(X'X)7'X'C|,

where X = (e,d). It is seen that K (s,t) in (9.91) satisfies 71im max | Br(j, k) — K(j/T,
—0o0 j,
k/T)| = 0. Moreover the symmetric and continuous kernel K (s, t) is shown to be pos-

itive definite. Thus (9.90) follows from Theorem 5.13.

10.4 Because of Theorem 5.13 we have only to prove that the FD of K (s, ) is given
by (9.94). The integral equation (5.10) is shown to be equivalent to

f(t) = cicos VA4 cysin VA 4 6a,
£0) = f(1)=0, a:/o(s—sz)f(s)ds.

Then the approach taken in Section 4 of Chapter 5 leads us to obtain the FD of
K(s,t) as in (9.94).

10.5 The LBI test, if it exists, rejects Hy when

y'M(C")™ = () C™' My
Rr = — (,104 o=l < ¢,
y My
where X7 (a) = C'(a)C(a). Since
dx o dX(a
o L et
= —C'(Ir —ee)C,

it is seen that Ry = y'M(Iy — ee)YMy/y'My = 1. Thus we consider the LBIU test

which rejects Hy when

2271
y/M(C/)—l d 2(0[) C_lMy
g _ do ae1 .
’ y' My ’

Since it can be shown that
d*Y 7 a)

e = 2C" (I — ee')?’C — 2C"(CC' — ee')C,
a

a=1
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it is seen that the above test is equivalent to the test based on V.

10.6 Note first that L(y'My) = L (5’]\/[0 (C"(a)C ()" C/ME), where

(S16) (C'(@)C() " = a(C'C) "+ (1 =)l + a(l — a)eé
- (1-5)eerts i (1)

Then we obtain

1 / o 1 /
L (Ty My) —£<T5 M6+0p(1)> ,

which establishes (9.99).

10.7 Using (S16) we can deduce that

]‘ / / ]‘ / / 02 /
c <T202 Yy MCC My> _yy (EZ c'M (IT + ﬁ(JO) MCZ + op(1)> :

Thus we can establish the weak convergence result (9.100) from (9.89) and (9.90).

Chapter 10.

2.1 The LM principle yields the LBI test which rejects Hy when
Iavi d ! |/
yM—Ca)Cla)] My
_ _ __la=1
y/M/C/CMy <c )

where M = Iy — X(X'C'CX)7'X'C'C. Since dC'(a)C(a)/dal|,_, = C'ee'C —C'C
and CM = MC with M? = M, the above test implies (10.6).

2.2 Noting that MCy = MCC~(ag)e and CC~Yap) = I + (1 — ap)(C — I7) we

have

1 1Y 1 / ! "~
—yCMCy = e [IT+%((J—IT)}M[ITJr%(O—IT)]g
1,7/~ ¢ (-~ , -
= e [M+T{M(C—IT)+(C — I)31)
2 ~
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Here it holds that plim (5’ [e / T) = 02, while the other terms converge in probability
to 0. Thus we establish (10.7).

2.3 Let us consider

1 2BV IREY _ L
E(T—azyCMeeM(Jy> _ c(TJQ

—r ((\}szlajzj) ) S A1),

(e’MC’C’_l(ozo)e)2>

where {Z;} ~ NID(0,1) and

T—o00 T T—00

1 & 1, - o
A = lim = a?= lim 7€' MC (C'(00)C(00)) YC'Me
j=1
: 1 xY 1y —1 c / c? Y
= jlggofeMC (c'c) +T6161+EIT C'Me

The computation of the value A for each model establishes Theorem 10.1.

2.4 It follows from (8.42) that the limiting c.f. of X7 = V1(0) + 6 for ¢ = 0 is given
by

SIS

o(u) = [(cos O 2iu — 1 — /2iu — 1sin0\/m)/ee}_ )
Thus P (Vp(0) <) = P (X7p/0* < (0 +2)/6%) yields (10.11).
2.5 When 0 = ¢, the kernel K (s,t;0) in (10.10) takes the form :
K(s,t) = ¢+ ¢* — ¢* max(s, 1),
whose FD is found to be
D(\) = cos eV A — VAsinev\

Thus the limiting c.f. of Y7 = Vi (c)+cis given by (D(Qiu))_%. Since P (Vri(c) > z) =
P (Yr/c? > (c+x)/c?), (10.12) is established.
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2.6 Let P,,,(j|k) be the (I, m)-th element of P(j|k). Then the Kalman filter algo-
rithm yields

Py(j—1]j—1)+0c* o
PGlj—1)= ;
O'2 O'2
0 0
P(j|j): 2051 4
. P -1
0 Pp(lj—1) - L2077 )

Pu(jlj—1)
Thus we obtain

0.4

Pu(j—11j-2)°
where P1(1|0) = V(y1) = 20% We now have Py1(j|j — 1) = (j + 1)0?/j. Putting
B(j k) = (B1(j]k),B2(j | k)" we can also derive

@Qljl))

Piu(jlj—1)=20%—

ijl)(
0

1

Bl = ﬂjjU+( )QU&UJU)

Pu(jlj—1)/Pu(ilj—1)

Yj
) —i—@w+@@—1u—1» |
j+1
so that
B = LG -11j-1)+ Ly,

J+1 Jj+1

= 1( +2y2 + -+ Jyy)

_ j"‘l yl y2 jy_]7

yi—dB@li—1) = yi+6G-1[j-1)
1 .
= 3(y1+2y2+"'+jyj).
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Therefore we obtain

yQUly =
j=1

2.7 Noting that B(a)B'(a) = Q(a) = aQ + (1 — «)?Ir we have

L1\ L ro-t 2 1
.C(an n> _ £<?5MQ (aQ+ (1 - )’Ir) © M5>

2
1
E(TeMs—l—ﬁeMQ Me) ,

where M = I;—Q 2 X (X'Q'X) "1 X'Q~2 = M2. It clearly holds that plim (ag'Me/T) =
o?, while & MQ ™' Me = O,(T?), which establishes (10.21).

2.8 The case of Model A can be easily proved. For Model B we obtain
Ap= Q7' =Qled! /e
where

O le = ((J’(J - Lc'ee’c) e=Cld— %C"e,

T+1
1 T(T + 1)(T+ 2
Qe = C'Ce— T11 (6/06)2 = T+ 1)2( +2) .
Thus we have
‘ o Jk
A k) = k) — ——
T(.]v ) IHIII(], ) T+1

H{ETHNT -+ ) - TT—j+ DT+ KT —k+ 1) - T(T —k+ 1)}

T(T + 1)(T +2)

Then it can be checked that Ar(j, k)/T has the uniform limit Kz(s,t) in the sense of
(10.23). The integral equation (5.10) with K = Kp is shown to be equivalent to

flt)y = 01008\/_t+0281n\/_t+6a
f0) = f(1)=0, a—/ (t—1)f
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Then the Fredholm approach yields the FD Dg(\) of K. The case of Model C can
be similarly proved. As for Model D it is not hard to find the kernel Kp(s,t). To

obtain the FD of Kp we need to evaluate the determinant of a 4 X 4 matrix, which

we have done by REDUCE, and arrive at Dp()) in the theorem.

2.9 It follows from (8.15) and (8.18) that the limiting c.f. of X = Vio(6) + 6 for
c =0 is given by

=

o) = [sinG\/Qiu -1 sinh@] -

0v2iu — 1 0
Thus P(Vr2(0) < z) = P(X7/6? < (0 + )/6?) yields (10.28).

2.10 When 0 = ¢, it follows from (10.27) that

C0m(O) — £(2 3 o zi-e].

n2m?

which evidently yields (10.29).

4.1 It follows from (10.26) that, under o« =1 — (0/T) and oy = 1,

P(Vro(0) >2) = P (%y'ﬁ_ly — (Q_l — Q_l(a)) y < 0)
T (rx 2 — 26
= P 1)+ ——L )22 <0
(;<<T )+1+042—2045j> = )’

where 0; = cos(jn/(T'+1)). Then the upper 5% point = can be computed for each o
and T by Imhof’s formula described in (7.92).

4.2 Using (10.28) we first obtain the upper 5% point x for each § = ¢. Then the
limiting power envelope can be computed following (10.29) for each combination of ¢

and z.

4.3 Using (10.28) we first obtain the upper 5% point = for a fixed 6 at which the
point optimal test is conducted. It follows from (10.27) and (8.18) that the limiting
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cf. of Xp =Vor(0) +0 asT — oo under a =1 — (0/T) and g = 1 — (¢/T) is given
by

[N

?

S(u) = sinva+b sin\/a—b/ sinh@]
L Va+b Va—b 0

where

CRu-1) 6,/62(2iu — 1)? + Sic2u

a=———————",

2 2
Thus the limiting powers can be computed as
. : Xr _O+z
pm P (Vra(6) 2 2) = lim P <ﬁ 2 7)

|~ exp {_zu(@ + )

R S

5.1 Since y ~ N (()_( ® 1n) 3, 0 (C'(am)Clm)) " ®Im), the LBI test rejects H
when

y' l(]\Z/'iC"(oz)C(oz) ]\7[> ®In|y
do et
— <c,

Y [(M’C’CM) ® fm} y

where M = Iy —X (X’C”C’)_()_l X'C'C. Substituting dC’(a)C(a)/dal,_, = C'ec'C
—(C'C we obtain the LBI statistic Sy1.

5.2 Since the limiting distribution of Xy = Vi1(0) +m# is the m-fold convolution of
that of Vr1(0) +6 in (10.11), (10.47) follows immediately from (10.11) by noting that

5.3 The limiting distribution of Yy = Vii(c) + e¢m is the m-fold convolution of
that of Vri(c) + ¢ in (10.12). Thus (10.48) follows from (10.12) by noting that
P (Vyi(c) > x) = P(Yn/* > (ecm +z)/?).

663



5.4 Since y ~ N ((X ® Im> B, *Qan) ® [m), the LBIU test rejects Hy when

Yy’ l(N’%Ql(a) . N) ®Lnly
T y[ve N e L]y

Since dQQ_l((x)/daQ‘ = 2071 — 2072 Sy, is shown to be the LBIU statistic.

5.5 The limiting distribution of Xy = Vy2(#) + m# is the m-fold convolution of that
of Vipa(6) + 6 in (10.28). Thus (10.54) follows from (10.28).

5.6 The limiting distribution of Yy = Vyo(c) + cm is the m-fold convolution of that
of Vra(c) 4+ ¢ in (10.29). Thus (10.55) follows from (10.29).

7.1 Since it holds that

yMy\ <1 ' ’ )
£<TU§> = L(5Z'M(Ir +pDCC'D)MZ

1 ! 62 / !
= L (TZ MZ + WZ MDCC'DMZ |
where Z ~ N(0, It), we establish (10.69) noting that plim(Z'M Z/T) = 1 and Z'M DC
C'DMZ = O,(T?™+2).

7.2 Tt is easy to deduce that the (7, k)-th element of C'DM DC' is given by

T T T T
BT(ja k) = Z ZQW_ZZQWZZQW/ZZQW,
l=max(j,k) l=j =k =1

Thus Br(j, k)/T*™*! converges uniformly to K (s,t;m), which proves (10.70) because
of Theorem 5.13. The associated FD was earlier obtained in (5.64).

7.3 The (j, k)-th element of C"MC' is given by
1

Br(j,k) = T+1—max(j,k)— p. p. 5
=1 =1
T T T
X |(T—k+D){(T -7+ P"=> 1> 1"}
=1 I=j I=1
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T T T
TS = (T =+ 1) S
I=k I=j =1

Then it can be checked that Br(j, k)/T converges uniformly to K(s,t;m). The as-
sociated FD’s for m = 1 and 2 are available in Theorem 10.2. Consider the case of
m = 3. The integral equation (5.10) with K(s,t) replaced by K(s,t;3) is shown to

be equivalent to
f(t) = e¢rcos VAL + cysin VL4 at® — 2a /X,
28 1
fO) = f) =0, o= [ -
0
Then we obtain D(\;3) after some algebra. The case of m = 4 can be dealt with

similarly.

7.4 Since it can be shown that plim(y'My/T) = 6% as T — oo under p = /T2, we

concentrate on

1 / / 1 / / c? / 2
£ (meen) - (ar(owes £ewer) 7).
where Z ~ N(0, It). Evaluating the (j, k)-th element of
C'MC = C'C = C'(e,d, ) ((e,d, [)(e,d, )" (e, d, [)C,

we obtain the kernel K(s,t). Then the Fredholm approach yields the FD given in the

theorem.

7.5 Tt follows from (10.80) that the limiting c.f. of V7(0)/6? for ¢ = 0 is given by

ow) = I |1-—F7
n=1 (n—§) %+ 62
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Thus (10.81) follows from P (Vy(0) < x) = P (Vp(0)/6? < 2/6?).

7.6 When 0 = ¢, it follows from (10.80) that

> 1

Ay 7
n=1 (n_ l) 71_2
2

Vr(c)/ ¢ > x/ c*) implies (10.82).

LVr(e)) — L

Then P (Vr(c) > z) = P(

7.7 It follows from (10.80) that the limiting c.f. of Vp(0) is given by

N |—=

1 2
- 2iu6> <<n — 5) 4 c2>
¢(u) = H - 1 2 1 2
e o)
[ (1 — 24u) 62 2%ictuf? 72
* N 1\*
. (n-3) ® (n-3) =
92
=t It o
(-3)
L 2 |
_1
= (cosx/a—l—bcosx/a—b/coshe) *
where
62 0
az;(%u—l) : bza\/HQ(Qiu—l)Q—FSiczu.

Then the limiting powers of the POI test conducted at # under the 100v% significance

— P (‘Zg—f) 5 (

21U

level can be computed as

P <V7;)£0) 5) —1- / Re

where z is the upper 1007% point of the limiting distribution in (10.81).

u

—> du,

62

lim

T—o00

Chapter 11.
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2.1 Let us construct the partial sum process :

1 AR j—1 .7'>
_ AN <t<Z).
(S17) Yr(t) \/Ty]+T<t T>\/Tuj, <T _t_T
Then it follows that £ (Yr) — £ (Aw) and
LIRS Ly, (I yr (4

£ (ﬁjzl%‘%) - L (szﬁ (7) (%)
1

. L‘(A / w(t)w’(t)th’).
0

The continuous mapping theorem now establishes (11.12) for k£ = 1. If we construct,

for ( —1)/T <t <j/T,

S18) V)= =m0 +T (-5 ) 2=
we have that £ ( ) — L (Aw) and
: (% > (- 9) (s~ y)’) - ¢ (% > Vi (5) ¥ (%))

. (A /0 w(t)w’(t)dm') ,

1
where w(t) = w(t) —/ w(s)ds. Then (11.12) also holds for k& = 2 because of the
0

continuous mapping theorem.

2.2 For k =1 it follows from Theorem 4.4 that

E (eexk) = F [exp {9/01 w'(t)Hw(t)dtH

2

= H {exp{ /Olwg(t)dt}],

where w(t) = (wy(t), wy(t))" is the two-dimensional standard Brownian motion. Then

we obtain (11.17) from (4.10). The case of k = 2 can be proved similarly.

2.3 Let vx(n) be the n-th order raw moment of Fj(x) in (11.15). Then, we have,
from (1.39),

1 oo 8"1/1k ((91 —(92)
1 — n—1 )
($19) () Uy B,
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where

U1 (6h,—02) = {COS\/CL—I—b cosvVa—b

V2 (01, —02) =

a = —6’214,1141 +01A/1A2, b= CL2+0%|A|2.

Using any computerized algebra we can easily obtain partial derivatives of ¢,. Then

we compute, for instance,

~ sinh /2047 A -3 /
n(1) = Sar 4, / VA (cosh 20A’1A1) dp — 2.
2 0 20A] A, Ay

Finally we can obtain p(n) from vg(n).

2.4 Mercer’s theorem (Theorem 5.2) gives us

(5200 Fi(a) =P (i o ()X 4 8072) 2 o) ,

2

1
where (X,,,Y,,) ~ NID(0, 1), Ay, = (n - 5) 72 and Ay, = n’r?, while 0;(z) and
da(z) are the eigenvalues of the matrix H given in (11.19). Then it can be checked
casily that Fi(x 4+ p) = 1 — Fp(—x + ).

2.5 It follows from (S20) that

Gr(z) = Fy (o +p)

> 1

where oy = /p(2). Since

1
51 (O'ML"",LL), 52 (O'ML""/O = 5

_ %(@xim),

where ay, is defined in Corollary 11.1, (11.22) is seen to hold.

ona Al A; £ \/(onz Al A + |A \2}
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2.6 We first note that 9; = ya; — Blylj ; hence
1TA2_1T2A21T2
ﬁ;%‘ = ﬁjz::llhj - ﬁ1ﬁj§yu-
Since it holds that
s 1 & 1 & 1 &
L (51, ﬁzy%j’ ﬁzygj’ ﬁz{ﬁj)
Jj=1 Jj=1 Jj=1
— L(C, AW Ay, AgWi Ay, AJWV) Ay — ATV A, )

this proves (11.23) and (11.24). Moreover
1

A

T ) . 1 T ﬁ
Z (’IAJJ — @jfl) = (61 s —1) T ZUJU; ( _11 ) s
j=1

Jj=2

which yields (11.25).

Nl

3.1 Since Y7 can be expressed as Y] = =|C", we have
vee (Y{) = vec (Z]C")
= (C®1,) vec (Z)) .

Noting that vec (Z]) ~ N (0, Ir ® ¥11) we obtain (11.33). Moreover it can be shown

that

vec (Y]) (CC)®En C®Xn
~ N O, 9
o C'"®Yy  Ir @3

which proves (11.34)

3.2 It is easy to deduce that

1 1 —1
mYIPLaY: = YV, (YY) YLy
1, (1 _ 7t _
- M- {E M-S Mi-2)) S M-E)Y
1
= ﬁyi,}/l+0p(1)’
1 1 1, (1_,_\"*1_ 1
VMY = VY- gE (225 ) 2= xp
1
= ﬁi/l/)/l+0p(1)



3.3 We can show easily that

1 1
c <fY1’P_152> = L (;Y{Y—l (Y',vy) Y’1:2>
1 -
- (?Ylgg + op(1)>
— ,C (Ul + Ug) s
1 _ 1 1, /1, N‘'t1_,_
L (?)/{Ml:g) = L (TYV{:‘Q — lelzl (?:'1:1) ?:'1:2>
1 1 1
e E (Ul + U2 + 212 — <2121/0 wl(t)dwi(t)Efl + 211> 21_11212>
= L(Uz)

3.4 We have only to show that m,(0) = ¢1(—if), where m,(6) is given below (11.40).

Girsanov’s theorem yields

m1(0) = exp {g (ab —2d) — %} E {exp {% (v — abf) Z2(1)H ,

where v = \/—a20(2x +c20) and dZ(t) = —yZ(t)dt + dw,(t) with Z(0) = 0. Since
Z(1) ~N(0, (1 —e27)/(27)), we can easily obtain the conclusion.

3.5 We compute the right side of (S19), where Xo1s has

[N

(521) Yy (01, —02) = exp {% (2d — ab)} lcosu — abb, Sml‘} ’
u

= \/a2 (207 — 26,) .
Then we obtain, for instance,

o iy (01, —0
E(XoLs) = /0 %12) db,
01=0

B > -1 1 sinhaVv20
= 5/, (cosha\/%) (1+cosha\/% T )d@

b o 0
- 12 [/ Y du+ / (cosh u)fg sinh u du]
0 0

2 v cosh u
212

= 2) .
oy, (12
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We can compute F (X3,¢) and moments of Xygr5 and Xz, similarly.

3.6 It follows from (11.34) and (11.42) that
Yy [vee (¥]) ~ N (e + Vi3 + AV Sz, Sanalr) -

Since f (vec (Y{), Ys) = fi (vec (Y{)) fo (Ya| vec (YY), the MLE of (3 is the ordinary
LSE of g obtained from Y; = de 4+ Y 6 + AYiv + vy, where v = 21_11212 and vy =
=y — Z17. This gives us Bz in (11.45).

3.7 Let us consider first

. 1 -1 _
T (Bous = 8) = (zYiMYL)  ZYIME,
where it holds that

1 1,
L (TQY MY, TY{M:Q)

T
= (Tz Y (s —4) (v — ; Z Y1,j-1 — U1 + &) 52]')

J=1

— c(v, U1+U2+212).

Thus it follows that £ (T (BOLS - 5)) — L (f/’1 (01 + [72 + 212)). We consider

next

-1

~ 1 1_, -~
T (ass = ) = (7zVIPMPY:)  ZY{PMZs,

where Y; = PY;. Since (e,Y_;) P = (e,Y_;), we find

1 1
wYIPMPY: = Y/MYi+o,(1),

1, - 1 1

FYIPME, = ZY'\5) — 2Y{edS, 4 0,(1)

so that £ (T (BQSLS — 5)) — L (f/*l (ﬁl + Ug)) Finally we consider

~ 1 11
T (B = B) = (7VIMY1) £ Y{MaER,

671



where = = (2, Z,), £ = (=7, 1)’ with vy = 3372}, and

1 1
wYIMLY: = SYIMYi+o,(1),
-1
1 1 1 e €= e=
—Y/M,Z = —Y/=2——(Y/e,Y/= — _J) <_H>
T T! T( 1)<.:/16 SASH ==

1 1 I
- Tyll“ T2Y/€€“_f 121 (E121) T EE 4 0,(1).

Since Y{M>Zk/T converges in distribution to

i [ o0 OB + (5,52 - 5 [ w@de(1)

( 2 / (6wl ()3, +211) Iep (zn,zm)} ( —17 )

=T,
where B is defined in (11.35), we can deduce that £ (T (BML — ﬁ)) — L (V‘lﬁg).

3.8 Let us compute

my(0) = E[E{e"

wi}]
- F [eXp {eE (Xa|wy) + %zv (Xz\wl)H

_ exp{e( b—Qd)}E[exp {01 /O1 G2 (1)t

s (1) + equn() | 1 wi(t)dt}]

where

20 bo
cl—a20<:p—|—7>, 02:—%, c3 = abf .

Girsanov’s theorem leads us to

ma(0) = exp {g (ab — 2d) — 1}

2

E [exp {_cl ([ Z(t)dt>2 e+ )20 +ez) [ Z(t)dtH ,

where dZ(t) = —yZ(t)dt + dwy(t) with v = /—2¢; and Z(0) = 0. We obtain
ma(0) = ¢o (—i6) after some algebra.
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3.9 We compute the right side of (S19), where Yy ¢ has

2a2b*03
A (cosp—1)4+ 1+

)

a2b26’%> sin ,u] 2

0
(522) oy (01,—0;) = exp {5 (2d — ab)} l 2 ]

wo= \/a2 (203 — 26,) .

Proceeding in the same way as in the solution to Problem 3.5 we obtain moments of

Yors ,Yasrs and Yyp,.
4.1 Tt follows from (11.47) that
R 1 T -1 1 T
/ /
T (ﬁOLS - 5) =72 jzlyuyu T ]Zlyljg (L)e; .

Using the weak convergence results on the auxiliary process {z;} introduced below

(11.47) we can deduce that

1 Z 1 Z
£ (a POUTATE DD yljg’(mej) — L(R, Q1+ Qs+ ),
j=1 j=1
which establishes the theorem.

4.2 We compute the right side of (S19) when 1, (6, , —02) is given by (S21), where
a,b, c and d are defined in (11.49). We obtain, for instance,

(cosh ay/ 202) od — bt ab sinh ay/260,
= —Q )
2 coshay/20, @ 205

which yields F (Xors). We can compute E (X3, ) similarly.

N

Oy (61, —05)
00,

61=0

4.3 It follows from (11.50) that T (BFM - ﬁ) = V; 'Ur, where

1 & - A A QG
Ur = T > iy (g/(L)Ej — 92191*11@’1@)5]-) — Ao + A1 Q' Qo
j=1
1 Z ,
Vo= 5>y
i=1
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Because of the weak convergence results on the auxiliary process {z;} and Theorem

11.7 we can deduce that

LUr,Vr) — L (Q1 + Q2+ A2 — (91%1 /01 wn (£)dw} ()05, + An) Q' e
— Az + AuQ/ Q12 , R)
= L(Q2R),
which establishes the theorem.

4.4 Let us consider T' (Bors — 5) = VT_lﬁlT and T (BFM — 5) = ‘N/T_lﬁgT, where

7~ N

. 1L

Ur = T Z (yi; — o) g (L)ej,
7=1

- 1T - - I

Uy = 7 Z (y1; — 41) (g’ (L)ej — Qzlﬂﬁlcbll (L) €j> —Apg + Anﬁilﬂu )
j=1

~ 1 N
Vio= 75 5> (=) (yy — )

J:

If we construct the auxiliary process :
Ayij (L)
AZ]' = = €5, 20 — 0,
Az, g'(L)
we have that
T 1
LS -y -0 —¢ ( / w(t)w'(t)dw') ,
= 0

.c( > (2 - 2) Az;) Ny, (D /Olw(t)dw’(t)D’+A) .

Then it is easy to deduce that

3= |

N~
M=

1

L(Ur V) — L(Qi+Qa+An R),
L(Un Vr) — L (Ql + Qo4 App — (Q% /01 @ (8)du, ()97, + AH)
Xy — A + A Quz, R)
= £(@2.R).
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Thus the theorem is established.

4.5 We compute the right side of (S19) when 1, (6, , —02) is given by (S22), where
a,b, c and d are defined in (11.49). We obtain, for instance,

_2d—ab @y 20
2
01=0 sinh a1/ 20,

Oy (01, —0)
00,

so that

2d — ab ws _2d—ab
2a? 0 +/sinh u 2a?

We can compute F (Y3, ) similarly.

E (Yors) = dy .

6.1 It follows from the text that

(—X{,l)B/lw(t)dw/(t)B/< ~X, )
(—X7,1 B/ dtB/<1f(l>+R

L(T(p-1)—L

Since we have

(X0 ) But) = (= [ (Blawn(t) + Byun(t)) wi ()it B,

1 » Biw (t)
X (31/0 wl(t)wl(tﬂt&) ’1> ( Biw, )

(t) + Bawa(t)
= B3Q(1),

we can prove (11.62).

6.2 Consider

N =

T
Zy=p—1- (67 - )/(%Z )
Noting that
M = Ya2j — ﬁylj—g() (5 ﬁ)yu,
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we obtain
1 T ) T
=2 —(0), =D i — (1)
szg 7 T J J
in probability so that plimp = ~v(1)/~(0) = p. Since
A~ /
iy — pi =g (L)e; = pg' (L) ej1 — (B=B) (s — pyr i) »
we have
T » )
= 23— i) — B{( (D)e;— pg (D)o 1))
=2

= (PO -71)/+0

The estimator 67 converges in probability to 27 times the spectrum of {¢’ (L)e;—

pg' (L) ej—1} evaluated at the origin, that is

plim &7 = (¢ = pg') (g = pg) = ((0) = v(1))*g'g / ¥*(0)

Therefore it follows that

(1N o) 1 T((0) = y(m), A7(0) =R
plim (7:2,) = 2(0) M»l 2oy T T A0
GO =) [, g
= 20 (1 * 7(0)> |

6.3 We can deduce from the arguments leading to (11.63) that

1
(TQZm o) — (B} [ @, BiS'S) |

which proves (11.66) by the continuous mapping theorem. Under H; we have

1 T\ 1,
N (a T2, )
7*(0) ~(7(0) = y(1))? g9
J (v(0) = v(1))* g'g < 27°(0) ) (1 i 7(0)>
= —7(0)_7(1) g9 in probability .
- 2,/7(0)g'g <1+ ”Y(O)> probability



6.4 Let us consider

A~

b = yo; — By — Qi Ay
= Egi + (L) §25 — (BFM — 5>/yl‘ - 0n QG (L) &1
T 1 o L J J 11 J

where
. 1 T -1 1 T
T (5FM - ﬁ) = (ﬁ > ylj%j) T > iy
j=1 j=1

C ; N R ) . . R
. <T 15—2JL 7 (L) € — Qi G (L) 51]') — A+ AuinQJ .

Defining the auxiliary process {z;} as in the text, we deduce that £ (T (BFM — ﬁ)) —
L((J)71Y), where

-1

Y = J ( /Olwl(t)w;(t)dt> /Olwl(t)dwg(t)

) w<1>)
= L(BM+)?).

Since plim Qgg.l = Qoo = Jg , the theorem is established.

T
6.5 Under the fixed alternative we have that {o;} is I(1) so that »_ 0; = O, (Tﬁ)
j=1

Since gy is constructed from the long-run variance of {ygj — BA}; Myu}, it holds that
922-1 = Op(T) Thus STl = Op(T)

6.6 The present model may be expressed as
(S23) v=2de+ (kC+ Ir)Zy ~N (56 : 029(/1)) )
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where e = (1,--+,1) : T x 1, Zy = (&a1, -+, &op)'s and Q(k) = (kC + I7) (kC" + I7)
with C being the random walk generating matrix. Let L (k, d, 0%) be the log-likelihood

for v. Then we have
L (/{ ) 02) _ T log (27m2) — 1log | Q)| — 1 (v —de) Q7 (k) (v — de)
o 2 2 207 .

It is easy to obtain
E)z_L
oK? |,

where M = Iy — ee’/T. This gives us the LBIU statistic Srs.

vV MCC'Muv
= constant + T'—— |
v’ Muv

6.7 Consider

1 1
Sre = T3V MCC"MU/ TU’MU,

where v is defined in (S23) with x replaced by ¢/T. We have

1, 1 c c

—v'Mv = =Z (—C' I >M<—C’ I >E

T’ 7 \7 T 7o )=
— o2 in probability .

Moreover it follows from Theorem 5.13 that

1 / ! 1 ! j—
E(TQO'QUMCOMU) = E(muz (CMC—FE(OMO) ):Q—f-()p(l))

—(Ehw)A),

where {\,} is a sequence of eigenvalues of the kernel K (s,t) = min (s,t) — st. Since

A, = n?m? in the present case, (11.75) is established.

6.8 We first note that

. — C§2j 52
I T 1-1L

@zl

+7 (L) (52]‘ — 52) — (BFM — 5)/ (Y1 — 71) — Q21(21_11 (Ay; — Ayy)

T
Z yl_] _yl

c ; -~ < s
X | = 52] + (L) & — 92191_11Ay1j> — Ayp + A Q7' Qi
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We can deduce that £ (T (BFM - 5)) — L ((J{)_1 Z), where
z = J < /0 1 wl(t)w;(t)dt>_ /O " () dwa (1)

+ﬁ (/ 1 wl(t)w’l(t)dt)_l / 1 @1(t)@,(t)dt< ji ) .

Defining the partial sum process :

(T1]

772000+ (= ) (= 7)
we obtain £ (X7) — £ (X), where
X(@t) = (J3,J5) (w(t) —tw(1)) = 2’ /Ot wi(s)ds — Jy (wi(t) — twi(1))
+ﬁ (J5, Js) /Otlb(s)ds
= S5 (Zy(t) + cZs(t)) .

Then it follows that

8.1 It follows from (11.97) and (11.98) that

| 1.
£ (7a¥iYi, g ¥iZ2) — LV, Ur + ).

Thus £ (T (Bors — 8)) — L (V"1 (U + Uy)). Since

1 1 1
o YiP-a¥1 = oY1+ 0,(1).

we also have £ (Td (BQSLS — 5)) — L (V1 (U, + U)). Noting that

1 1

Y IMaYi = ¥iVi+o,(1).

1 Uoe b (1, N L,
TdY Md._g = ﬁ 1/:2_ﬁ 1/.:1 (T:ll:l) ?.:/1:42,
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we deduce that £ (Td (BML - 5)) — L(V'T).

8.2 Let us put

(it
- =J[(1-—L),
O

k=1
where 6, = 1,0y = —1,603 =7 and 0, = —i. Then it follows from (11.101) that
®(L) = A (1+L+ L2+ L) + Ay (1 L+ 1>~ L)
+A3 (1- L) (1—iL) + Ay (1- L?) (1 +iL) + (1 - L') & (L),

where A, must be the complex conjugate of Aj since the coefficients of ® (L) are real.
Thus we may put A3 = G +iH and Ay = G — iH with G and H being real, which
leads us to the expansion in (11.102).

8.3 Using (11.101) we can expand ag (L) as

as(L) = y(1—il) + 7 (1+iL)+ (14 L%) as (L)
= ag+oanl+ (1+L1%)as(L) .

Then it is seen that o4 (i) ® (i) = 0/ is equivalent to (asg + az17) ®(i) = 0.

8.4 The fact that £ (N (BOLS — 5)) — L (V7Y (U 4+ Uy + mX15)) comes from the

continuous mapping theorem and the remark described above the present theorem.

Since
L, L, Lo, = Lo, -
m)/'lp,myl = mylifl + Op(1> y Nylpfm:z = NYim:Q + Op(1> y
we obtain £ (N (BQSLS — B)) — L (V71 (U; + Uy)). Noting that
L, 1,
mYleYl = mylyl +0p(1),

iy’ =, = i = i = i:/: _li:’:
NPT T N NN T N
we deduce that

1
c (—Y{MmYl ,

1
~ —Yl’MmEQ) LV, 1) .

N
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Thus we have £ (N (BML - 5)) — L (V).

8.5 Given wy = {’Lgl(t)} the quantity Xors(m) is normal with

T (1) wn (1) + 3 (ab—24)

~

1

E (Xops(m) | 7:91) = o [ 0wt -
1

V (Xors(m)| g}l) = ¢ [ wl@w(tar.

Then we obtain E {exp (i0Xors(m))} = {#1(0)}", which proves the theorem.
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