Time Series Analysis

Nonstationary and Noninvertible Distribution Theory

Katsuto Tanaka

Chapter 3 Functional Central Limit Theorems

Weak convergence of a stochastic process defined on a function space is discussed.
In doing so we explore various weak convergence results generically called functional
central limit theorems or invariance principles. Emphasis is placed on how to apply
those theorems to deal with statistics arising from nonstationary linear time series
models. It turns out that, in most cases, the continuous mapping theorem is quite
powerful for obtaining limiting random variables of statistics in the sense of weak
convergence. In some cases, however, the continuous mapping theorem does not

apply. In those cases limiting forms involve the Ito integral.
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3.1. Function space C

As a sequel to the last chapter we continue to assume that the stochastic process
{X(t)} belongs to Ly. This assumption, however, needs to be strengthened for subse-
quent discussions. Let C' = C|0, 1] be the space of all real-valued continuous functions
defined on [0, 1] and (C, B(C')) a measurable space, where B(C') is the o-field generated
by the subsets of C' that are open with respect to the uniform metric p defined by
(3.1) plz,y) = sup folt) - y(1)]
for any z,y € C. The uniform metric p(z,y) is a continuous function of z and y
(Problem 1.1), that is, |p(z,y) — p(Z,9)| — 0 as p(x,Z) — 0 and p(y,y) — 0.

Then we assume that the stochastic process X = {X ()} to be treated below is
a measurable mapping from an arbitrary probability space (2, F, P) into C, that is,
X~1(A) € F for every A € B(C). Thus we exclusively consider those stochastic
processes which belong to Ly and have continuous sample paths.

We do not extend the space C' in this book to D = D|0, 1], which is the space of all
real-valued functions on [0,1] that are right continuous and have finite left limits. This
is just because we avoid paying the cost of greater topological complexity associated
with metrics that we equip D with.

The space C' is known to be complete and separable under p, where completeness
means that each fundamental sequence, which is a sequence {x,(t)} that satisfies
(T, T,) — 0 as m, n — oo, converges to some point of the space, while separability
means that the space contains a countable, dense set (see, for more details, Billingsley
(1968, p.220) and Problem 1.2). In this sense the space C is much like the real
line, but each element of C' is a function so that C' is a function space and the
distance of two elements of C' is defined by the uniform metric p. Completeness and
separability facilitate discussions concerning weak convergence of stochastic processes
discussed subsequently. In particular it is because of separability that p(X,Y) =
sup | X (t) =Y (t)| becomes a random variable when { X (¢)} and {Y ()} are stochastic
Opgri)gclesses in C' (Billingsley (1968, p.25)).

The space C, however, is not compact, where compactness means that any sequence
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in the space contains a convergent subsequence. In fact, if we think of {z,(¢)} = {n},
where z,(t) =n (n=1,2,---) is a constant-valued element of C, it is clear that {n}
does not contain any convergent subsequence. The situation is again the same as for
sequences on the real line.

When we discuss convergence in distribution, the lack of compactness of the space

of distribution functions becomes serious. As an example consider a sequence {F),}
of distribution functions defined by
1 r>n,
r<n.
It is evident that F,,(x) converges to G(z) = 0 for each z, but the limiting function
G(z) is not a distribution function. This example shows that the space of distribution
functions is not compact. Thus we need a condition like compactness which will
prevent mass from escaping to infinity (Shiryayev (1984, p.315)).

A further difficulty arises if we deal with weak convergence of stochastic processes
in C. Even if a sequence {F}, ;} of distribution functions corresponding to { X,,(¢)} con-
verges properly for each ¢, it does not necessarily imply weak convergence of {X,,(t)}
as a whole. In the next section we shall give a sufficient condition for the proper

convergence.

Problems
1.1 Prove that p(z,y) is a continuous function of x and y.

1.2 Show that the space C' is complete and separable under the uniform metric p.

3.2. Weak convergence of stochastic processes in C
The stochastic process X = {X(¢) : 0 < t < 1} induces a probability measure
Q = PX ! on (C,B(C)) by the relation

Q(A) =P(X € A) = P(X1(4)), AeB(C).
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Similarly, any sequence {X,} of stochastic processes, where each stochastic process
X, is given by {X,(t) : 0 <t <1}, induces a sequence {@,} of probability measures
determined by

Qn(A) = P(X, € A) = P(X;1(A), AecB(0).

n

We say that {X,,} converges in distribution to X, and we write £(X,,) — L(X) if

lim B{f(X,)} = lim [ f(@)Qu(da)

n—oo n—oo

= [ @)@
= B{f(X))

for each f in the class of bounded, continuous real functions defined on C. There are
some other equivalent conditions for £(X,,) — £(X) (Billingsley (1968, p.24)).

The difficulty with £(X,,) — L£(X) is that, unlike random variables or vectors,
the finite-dimensional distributions £(X,,(t1),-- -, Xn(tx)) for each finite & and each
collection 0 < t; < ty < -+ <t < 1 by no means determine £(X). Namely the
finite-dimensional sets do not form a convergence determining class in C, although
they do form a determining class (Billingsley (1968, p.19)). An example is also found
in Billingsley (1968, p.20). We require a condition referred to as relative compactness
of {X,}, which means that the sequence {@,} of induced probability measures on
(C,B(C)) contains a subsequence which converges weakly to a probability measure
on (C,B(C)). The limiting measure need not be a member of {Q,}. This is the
reason why the adjective ‘relative’ comes in. The relative compactness condition is
difficult to verify in general, but, by Prohorov’s theorem (Billingsley (1968, p.35)),
that condition is equivalent, under completeness and separability of C', to the more
operational condition ‘tightness’. This condition says that, for each positive €, there
exists a compact set K such that Q,(K) > 1 — ¢ for all n. Tightness prohibits
probability mass from escaping to infinity and stipulates that the X, do not oscillate
too violently.

The following is a fundamental theorem concerning weak convergence of {X,,} in

C' (Billingsley (1968, p.54)).
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Theorem 3.1. If the finite-dimensional distributions L£(X,(t1), -, Xu(tx))
converge weakly to L(X (t1),--+, X (tx)), and if {X,.} is tight, then L(X,) — L(X).

The tightness condition can be further made operational. It is proved in Billingsley
(1968, p.5bb) (see, also, Hall and Heyde (1980, p.275)) that {X,,} is tight if and only if
i)  P(]X,.(0)] > a) — 0 uniformly in n as a — oo ;
ii) for each € > 0, P( sup |X,(s) — Xn(t)] > ¢) — 0 uniformly in n as 6 — 0.
|s—t|<d
Note that the condition i) means tightness of X, (0). A sufficient moment condition
for ii) to hold is also given in Billingsley (1968, p.95).
In subsequent sections we consider various examples of {X,}, for which weak
convergence is discussed. To this end we will not go into details, but will only describe

weak convergence results useful for later chapters. Details can be found in Chapter 2

of Billingsley (1968) and Chapter 4 of Hall and Heyde (1980).

3.3. The functional central limit theorem
As a sequel to the previous section we continue to consider a sequence {X,} of
stochastic processes in C. Here we take up a typical example of {X,,}. Suppose that

Uy, Us, - - -, be random variables on (€2, F, P) and define the partial sum :
(32) Sj = Sj_l + Uy, (SO = O) s
— u1+...+uj7 (j:]_)...,n)'

We then construct, for (7 —1)/n <t < j/n,

(33) Xu(t) — % San (t- %) % u

= (5 e (5 6 () -0 (50)

- \/ﬁSj+n( E)%“j

O RIGHICIGEACS)

1 1
= — > u;+ (nt — [nt]) —= Ui
Vo= Vn ’
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where X,(0) = 0 and X, (1) = S,/+/n. Note that, for each t, X, (¢) is a random

variable on (£, F, P) and that X, (t) is a continuous function on [0,1] for each w € Q.
j —

1
Figure 3.1 explains how to construct X, (¢) on [ , l] for fixed w € ). In any case
n

X, = {Xn(t)} is a stochastic process in C' and is called a partial sum process.
Figure 3.1

We now become more specific about random variables uy, us, - - -, in (3.3) to obtain
the so-called Functional Central Limit Theorem (FCLT) or the Invariance Principle
(IP) for {X,}. Donsker (1951, 1952) provided the first general FCLT when {u;}
follows 1.i.d.(0,0?%), which we state below as Donsker’s theorem. The proof starts
by showing that the finite-dimensional distributions converge weakly and then goes
on proving that the sequence in question is tight (see, for details, Billingsley (1968,
p.68)).

Theorem 3.2 (Donsker’s Theorem). Suppose that the partial sum process
{X,(t)} is defined in (3.3) with {u;} being i.1.d.(0, 0?), where o* > 0. Then

c (ﬁ) . L(w),

o

where w = {w(t)} is the one-dimensional standard Brownian motion on [0,1].

For later purposes we also consider the stochastic process of the following form :
B [nt]

1 1
3.4 Xn(t) = — i — U t — nt|)—=(Upg+1 — U
(3.4 0 = 5 S~ D+ (0t ol s =)
= X,(t) —tX,(1),
where u = Zuj /n. The process {X,(t)} may be referred to as the mean-corrected

j=1
partial sum process, for which we have the following result.

Corollary 3.1. Suppose that the mean-corrected partial sum process { X, (t)} is
defined in (3.4) with {u;} being i.1.d.(0,0?), where a* > 0. Then

L <&> — L(w),
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where w = {w(t)} = {w(t) —tw(1)} is the one-dimensional Brownian bridge on [0,1].

Similarly, if we consider the demeaned partial sum process :

n

=% (% ;m) + (nt — [nt]) —=ufnt+1

) [t

(35) X)) = %;W—

-

we have the following result.
Corollary 3.2.  Suppose that the demeaned partial sum process { X, (t)} is defined
in (3.5) with {u;} being i.1.d.(0, 0?), where o* > 0. Then

1
where w = {w(t)} = {w(t) — / w(t)dt} is the demeaned Brownian motion on [0,1].
0

Note that the Brownian bridge and the demeaned Brownian motion are contin-
uous functionals of the Brownian motion. Corollaries 3.1 and 3.2 may be proved
from Donsker’s theorem using the continuous mapping theorem discussed in the next
section.

Donsker’s FCLT was further developed into several directions where {u;} in (3.3)
is a sequence of dependent random variables. Billingsley (1968, Chapter 4) estab-
lished the FCLT under ¢- mizing conditions, which was largely extended by McLeish
(1975a, b, 1977) under the so-called mizingale conditions. There is now vast litera-
ture concerning mixing sequences and Yoshihara (1992, 1993) gives excellent reviews
of the literature. We, however, do not take this approach because it seems difficult
to accommodate the limit theory on mixing sequences to linear processes discussed
subsequently. In fact, not all linear processes satisfy strong mizing conditions (see,
for example, Withers (1981) and Athreya and Pantula (1986)). We will take an al-
ternative approach that was advocated by Phillips and Solo (1992) and is especially

designed for the case where {u;} follows a linear process.
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3.4. Continuous mappings and related theorems
In this section we present some useful theorems to establish the FCLT for linear
processes dealt with subsequently. The first theorem referred to as the continuous
mapping theorem is quite important (see, for the proof, Billingsley (1968, p.29)).
Theorem 3.3. Let h(z) be a continuous function defined on C. If L(X,) —
L(X), then L(h(X,)) — L(h(X)).

This theorem is well known if the X,, are random variables (see Rao (1973, p.124)
and Problem 4.1).
To utilize fully the continuous mapping theorem 3.3 we need to define the Riemann

integral in terms of convergence with probability 1. To see this consider
1
(3.6) h(X) = / X2(1)dt,
0

where X (t) belongs to C. Although we naturally require X (t) € Lo for every t, it
does not necessarily imply X?(¢) € Ly. Thus the integral in (3.6) cannot be defined as
the m.s. Riemann integral unless X?(t) € Lo. In the present case, however, X?(t) =
X?2(t,w) is a continuous function of ¢ with w € ) fixed so that the Riemann integral
/ 1 X?(t,w)dt is well defined at each w. On the other hand the collection of these
igtegrals at all w can be defined as limits of sequences of F-measurable Riemann

sums
DXt W)t — ), (G Eltiont))
J

since a uniform sequence of partitions of [0, 1] and uniform values ¢/ can be used in ob-
taining /1 X2(t,w)dt at all w. Thus h(X) in (3.6) is F-measurable and is independent
of the Se(()luences of partitions and the values t;- involved in the limiting procedures.
Thus the integral in (3.6) is well defined in the sense described above, which we call
the Riemann sample integral. More details can be found in Soong (1973).

The continuity of h(z) in (3.6) at a point x € C' can be proved as follows. For z

fixed consider




< )+ 20ey) [ leoldr,

which evidently tends to 0 as y — x (p(z,y) — 0).

Three more examples of h(z) follow (Problem 4.2).
(3.7) M) = sup (t), ha(z) = sup |z()],  hs(w) = (m(x), hal@))
Note that h(x) may be vector-valued, as in hs(x). As a special case of Theorem 3.3,
suppose that £(X,,) — L(c), where ¢ is a constant on [0,1], which belongs to C'. Then
X,, converges in probability to ¢ (Problem 4.3) in the sense that p(X,,c) — 0 in
probability, that is,

P(p(X,,c) > €)= P( sup |Xp,(t)—c|>¢) —0
0<t<1

for each positive €. Therefore we have the following theorem.

Theorem 3.4. Let h(x) be a continuous function defined on C. If X,, converges
in probability to a constant ¢, then h(X,) converges in probability to h(c).

This theorem is also standard if the X,, are random variables (see Rao (1973,
p.124) and Problem 4.4). The continuous mapping theorem 3.3 can be extended to
the case where h is not necessarily continuous. The following theorem is proved in
Billingsley (1968, p.31).

Theorem 3.5. Let h(zx) be a measurable mapping of C' into another metric space
S" (with metric p' and o-field B(S")) and let Dy, be the set of discontinuities of h. If
L(X,) — L(X) and P(X € Dy) =0, then L(h(X,)) — L(A(X)).

As an example consider h(w) = 1//1 w?(t)dt, where {w(t)} is the standard Brow-
nian motion. Then h(w) is measurabl(g and P(w = 0) = 0 so that P(w € D) = 0;
hence the above theorem applies.

The next theorem relates convergence in probability on C' with weak convergence.
The proof is given in Billingsley (1968, p.25).

Theorem 3.6. If L(X,) — L(X) and p(X,,Y,) — 0 in probability, then
L(Y,) — L(X).
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This theorem is also well known if X, and Y,, are random variables (see Rao (1973,
p.122) and Problem 4.5).

We now explore some applications of theorems presented above. Let us consider
a model :

(38) yj:pyjfl—i_gja yOZOa (j:LaT)a

where the true value of p is 1 and {¢;} ~ 1.1.d.(0,0?). The statistics dealt with here

are
1 &,
Sir = 3295
T2j:1 J
1 Z o
Sor = ﬁzle‘y)’
J:
Szr = T(p—1),
0— 1
S4T - p—a
6/ Zyjz—l
7j=2
where

T

T T
p= Zyj,lyj /Z Yi1s Z — pYj-1)

i=2 i=2
The above statistics Sy through Syr are functions of {y;}. Noting that y; =
€1+ - +¢; we define, for (j —1)/T <t < j/T,

(39) Xp(t) = \F Zel 4T <t _ %) %5]-

so that X7(j/T) = y;/VT and L(Xr/o) — L(w).

As for S;r we have

S = lzT:XQ <l)
1T Tj:1 T T

= h(Xr)+ Rir,
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where
1

2 (t)dt, veC,
(3.10) Rir = TET: <) /OlX%(t)dt
£ ()

Since L(h1(X7/o)) — L(hi(w)) by the continuous mapping theorem, £(S;r/c?) —

>
=
=
I
S

dt .

L(hi(w)) follows from Theorem 3.6 if Ry converges in probability to 0. In fact the
integrand in (3.10) has the following bound:

‘X% (i) - X%(t)‘ <2 sup | Xr(1)] g&g;% :
where we have L( sup |Xr(t)/o]|) — L( sup |w(t)]). Here P( sup lw(t)] >b) is
known as a boundz:ry—crossmg probablhtyO(Shorack and Wellner (1986 p.34)). We
also have (Problem 4.6)

(3.11) max 121} —0 in probability.

1<G<T \/T
Thus it must hold (Problem 4.7) that

(3.12) sup | Xr(t)] max, % —0 in probability.
0<t<1 <<

Therefore we obtain

£(52) (e $) ([ w0m)

Note that this last integral expression is well defined both in the m.s. sense and

in the sense of convergence with probability 1, while h;(X7) is not necessarily m.s.
integrable.

Similarly we can show (Problem 4.8) that

313) L (%) = L <T2102 é(yj - §)2>

— L (/01 w(t)dt — </01w(t)dt)2>

- ¢ (/Ol(w(t) ~ tw(®)?dt)
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Establishing the last equality in (3.13), however, is not straightforward so far as
{e;} ~ 1.1.d.(0,0?). Under this assumption weak convergence can be established as
in the second line in (3.13). Thus we may consider a special case where {¢;} ~
NID(0, 0?), from which the last expression in (3.13) results. This is a reason why
Donsker’s FCLT is also called the invariance principle. Once the weak convergence is
established, we can find the limiting distribution in an easy special case.

We next consider
Ssp = T(p—1)

1 T
= TZZyj_l(yj _yj—l)/
j=

1 &,
ﬁZyj-l
j=2

- UT/VT7
where
1.7
(314  Ur = =3 vy — )
=2
1 1
S 10} P o
1 2
(3.15) Vi = —223/3'71
=2
1 T 2 j 1 2
- 7 X% (7)ot
J:

Let us define a continuous function hs(z) = (hsi(x), hga(x)) for z € C, where

() = 522(1), ha(e) = [ "2ty

Then we have
1 &,
UT = h31(XT) — ﬁjzlgj,

1
Vi = hg(Xr)+ Rip — ﬁy%,
where Ryr is defined in (3.10).
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It is now easy to deduce that

L (ﬁ K‘;) — L (h31(w) -

)
o2’ o

1

)

and Theorem 3.5 yields

L(Ser) = L(T(p-1))

= ()

(-
Jo w2(t)dt
(B
Jo w?(t)dt )
Finally we deal with the t-ratio like statistic defined by
Ur/Vr

/J; TN

\/VT

where Uy and V7 are defined in (3.14) and (3.15), respectively. Since it can be shown
(Problem 4.9) that

S4T =

T
(3.16) &2 Z — pyj1)’ — o®

in probability, Theorem 3.5 again yields

a&ﬂ_ﬁﬁ(ﬁg@@ﬁg,
fol 'LUQ(t)dt

As is seen above, the FCLT combined with the continuous mapping theorem is
powerful and plays an important role in deriving weak convergence results for various
statistics. Since the present approach always starts with constructing a partial sum
process in C, while our concern is a statistic, the approach may be referred to as
the stochastic process approach. The terminology will also be used in Chapter 4 for

another purpose. If the statistic under consideration is a quadratic form or the ratio
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of quadratic forms, we need not make such a detour as is involved in the present

approach. An alternative approach will be presented in Section 6 of Chapter 5.

Problems

4.1 Prove Theorem 3.3 when the X,, are random variables.
4.2 Show that the functions h(x), he(x) and hs(z) in (3.7) are continuous in C.

4.3 Prove that £(X,) — L(c) in C implies p(X,,,c) — 0 in probability, where c is

a constant.
4.4 Prove Theorem 3.4 when the X,, are random variables.
4.5 Prove Theorem 3.6 when X,, and Y,, are random variables.
4.6 Show that (3.11) holds.

4.7 Prove that, if £(X,) — £(X) and Y,, — 0 in probability, then X,Y,, — 0 in

probability, where X, X,, and Y,, are random variables.
4.8 Derive the weak convergence results in (3.13).

4.9 Establish (3.16).

3.5. FCLT for linear processes: case 1

In this section we consider a sequence {Y,,} of stochastic processes in C' defined by

J

(3.17) Y, (t) ! zj: + <t ) ! <j_1<t<j>
. n = = Uy n - — | ——= Uy, - XUt ="1,
Vvn = n) mn -’ n n
where {u;} is assumed to be generated by
(3.18) uj =y ey, ap =1.
1=0

Here {¢;} is a sequence of random variables defined on (2, F, P), while {oy} is a

sequence of constants for which we assume

(3.19) S| < 0.
=0
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The condition (3.19) may be replaced, for example, by Z I?a; < oo, but we do assume
1=0
the stronger condition (3.19) only for simplicity (Problem 5.1).

To establish the FCLT for {Y,,} in (3.17) we need additional assumptions on {¢,}.
In this section we assume that {¢;} ~ 1.1.d.(0,0?) with ¢ > 0 so that {u;} in (3.18)
belongs to Ls discussed in Chapter 2 and becomes ergodic and strictly stationary as
well as second-order stationary (Hannan (1970, p.204)). Following Phillips and Solo
(1992) let us decompose {u;} into

(320) Uj:()é€j+§j_1—§j,

where it is easy to check (Problem 5.2) that

(3.21) a=> a,

(3.22) g =) e, M=y ay.
=0 k=Il+1

The sequence {£;} also becomes stationary (Problem 5.3) with |a| < co and »_|&| <
1=0
0o. The decomposition (3.20) is known in the econometrics literature as the Beveridge-

Nelson (1981) or BN decomposition. A similar decomposition was already used by
Fuller (1976) when the MA representation is of finite order (Problem 5.4).

We now have
(3.23) Yo (t) = aX,(t) + R, (1),

where, for (j —1)/n <t < j/n,

1 Z jy\ 1
24 X, (t) = — - t— L) — ¢,
(3.24)  Xu(t) ﬁzm( 2) Tmer

(325) Rn(t) = % (50 - éj) +n <t — %) % (6]'_1 — 6]') .

By Donsker’s theorem 3.2, we have £(X, /o) — L(w), where w = {w(t)} is the

standard Brownian motion, so that £L(a X, /o) — L(cw) by the continuous mapping
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theorem. We now show that p(Y,,, «X,) — 0 in probability so that, by Theorem 3.6,
we have L(Y,,/0) — L(aw). Consider

3.26 Y,,aX,)= R, (t — max |
326)  pl¥oaX,) = sup [y (0)] € = max .
which converges in probability to 0 if

1
(3.27) — max |[§;| — 0 in probability.

\/ﬁ 0<j<n

This last condition is equivalent (Problem 5.5) to

(3.28) Z 1(&7 > nd) — 0 in probability

3|>—‘

for any 6 > 0, where I(A) is the indicator function of A. Since E(.J,,) — 0 because of
strict and second-order stationarity of {¢;}, (3.28) follows from Markov’s inequality.
The above arguments are summarized in the following theorem.
Theorem 3.7. Let {Y,} be defined by (3.17) with {u;} being generated by the
linear process (3.18) under the summability condition (3.19). If {¢;} in (5.18) is an
i.1.d.(0, 0?) sequence, then L(Y, /o) — L(aw).

As an application of this theorem consider an integrated process :
(3.29) Yj = Yj—1+uy, Yo =0, uj=> ey, ag =1,

where {¢;} ~1.i.d.(0,1) and {} satisfies (3.19). Then we obtain (Problem 5.6)

(3.30) ( zij ) (] 1w2(t)dt),

3= |

(3.31) L (% zT:l(yj - y)2) — L <a2 /01 (w(t) - /01 w(s)ds>2 dt) :
where o = ial .
Problems
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5.1 Show that Y I|oy| < oo implies Y I*af < oc.
1=0 1=0

5.2 Derive the BN decomposition (3.20) from (3.18).
5.3 Show that {¢;} in (3.22) is second-order stationary.

5.4 Derive the BN decomposition as in (3.20) when the order of the MA represen-
tation in (3.18) is finite.

5.5 Prove that

1<j<n

P(max |Z;| >0) =P (Z Z:1(|1Z;] > 6) > 52)
j=1

so that (3.27) and (3.28) are equivalent.

5.6 Derive the weak convergence results (3.30) and (3.31).

3.6. FCLT for martingale differences

This section serves as a basis of discussions concerning FCLT’s for linear processes
presented in the next section. The FCLT that we have seen in Section 3 assumes
the basic sequence that forms the partial sum as in (3.2) to be i.i.d., and this FCLT
has been extended in Section 5 to the dependent case where the basic sequence is
stationary and is represented by an infinite, weighted sum of i.i.d. random variables.
In these FCLT’s the sequence of stochastic processes has a constant variance, while
covariances depend only on time differences. This is referred to as the homogeneous
case. The present section deals with a nonhomogeneous case, where the basic sequence
has nonconstant variances, while covariances are assumed to be zero. This last as-
sumption is relaxed in the next section so that the basic sequence has nonconstant
covariances.

For the above purpose we assume {¢;} to be a sequence of martingale differences,
that is, E(|¢;|) < oo and E(g;|Fj—1) = 0 (a.s.), where {F;} is an increasing sequence
of sub o-fields of F. Note that {¢;} is defined on (€2, F, P) and that each ¢; is
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measurable with respect to F;. Then {¢;} is said to be adapted to {F;}. In subsequent
discussions {¢;} is assumed to belong to Lo, that is, E(e ) < 00, which is said to be
square integrable. Note that square integrability of {¢;} does not necessarily imply

supE( %) < oo, much less E(supg ) < o0.

We now describe the FCLT due to Brown (1971) (see, also, Hall and Heyde (1980,
p.99)). Let us define

1 tsy — s34 1 s?
(3.32) —Y e+, ( J
5j

nzl

C’D‘
3
IN
~
IN
CD|CD
S|
~—

$7_1 Sn

where

(3.33) s2 = z:E(ei) =F (z: ej)

It is noticed that the construction of the partial sum process {,(¢)} is different from
Donsker’s. This is because of the nonhomogeneous nature of variances of {¢;}. A

geometrical interpretation of paths of £,(t) is that &, (¢ ) in the interval [s7 /s>, s3/s7]

is on the line joining (s5_,/s2, Z&/Sn ) and (s3/s7, Z&/Sn (Problem 6.1).

Theorem 3.8. Let {¢;} be a sequence of square mtegmble martingale differences

satisfying
(3.34) 25 — 1 in probability,
n_] 1
(3.35) Z [6 I(le;] > 55‘”)} — 0 for every § > 0.

Then L(&,) — L(w) .

It is easy to check that the present theorem does imply Donsker’s FCLT when {¢;}
is 1.i.d.(0,0?) (Problem 6.2). It is not trivial if what class of martingale differences
satisfies the conditions (3.34) and (3.35). A set of sufficient conditions for these to
hold will be given later. The condition (3.35) is referred to as the Lindeberg condition,
which implies (Problem 6.3) that

(3.36)  max B(e))

1<j<n - §2

_>O’
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and thus, by Chebyshev’s inequality,

(3.37) max P (ﬂ > 5) — 0 for every 0 > 0.

1<j<n Sn

Moreover, since it holds (Problem 6.4) that

(3.38) P < max =il > 5) =P (5—2 Y el (lej] > 0sn) > 52) :

1<j<n s, 2
the Lindeberg condition also implies
(3.39) max &l —0 in probability.

Phillips and Solo (1992) prove that, if (3.34) holds, (3.39) implies the Lindeberg
condition (3.35). Therefore the conditions (3.35) and (3.39) are equivalent under
(3.34).

We now give a set of sufficient conditions for Theorem 3.8 to hold. We first assume

that there exists a random variable  with E(n?) < oo such that
(3.40)  P(leg| > 2) < eP(|n| > z)

for each > 0, j > 1 and for some positive constant c. In general, the sequence {e;}
satisfying (3.40) with E(|n|) < oo is said to be strongly uniformly integrable (s.u.i.).

Since we assume E(n?) < oo, {5?} also becomes s.u.i., which implies that

J

E(?) = /OOOP(53>x)dx

< c/oo P(n* > x)dx
0
= cE(n*) <

so that sup F (5?) < oco. It also implies uniform integrability of {7}, that is
J

(3.41) (Slggo sng [5?1(\63'\ > 5)} =0,

since it holds (Problem 6.5) that

(342)  E[2I(g] > 6)] = P(,| > 6) + /:P (Ie;l > va) de.
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It can be shown (Problem 6.6) that uniform integrability of {e2} implies sup E(£3) < co.
J

We next assume that

n

S E(e3|F;1) — o in probability,

1
(3.43) —
n i
where 02 is a positive constant. Since Hall and Heyde (1980, p.36) proved that, if
{3} is s,

%Z 2~ E(2F.1)] —0  in probability,

—

<

we necessarily have that

n
Z 8? — 0?2 in probability,
j=1

S

Moreover it is known (Chow and Teicher (1988, p.102)) that {>&%/n} is sui. if
j=1
{e?} is. This fact together with convergence in probability implies (Chow and Teicher

(1988, p.100)) that
- E(2) = S 2
S o)
Thus the first condition (3.34) in Theorem 3.8 is clearly satisfied if {7} is s.u.i. and
(3.43) holds.
As for the Lindeberg condition (3.35) we can deduce from (3.42) that, if {7} is

S.u.i.,

E[21(ej] > v/ndo.)| < cE [n*I(|n| > Vndo.)] .

Thus the Lindeberg condition (3.35) is ensured because E(n?) < oc.

We conclude the above arguments by the following corollary.

Corollary 3.3. Let {¢;} be a sequence of square integrable martingale differences
that satisfies (3.40) with E(n?) < oo, and (3.43) with o > 0. Then the two conditions
in Theorem 3.8 are satisfied so that L(&,) — L(w).
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The strong uniform integrability condition plays an important role in the above
corollary. That condition was also used by Hannan and Heyde (1972) in a different
context. If we can impose quite a restrictive assumption:
(3.44) E(supe?) < oo,

J
we necessarily have P(e? > z) < P(supe? > x) so that (3.44) ensures strong uniform
J

integrability of {¢7}. Thus (3.44) implies the Lindeberg condition (3.35). Then, if
(3.43) holds, the condition (3.34) in Theorem 3.8 is also satisfied.

The following corollary summarizes the above arguments.

Corollary 3.4. Let {¢;} be a sequence of square integrable martingale differences

such that

i) E(supej) <oo ;
j

1 n
ii) =Y E(e5|F;—1)  converges in probability to o2 > 0.
n =
7j=1
Then the two conditions in Theorem 3.8 are satisfied so that L(&,) — L(w).

As a final remark to this section we mention that the above results also apply to a
triangular array {€;,, 1 < j <n, n > 1} of square integrable martingale differences,
where {¢;,} is adapted to {F},} which is a triangular array of sub o-fields of F such
that F;_1,, C Fj, for all n. This means that we may put €;, = ¢;/s,, in Theorem
3.8. A simple example of {e;,,} is {jn;/n} with {n,} being 1.i.d.(0,?). Here {jn,/n}
is not identically distributed, although independent. It can be checked (Problem 6.7)
that Theorem 3.8 still holds with €, replaced by ¢;,, = jn,/n.

Problems
6.1 Explain the geometrical interpretation of paths of &, (¢) described below (3.33).
6.2 Check that the two conditions in Theorem 3.8 are satisfied if {¢;} is i.i.d.(0, 0?).
6.3 Derive (3.36) from the Lindeberg condition (3.35).
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6.4 Prove the relation in (3.38).

6.5 Show that strong uniform integrability of {¢3} implies uniform integrability of

{e7}, proving the formula (3.42).
6.6 Prove that uniform integrability of {7} implies sup E(e}) < oo.
J

6.7 Show that the two conditions in Theorem 3.8 are satisfied if ¢; is replaced by
in = jn;/n with {n;} being 1.1.d.(0, o).

3.7. FCLT for linear processes : case 2
This section deals with the linear process generated by a sequence {¢;} of square
integrable martingale differences discussed in the previous section. More specifically

we consider

19 ts? —s2 .1 s2 52
_ n Jj—1 Jj—1 J
(345) Yn(t) = 5 El U; + 782- 2 ; _S Uj —82 <t< _52 s
n 4= 7 J— n n n
where

(3.46) s2 = zn: E(&‘?) =F (zn: ej) ,
(3.47) uj =y ey, ap=1,

(3.48) > ley] < o0
1=0

In Section 5 we saw that the FCLT for the linear process generated by an i.i.d.(0, o?)
sequence did not require any additional assumptions except (3.47) and (3.48). In the
present case it seems necessary to impose a slightly stronger moment condition on
{e;} than required in the previous section to establish the FCLT for {Y,,} in (3.45),
which we now discuss.

Using the BN decomposition as in Section 5 we obtain (Problem 7.1)
(3.49) Y, (t) = a&n(t) + R.(t),
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2 /2 2 /2
where, for s5_,/s; <t <si/s;,

1! ts? —s2 1
3.50 n(t) = — it —c;,
B0)  G0)= Tt g

1 ts? —s? |1
3.51 R,(t) = — (g — &, N J= (s
(3.51) (t) Sn(é‘o Ej-1) + 2o, Sn(é‘y 1= &)
(3.52) a=> a,

1=0

(353) éj = Zdl Ej—1s &l = Z Qg .
=0

k=Il+1

Suppose, for a moment, that {c;} is a sequence of square integrable martingale dif-
ferences satisfying that {5?} is strongly uniformly integrable, that is, there exists n

with E(n?) < oo such that P(|gj| > z) < ¢P(|n| > x) for each z > 0, each integer

j and some ¢ > 0. We also assume that ) FE(e?|F;_1)/n converges in probability to
j=1
02 > 0. Then it follows from Corollary 3.3 and the continuous mapping theorem 3.3

that £(a&,) — L(aw).

We next deal with the remainder term R, (t) defined in (3.51), for which we have
(Problem 7.2)

4
(351)  sup [Bu(D)] = p(Y,06) < — max |5,
0<t<1 n 0<i<n
Note that {;} satisfies (Problem 7.3) that
(3.55) E(E) < cEm*)Y_ &)
1=0

As was explained in Section 5, the last quantity in (3.54) converges in probability to
0 if

1
(3.56) — max |[§;| — 0 in probability

n 0<i<n

or, equivalently,

(3.57) Iy = = 252[ &> s500) — 0 in probability

n j=0
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for any § > 0. The condition (3.57) holds if F(.J,,) — 0, which was automatically satis-
fied in Section 5 since {éjz} was uniformly integrable because of strict and second-order
stationarity of {£;}. In the present case, however, {¢;} is not stationary. Nonethe-
less we assume {7} to be uniformly integrable, as in Phillips and Solo (1992). A
sufficient condition for this is sup F(|;|**7) < oo for some v > 0 (Billingsley (1968,
p.32) and Problem 7.4). This,Jin turn, holds if sup E(|e;|*") < oo, which is im-
plied by E(|n|**7) < oo because of Holder’s inequaljity (Problem 7.5). We now have
p(Y,, a&,) — 0 in probability so that £(Y,,) — L(aw) by Theorem 3.6.

The above arguments are summarized in the following theorem.

Theorem 3.9. Let {Y,} be defined by (3.45) with {u;} being generated by
the linear process (3.47) under the summability condition (3.48). If {e;} in (3.47)
is a sequence of square integrable martingale differences that satisfies (3.40) with

E(|n|*™) < oo for some v > 0, and (3.43) with ¢* > 0, then L(Y,) — L(aw).

£

Note that, in comparison with the condition E(n?) < oo in the previous section,
we have imposed a stronger moment condition E(|n|*™) < oo for some vy > 0 so

that sup E(]e;]*"7) < oo. This condition may be dispensed with if we can assume
J
E(supe?) < oo (Problem 7.6). In fact we have the following corollary.
J
Corollary 3.5.  Let {Y,} be defined as in Theorem 3.9. Suppose that {€;} in

(3.47) is a sequence of square integrable martingale differences such that
i) E(supej) < oo;
J

n

i) %]2:1 E(5§|.7-"j_1) converges in probability to o2 > 0.
Then L(Y,) — L(aw).
Problems

7.1 Derive the expression in (3.49).

7.2 Prove the inequality in (3.54).
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7.3 Show that {&;} in (3.53) satisfies the relation (3.55) if {7} is s.u.i. and (3.48)
holds.

7.4 Show that sup E(|;|**7) for some v > 0 implies uniform integrability of {£3}.
J

7.5 Prove that, if there exists n with F(|n|*™) < oo for some v > 0 such that
P(lej| > ) < P (|n| > x) for each x > 0, each integer j and some ¢ > 0, then

sup E(|e;]**7) < oo and sup E(|§;[**7) < oo.
j J

7.6 Prove that, if E(sup 55) < 00 and (3.48) holds, then (3.57) is ensured.
J

3.8. Weak convergence to the integrated Brownian motion

In Section 4 of Chapter 2 we introduced the integrated Brownian motion and indi-
cated that the so-called I(d) process is essentially the (d — 1)-fold integrated Brownian
motion. In this section we refine this fact on the basis of results obtained so far in
this chapter.

Let us first discuss weak convergence to the one-fold integrated Brownian motion
{Fi(t)} defined by

t
(3.58)  F(t) = / w(s)ds |
0
where {w(s)} is the one-dimensional standard Brownian motion. Let us construct the

I(2) process {y](-z)} generated by
(3859) (=L =¢.  yE=y? =0,  (=1-n).

where we assume, for the time being, that {e;} is 1.1.d.(0, ¢%) with o > 0. Note that
(3.59) can be rewritten (Problem 8.1) as

(3:60)  y =y ry = ey,

where {yj(-l)} is the I(1) process or the random walk following yj(.l) = .](17)1 +¢5, y$V = 0.

Define two sequences {Y,()} and {Y,?} of stochastic processes in C by

1 1

- —Z€¢+n<t—l>—5]~, (‘7 gtgl),




B02) YOO = maflh+ o )]

1)
41
j .
— 12}/(1)() <t—l)iy(~1) <Q<t<
n=" n/) nyn n - =

1=

).

We now show that £(Y,?) /o) — L(F}). For this purpose define the integral version
of (3.62) by

Gun(t) / YO (s

Note that £(Gy,/0) — L(Fy) by the continuous mapping theorem. Then it holds
(Problem 8.2) that, for (j —1)/n <t <j/n,

L rn i t
Z/ YL (—) ds —/ Y (s)ds
i=1 % n 0

2 1
< = - YD (1) .
< ﬁlrgfg§1|6j|+n0§ggl\ (t)]

It follows from Donsker’s theorem that £(Y,(") /o) — L(w).

1
@ B Y
(3.63) Y 2(t) — Gin(t)] < _'_n\/ﬁ ‘yﬂ' ‘

Now it can be shown (Problem 8.3) that

(3.64) sup Y (t) — G (t)] — 0 in probability.

0<t<1

This fact together with £(G1,/0) — L(F}) establishes that £(Y,?) /o) — L(F}).
Weak convergence to the general g-fold integrated Brownian motion can be dealt

with similarly. Define, for a positive integer g,

(365  Fy(t) = /Othl(s)ds, Fo(s) = w(s),

and construct the I(d) process {y](-d)} generated by

d .
(366) (11" =¢,  (G=1-.m),
with Q1) = 405 = - = 4" = 0 and {e,} being i.i.d.(0,0?). We have
d d— d— d—
(367) YD =y Y — D e O
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and put, for d > 2,

1 d 1 a-1
(3.68)  YD@) = ndi%y[(nzpt(nt—[nt])ndi%y[(ntH)l
1J N 1 4 -1
- LS () en(i- ) e (s )
7’L — n/ n“ 2 n n

Define also the integral version of (3.68) by

t
Guin(t) = / Y @D (5)ds.

We now prove by induction that £(Y, ¥ /o) — L(F;_,) for any d > 2. The case
d = 2 was already established. Suppose that £(Y,*~V/a) — L(F},_5) holds for some

k > 3 so that L(Gy_1,/0) — L(F}—1) by the continuous mapping theorem. Then we
have (Problem 8.4), for (j —1)/n <t < j/n,

(3.69) |Yn(k)() Gr-1n(t ‘Z/ y (k= 1)< >ds—/ y (k= 1)

(k—1)
_'_nk;—% Yi ‘
< 2 max || —l—l sup ‘Y(kfl)(t)‘ :
IRVAOR A no<t<1 |

Thus it is seen that Sup V.9 () — Gy_1.,(t)| converges in probability to 0. Since

L(Gr-1n)0) — E(Fk,ol_)ti)ly assumption, (3.69) yields that L(Y,®) /o) — L(F,_1).
The above arguments can be easily extended to the case where the innovation

sequence {¢;} follows a linear process. We state an extended result in the following

theorem, whose proof is left as Problem 8.5.

Theorem 3.10. Suppose that the I(d) process {y](-d)} is generated by
Q-0 =u;,  (d>2, j=1,---,n),

d d d
where y(_()d_l) = y(_()d_Q) =...= y(() ) =0 and

o o0
uj:Zalsj_l, ap=1, Zl|al|<oo,
=0 =0

with {e;} being i.i.d.(0,02). Define Fy_1(t) and Y,V (t) by (3.65) and (3.68), respec-

tively. Then L(Y,) /o) — L(aFy_1), where o= > ay.
1=0
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As the first application of Theorem 3.10 we establish the weak convergence of
LS~ (@2
B70)  Sr=gmX(s) . @22
]:
For this purpose we put
1
3.71)  h(z) :/ 2()dt, zeC.
0
Using (3.68) and noting that Yr}d) Jj/T) = yﬁd)/Td*% we consider
T : 2 1
g (y@oy L @ (Y _ @ (1))
so-n(v?) = 5% (2 () - [ ()"
s T (v (VY vy g
[ )Y - o]
where the integrand has the following bound:

o [ () - o0

Thus it can be shown (Problem 8.6) that

<2 su ‘Y( ‘ max ‘yjd 1)‘
O<tI<)1 1< -5

(3.73) Sr—h (YT(d)) —0 in probability.

Since £< /0') — L(aF;—1) by Theorem 3.10 and E( ( /a)) — L(h(aFy-1))
by the continuous mapping theorem, (3.71) and (3.73) lead us to

374 L (%) — (e 1 F3 (1))

As the second application we establish the weak convergence of

(3.75) Ur = T2d 1 Zyﬂ 1( " yj(d)l)

= 2Tid-1 (ygj)) 2T2d 1 Z( i y]_ )2 :

Since {yj(d) - yj(.cf)l} is the I(d — 1) process because of (3.67), it is easy to see that the

last term on the right side of (3.75) converges in probability to 0 for d > 2. Then we

have, by Theorem 3.10 and the continuous mapping theorem,

c (%) - E( P2 1(1)) "y (a2 /01 Fd_l(t)dFd_l(t)> .
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The equality above is due to (d — 1)-times differentiability of {Fy_1(¢)}. Note that
the situation is completely different from the case d = 1, which will be discussed in

Section 11.

Problems
8.1 Derive the recursive relations (3.60) and (3.67).
8.2 Prove the inequalities in (3.63).
8.3 Show that (3.64) holds.
8.4 Prove the inequalities in (3.69).
8.5 Prove Theorem 3.10.

8.6 Show that (3.73) holds.

3.9. Weak convergence to the Ornstein-Uhlenbeck process
We introduced in Section 7 of Chapter 2 the Ornstein-Uhlenbeck (O-U) process
in C' defined by

(376)  dX(t) = —BX(0)dh +du(t) <= X(1) = e X(0) + e " du(s) |

where (3 is a constant. We will show in this section that the near random walk process

(377) Y; = <1_§> Yj—1 T+ Ej, (j:17"'7n)7

converges weakly to the O-U process in the sense described later, where {¢;} is as-
sumed to bei.i.d.(0,0?). Note that (3.77) may be rewritten (Problem 9.1) using Abel’s

transformation as
(3.78) yi = pPyot+pl e+ pugjo g

. ] . .
= phyo+ Y (Si— Sic1)
-
. 1 j . . 1
Phyo+ Pt Si— (1 —pa) D ph S,
=1
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where p, =1 — (£/n) and
(379) Sj:€1—|—""|—€j, SOEO

The last expression for y; in (3.78) is quite useful for subsequent discussions. Note
also in (3.78) that we retain the initial value yg, which we assume, for the time being,

to take the following form:

(3.80) Yo = V/nyo,

where v is a constant. We will consider later the case where y, is a random variable
of stochastic order y/n.

The present problem was studied to a large extent by Bobkoski (1983) for the case
where y is a constant or a random variable distributed independently of n. In that
case yp is asymptotically negligible. Let us define, for (j —1)/n <t < j/n,

1

(3.81) X, (t) = %yj—l in (t _J ; 1) Yj ?/%j—l

SIS B 5 i
= =Y+t —F©=S0——=D p "S5
vn '’ nyn i3
j—l)w—yjl
t_
—|—n< n N4

. — 1 v )
= oY () - I ity ()
n i—1 n

n.—

+n(t—j_1) Yi — Yj—1

n N
where X,,(0) = vo and
1 j—1y\ 1 j—1 j
. =—S._ A <t<Z).
(382) Ya(t) \/ﬁSJ 1+n<t n >\/ﬁgj’ < n _t_n)

Note that (3.78) has been applied to obtain the second expression in (3.81).

We also consider a function h(y;7) on C, whose value at ¢ denoted as h.(y;7) is

defined by

(383 bl = e yl) - 5 [ ePy(s)ds.
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It is easy to check (Problem 9.2) that h is a continuous mapping defined on C. We
shall show that £(X,/0) — L(h(w;7y)) so that L(X, /o) — L(X) with X(0) = ~
since it holds (Problem 9.3) that X (¢) = h(w;~). For this purpose let us consider

(384) |Xn(t) - ht(Ym '70)| < |’7|0Ajn + Bjn + |ﬁ|0jn + Djn )
where

Ajn _ |pj71 . e*ﬁt‘ ’

g—1
By = IV () = vl
132 t
Cin = Zp] - 2Y( )—eﬁt/ e* Y, (s)ds
0
D —

in = % |yj - yjfl‘ .

It can be shown (Problem 9.4) that

1
Ao < -0 (L)

0<t<1 n

1
Bj, < —= max |gj|+[p;" — 1 Sup Yu(t)] = 0p(1),

\/ﬁ1<]<
6 5 8 Lo (D) - neo

s / [ e CRIP
i=1""n"

t
+ o e P9 |y, (s)| ds

ds

v ()

C(l) u =0
\/ﬁ 1I£l]a<x| ]| 0( )OS<tI<)1| ()| p( )
Bjn < ‘ | max |yj| max |6j| CP(]') :

\/_ 1<j<n
Thus sup | X (t) /o — hy(Y,/o;v)| — 0 in probability. Since L(Y,,/o) — L(w), we
0<t<

have £(X,, / o) — L(h(w;7)) by the continuous mapping theorem and it follows from
Problem 9.3 that £(X,,/0) — L(X).

na/n 1<j<n

The above arguments are summarized in the following theorem.
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Theorem 3.11. Let the near random walk {y;} be defined by (3.77). On the
basis of {y;} construct the process {X,(t)} in C as in (3.81) with yo = \/nyo. Then
L(X, /o) — L(X), where {X(t)} is the O-U process defined in (3.76) with X (0) = .

The case of yy being a random variable needs some care. Suppose that

(3.85)  yo = noX(0),
where X (0) ~ N(v,6?) and is independent of {¢;}. Then we construct, as in (3.81),

(386)  Xu(t) = %1@“®+05”4;%1)‘§§?%i2”(%)

j—l) Yj — Yj—1
n N

which is composed of a random variable X (0) and a stochastic process {Y,,(t)} defined

+n (t—

in (3.82). Let R be the real line, which is complete and separable under the Euclidean
metric. Then the joint weak convergence of (X(0),Y, /o) on R x C holds, that is,
L(X(0),Y,/0) — L(X(0),w) (see Billingsley (1968, p.224) and the next section).
Defining on R x C'

t
hi(,y) = ¢ Mot y(t) = ge [ ePy(s)ds,
0

we can obtain that sup |X,(t)/oc — h(X(0),Y,/0)] — 0 in probability so that
L(X,/o) — ﬁ(h(X(O;if)l) = L(X) with X(0) ~ N(v, 6?).

Theorem 3.12. Assume the same conditions as in Theorem 3.11 except that
X,.(t) is defined in (3.86) with yo = \/noX(0) and X(0) ~ N(v,8?). Then L(X,/o)

— L(X) with {X(t)} being the O-U process.

In this theorem we may put 6 = 0. Then yo = \/no~y so that the theorem reduces
to Theorem 3.11. If we assume that v = 0 and §? = 1/(23) with 3 > 0, then {X(¢)}
becomes stationary, as was indicated in (2.64).

As an application let us establish the weak convergence of
_ 2
(3.87) V== Zyj )
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where {y;} is the near random walk defined in (3.77). As for y, we assume that

yo = VT X (0) with X(0) ~ N(v,6?) and put

Using X7(t) defined in (3.86) and noting that X7(j/T) = y;/V/T, it can be easily
shown (Problem 9.5) that Vi —h(Xr) converges in probability to 0. Since h(Xr /o) —
h(X) by Theorem 3.12 and the continuous mapping theorem, we have that

L (g) — L (/01 XQ(t)dt> :

Extensions to near integrated processes seem straightforward. Consider the near

integrated process {y;} defined by

(3.88) yi = <1 - g) Yj—1+ uj,

(3.89) uj =Y agej, a=1, > lla|<oo,
1=0 1=0

where {¢;} ~1.i.d.(0,0?). The proof of the following theorem is left as Problem 9.6.
Theorem 3.13. Assume that the near integrated process {y;} is defined by (3.88)

and (3.89) with yo = /naoX (0), where « = oy and X (0) ~ N(v,6%). Define
1=0

1 J—1\ vy — vy J—1 J
X, ()= —=vy;_ t— L ( <t<—).
(*) \/ﬁy]1+n( n ) N n T " n

Then L(X, /o) — L(aX), where {X(t)} is the O-U process with X(0) ~ N (v, 6%).

The extension to the case where {¢;} is a sequence of square integrable martingale

differences is also straightforward. We do not pursue the matter here.

Problems

9.1 Establish the relations in (3.78) by showing that

n

> aj(b; = bj—1) = apa1by — arbo — Y _(aj1 — a;)b; .
j=1

=1

104



9.2 Prove that h(y;v) in (3.83) is a continuous mapping defined on C.

9.3 Show that X(t) = hy(w;~) with X (0) = v, where X (¢) and h; are defined by
(3.76) and (3.83), respectively.
9.4 Prove that sup |X,(t) — he(Ys;v0)| in (3.84) converges in probability to 0.

0<t<1

9.5 Establish the weak convergence of Vi in (3.87).

9.6 Prove Theorem 3.13.

3.10. Weak convergence of vector-valued stochastic processes
Our discussions have so far been concerned with weak convergence of scalar stochas-
tic processes, although an exception is found in Section 9. In practice we need to deal

with vector processes, for which we describe here the FCLT’s.

3.10.1. Space C1

Let (C?, B(C?)) be a measurable space, where C? = C10, 1] x - - - x C[0, 1] (¢ copies)
and B(C1) is the o-field generated by the subsets of C'? that are open with respect to
the metric p, defined by
(3:90)  palwy) = max sup |eilt) —yi(t)]
for x = (z1,---,2,)", y = (y1,---,y,)" € C?. The space C? is complete and sepa-
rable under p,. In particular, separability results from C being separable under the
uniform metric and it holds that B(CY) = B(C) x --- x B(C') (¢q copies) (Billings-
ley (1968, p.224)). Separability also implies that, for given probability measures
PO (i=1,---,q) on (C,B(C)), the product measure PM) x .. x P is a probability
measure on B(C?) (Billingsley (1968, p.21)).

Let {X,,} be a sequence of g-dimensional stochastic processes in C?, and {@Q,,} the

family of probability measures induced by {X,} as

Qn(A) = P(X, € A) = P(X;'(A)), A€ B(C).

n
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As in the scalar case £(X,) — L(X) if the finite-dimensional distributions of @,
converge weakly to those of the probability measure @ induced by X, and if {Q,}
is tight. It is usually difficult to prove the joint weak convergence, but separability
and independence facilitate its proof. Suppose that the ¢ components of X, are
independent of each other ; so are the ¢ components of X. Suppose further that
L(Xn(t1), -, Xn(tr)) — L(X(t1), -+, X(tg)) for each finite k£ and each collection
0<t <ty <-- <t <1 Then L(X,) — L(X) if all the marginal probability
measures of {@,} are tight on the component spaces (Billingsley (1968, p.41)).

In the next subsection we take up an example of {X,,} and discuss its weak con-

vergence following the ideas described above.

3.10.2. Basic FCLT for vector processes

Let us now consider a sequence {X,,} of stochastic processes in C'? defined by

LS (nt — [nt))—
— g; + (nt — [nt))—= ey, ,
\/ﬁjzlj \/ﬁ[t]-&-l

where {¢;} is a sequence of g-dimensional i.i.d.(0,%) random vectors on (2, F, P)

with 37 > 0. We shall show that £(X,,) — L(w), where {w(¢)} is the ¢g-dimensional

(3.91) X, (t)=%"2

standard Brownian motion.

We first note that, for a single time point ¢,
27% ] 1 1
[ Xn(t) = —=>_&ill < 1572 —= llemall
Jn ]2:1 J Jn [nt]

where || M| = [tr (M'M)]z for any matrix or vector M. Since

(3.92) nt+1]] — 0 in probability

y
— ||E
N

by Chebyshev’s inequality, and

by the multivariate CLT (see, for example, Rao (1973, p.128)), it follows from the
vector version of Theorem 3.6 that L(X,(t)) — L(w(?)).
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Consider next two time points s and t with s < t. We are to prove L(X,,(s), X,,(t)) —
L(w(s),w(t)), which will follow by the continuous mapping theorem if we prove
L(Xn(s), Xn(t) — Xu(s)) — L(w(s),w(t) — w(s)). Because of (3.92) it is enough
to prove

y—3 [l y-3 [l [ns]
L (% jzl@‘ T (jZl €j — ]lej)) — L(w(s), w(t) —w(s)).

Since the two vectors on the left are independent, this follows by the multivariate

CLT for each vector (Billingsley (1968, p.26)). A set of three or more time points can

be treated in the same way, and hence the finite-dimensional distributions converge

properly.

As was described in the previous subsection tightness of the family {@, } of prob-
ability measures induced by {X,,} is ensured if all the marginal probability measures
associated with each component {X;,} of {X,} are tight on C. Since it does hold
that £(X;,) — L(w), where {w(t)} is the one-dimensional standard Brownian motion,
the associated marginal probability measures must be relatively compact (Billingsley
(1968, p.35)). Thus tightness results from completeness and separability of C' under
the uniform metric.

It is an immediate consequence of the above discussions and the continuous map-

ping theorem to obtain

1 & L
(393) L (EZ%@ Sy (2%/ w(t)w'(t)dtzé) ,
j=1 o "
where y; = y;_1 +¢;, yo = 0 and {e;} ~ 1.i.d.(0,X). It can also be shown (Problem

10.1) that

~

T 1 1 1
(3.94) L (% Zy;H’Hyj> — L (/ w’(t)ZaH’Hzaw(t)dt)
j=1 0 -

for any ¢ x ¢ constant matrix H. In particular suppose that any two components
{yk;} and {y;;} (k # 1) of {y;} are independent and ¥ = I,. It then follows from
(3.94) that

L <%j§:1ykjylj> — L (/01 wk(t)wl(t)dt) :
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A special case of this was dealt with in Section 4 of Chapter 1 together with the c.f.
of the limiting distribution.

3.10.3. FCLT for vector-valued linear processes

Similar arguments can be applied to stochastic processes defined by

(3.95) Y, (t) = Z u; + (nt — [nt]) \}ﬁ Upnd+1 ]|

(3.96)  w;=> Aegjy, I LA <o,
=0 =0

(397) A=Y A,

where {¢;} ~ 1.i.d.(0, 1), | Ai]| = [tr (4}4,;)]2 and A is nonsingular. Note that V (g;) =
I, and we do not assume A, = I,, but do assume A to be nonsingular and block
lower triangular.
The BN decomposition used before is also applied to decompose the vector u; into
(3.98)  wj=Ag;+&—8&, &= iﬁllgj,l, A = i Ag.
1=0 k=l+1
The sequence {¢;} also becomes stationary (Problem 10.2) with 0 < ||A|| < oo and

0< ZHAZH < 00. We now have
1=0

Y, (t) = X, (t) + Ru(t),

where

X0 = 2=3 nz (nt — | nt])%g[nﬂﬂ,
A

[—(~ — Efny) + (nt —[n ])7(€[m] Ent]+1)

b

g

It can be shown (Problem 10.3) that

399)  1Ru0)] < 147 | Sz 16 + = o 1] — 0
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in probability so that p,(Y,, X,) — 0 in probability, where R;, () is the i-th compo-
nent of R,(t). Since £(X,) — L(w), we establish the following theorem using the
vector version of Theorem 3.6.

Theorem 3.14. Let the sequence {Y,} of q-dimensional stochastic processes be
defined by (3.95), (3.96) and (3.97), where {e;} ~ i.1.d.(0,1,). Then L(Y,) — L(w).

As an application we consider the weak convergence of
1 T
(3.100) Vi = > uiys
j=1

where y; = yj_1 + u;, yo = 0 with {u;} being the linear process generated by (3.96)
with {e;} ~1.i.d.(0,1,). Let us put

1
(3.101)  h(z) = / ()2 ()dt, xeC9,

0

which is a continuous function of = (Problem 10.4). Using Yr(¢) defined in (3.95) and
noting that Yz (j/T) = A™'y;/V/T we have

A WA — h(Yr) = Tizijl(A Ly ) (A ) — /1YT(t)YT’(t)dt
L)ool

T

The (k,[)-element of the integrand has the following bound (Problem 10.5) :
o (400 (2) -] = (e (5) s (3)

[ (3) - 0 vt

< 21A7Y sup ||V (t Ju ”
< 247 swp V)] max

which converges in probability to 0. Since L(h(Yr)) — L(h(w)) by the continuous

(3.102)

mapping theorem, L(A™'Vr(A™")) — L(h(w)) and, using again the continuous map-
ping theorem, we establish that

(3103)  L(Vy) — L(Ah(w)A))

= L(A 1 w(t)w'(t)dtA’) .

0o~ ~
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3.10.4. FCLT for the vector-valued integrated Brownian motion
In this subsection we extend the scalar I(d) (d > 2) processes discussed in Section

8 to vector processes, for which we establish the FCLT. Let us define

d d d d
(3.104) (1- L)dyy(' ) = Uy y(*()dfl) - y(f()dfz) - = yé ) = 0,
(3105)  wj =) A, D A < oo,
=0 1=0

(3.106) A=Y A,
=0

where {¢;} is 1.1.d.(0, I,). Note that yj(»d) = yj(»d_)l + yj(»d_l

) with yj(p) = u;.
We now consider, as in Section 8, a sequence {Y,¥} of g-dimensional stochastic

processes defined by

I @« L g
YO = — vy + (0t = [0 =1 i 1
n- o2 n o2
1l j 1
_ 1 -1 (J gyt (1)
= j:1Yn (n) + (nt [nt])nd*% Yng+1 -

It can be shown almost in the same way as in the scalar case (Problem 10.6) that

(3.107)  L(Y,?) — L(AFR),

n

where {F,(t)} is the ¢g-dimensional g-fold integrated Brownian motion defined by

t
Fy(t) = /0 Fya(hdt, — Fo(t) = w(t).
For general d (> 3) we can prove (Problem 10.7) by induction that

(3.108) LY D) — L(AF,_,).

n

As the first application let us consider the weak convergence of

T
d d d
S& = o u "y



For this purpose put

(3.109) S - h(Y(‘”)H
> [L 1 () (57 (3)) -9 (Y#”(t))’ Jat

1 _ d)
< ——— ma; - 249 su Y(
< gy g IR+ 2 sup (V00

IN

Td %1< <T”yj ”7

which evidently converges in probability to 0. Therefore we obtain, by the continuous

mapping theorem,

LS — L(h(AF,))
_ (A / 1 Fdl(t)Fg_l(t)th’) .

As the second application we establish the weak convergence of

@ _ 1 @ (@ . @Y
Up’ = ng_lzy] 1(9] ?Jj71>

S (e () (]

It can be shown (Problem 10.9) that

(3.110) /Y () (aY () = Ug” + ng 12 D (Y

Here the last term on the right side converges in probability to the null matrix. Since
E(YT(d)) — L(AF;_1) and the limiting random vector is (d — 1) -times continuously
differentiable, we obtain, for d > 2,

Loy — (4 /Olel(t)(dFdl(t))’A’)

= cfaf 1 Fia(t)Fyo()deA')
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)

Because of the nonsymmetric nature of U:(Fd we cannot reduce the final expression

above to a simple form. We, however, obtain (Problem 10.10)
(3111) £ (U + (UF)) — £ (AFia(1) Fy (1) A)

for d > 2.
Note that the above results do not hold for d = 1, which we discuss in the next

section.

Problems
10.1 Establish the weak convergence in (3.94).
10.2 Prove that {¢;} defined in (3.98) is second-order stationary.
10.3 Prove the inequality in (3.99).
10.4 Prove that the function h(z) defined in (3.101) is a continuous function of .

10.5 Establish the weak convergence in (3.103) by proving that the right side of
(3.102) converges in probability to 0.

10.6 Establish the weak convergence in (3.107).

10.7 Establish the weak convergence in (3.108) for d > 3.
10.8 Prove the inequalities in (3.109).

10.9 Show that the relation in (3.110) holds.

10.10 Establish the weak convergence in (3.111).

3.11. Weak convergence to the Ito integral

As the final topic in this chapter we discuss weak convergence to the Ito integral
introduced in Sections 5 and 6 of Chapter 2. The difficulty consists in the fact that
we cannot use the continuous mapping theorem because of the unbounded variation

property of the Brownian motion.
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Let us first deal with the scalar case and consider
1 T
Sr=7 owja(y — i),
j=1
where {z;} is the near random walk defined by

sz<1—§>$]1+537 (j::[?'..?T)’

with {&;} ~ ii.d.(0,1). Suppose that zy = VT X (0) with X (0) ~ N(v,6%) which is
independent of {¢;}. Then we shall show
(3.112)  L(Sy) — L </01 X(t)dX(t)> -y <%(X2(1) ~X2(0) - 1)) ,
where {X (¢)} is the O-U process defined by
AX(6) = =0X ()t + dw(t) = X(t) = e *X(0) + ¢ [ "B du(s)

To establish (3.112) it is convenient to rewrite St as

1 a 2 d 2 d 2
St = —5p D (w5 =)’ =D a5+ Y ai
7j=1 7j=1 7j=1
1 1 L/ 3 2
= o7(er —x5) - oT <—f%’1 + 5]') )

from which and Theorem 3.12 the latter expression on the right side of (3.112) evi-
dently follows. The equivalence to the former is because of the Ito calculus described
in (2.54).

If we follow arguments in Section 9, we are led to construct

1 ) — 1 P — T — 1
XT(t):—l’j_1+T<t—jT >xj 4 1, (j— t<—).

VT VT T - _;
se- S () o (3) - (7))

It can be shown (Problem 11.1) that

Then we have

1 1 T 3 2
(3113) /0 XT(t)dXT(t) = ST -+ ﬁ Z:l <_ij1 —+ 5]’) .
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1
Here the last term on the right side converges in probability to 5 50 that, although
L(Xr) — LX),
1 1
(3.114) £ (/ XT(t)dXT(t)) or (/ X(t)dX(t)) .
0 0

In fact it holds that
([ Xewaxe) = £(5030) - X3(0)

- (50 - x%0)
1

1
= ([ xwaxm+ ).

0
The fact described in (3.114) is a consequence of the unbounded variation property
of the Brownian motion. Note that dX(t) = dw(t) when § = 0. The situation is
certainly different if we consider the I(d) process with d > 2, as was discussed in

Section & for the scalar case and in Section 10 for the vector case.

It is now easy to establish (Problem 11.2) that
1 & 1
(B115)  L{=Dws ] L (/0 X(t)dw(t)) .
=1

We can easily extend the above result to the case where z; = (1 — g) Tj_1 +uy

with {u;} being generated by
(3.116)  u;=> aejy, > ol <oo, {eg}~1iid.(0,1).
1=0 1=0

The following theorem can be proved (Problem 11.3) by using Theorem 3.13 and the
weak law of large numbers.

Theorem 3.15. Suppose that x; = <1 — g) xj_1 +u;, where xy = VTaX(0), a=

> a; and X(0) ~ N(v,6%) with X(0) being independent of {u;} defined by (3.116).

1=0
Then we have

r (%jz:le(xj _ le)> - L (5 <oz2(X2(1) - X*0)) - ia?))



It is now an easy matter to establish (Problem 11.4) that

B.117) L (%jéleuj> Ny, <a2 /OlX(t)dw(t) g <@2 - 2@5» |

Comparing with (3.115) it is seen that the effect of the stationarity assumption on
{u;} is not much simple. This is because of the presence of the Ito integral.

We next discuss the weak convergence of the random matrix defined by

1T
(3.118) Vi = T Z Yi—1(y; — Y1),
j=1

where we assume, only for simplicity,
Yi=vYj1+¢ei, Y=0,
{e;} ~11.d.(0,1,).

The present problem was solved by Chan and Wei (1988). We have

1

(3.119)  L(Vp) — L (/0 w(t)d’cg’(t)> ,

~

where {w(t)} is the ¢-dimensional standard Brownian motion. Using this result it can

be shown (Problem 11.5) that

0

(3.120) L (% iy;ng) — L </1 w'(t) Hdw(t) + tr (H)>

for any ¢ x ¢ constant matrix H. A few special cases of (3.120) were discussed in
Section 4 of Chapter 1, among which is Lévy’s stochastic area.

The above situation was extended by Phillips (1988) to the case where

(3.121)  y; = yj-1+uy, Yo =0,

(3.122)  w; = Y A, DA < oo,
=0 =0

(3.123) A = > A,
=0
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with {e;} ~1i.d.(0, ;). The following is a simplified proof of Phillips (1988) for the
weak convergence of Vp in (3.118). Using the BN decomposition it can be shown

(Problem 11.6) that

T
(3.124) Vp = Z AZj_l + &g — éj_l][Aéj + éj_l — Fjj]/

]:

'ﬂ |

T T
= Z Zj— 16914’4-1426]' j Zsj 1U +Op 1)
j=1 j=1

N =

where the term o,(1) is the matrix quantity which converges in probability to the null

matrix, while

Z]‘:Zj_l—f-é-:j, Z():O,

&:]:ZAlé'j,l, Al: Z Ak
=0

k=I+1

It holds (Problem 11.7) that

1 T
(3.125) fA > eés — A(A— Ap)' in probability,

j=1

k=041

T 00
(3.126) Z uy — Z ( > Ak) Ay, in probability,

and the difference of these converges in probability to

(3.127)  A(A-Ay) —Z(Z Ak> 1 = i i AA,

=0 \k=l+1 =0 m=l+1

= Z Z AlA;chl

lOkl

== Z /U/(]uk

Applying (3.119) to the first term on the right side of (3.124) and using (3.127)

we can establish the following theorem.
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Theorem 3.16. Suppose that the g-dimensional 1(1) process {y;} is generated by
(3.121) with (3.122) and (3.123). Then we have

(3128) L (%;yjl(yj _ yjl)/> r (A /01 w(t)du! (1) + A) ,

~

where

A=> Elupuy) =
k=1 k=

1

Z AlA;chl :
1=0

It can be checked (Problem 11.8) that the present theorem reduces to Theorem
3.15 with X (¢) = w(t) when quantities are scalar.
Finally we indicate how to derive weak convergence results associated with statis-

tics in the form of matrix quotients. For this purpose let us consider

-1
T T
(3.129)  B=3 yy;, (Z ?Jj—ly}—1) :
=2 =2
where {y;} is the g-dimensional I(1) process defined by (3.121) together with (3.122)
and (3.123). We have T'(B — I,) = Uy V!, where

Ur = T Zujy}_u Vi = T2 Zyjfly}_l.

=2 j=2

Then it holds that
C(QlUT + HQVT) — E(thl(gj) + eghg('lil) )

for any 6, and 6, where

miw) = (4 [ wOaw oA +a)

~

ho(w) = A 1w(t)w’(t)oltA’.

~ 0~
Therefore we can deduce that L(Ur, Vr) — L(hi(w), ho(w)). Since P(hy(w) >

0) = 1 if A is nonsingular, we finally obtain, by the continuous mapping theorem,

A

(3.130)  L(UrVp') = L(T(B-1,)
= Ll (w)hy ' (w))

~

_ <<A / 1zg(t)dg/(t)A'+A)' (4] 113(t)1£’(t)dt14’> _1> |
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A similar procedure can be used to derive weak convergence results for other
kinds of matrix-valued statistics discussed in later chapters. A scalar, simple case

corresponding to (3.130) was earlier discussed in Section 3 of Chapter 1.

Problems
11.1 Establish the relation in (3.113).
11.2 Establish the weak convergence in (3.115).
11.3 Prove Theorem 3.15.
11.4 Establish the weak convergence in (3.117).
11.5 Establish the weak convergence in (3.120).
11.6 Derive the expressions for Vp in (3.124).
11.7 Prove the convergence results (3.125) and (3.126).

11.8 Show that Theorem 3.16 reduces to Theorem 3.15 with X (¢) = w(¢t) when

quantities in the former are scalar.

118



